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PREFACE TO THE 1972 EDITION 


In this edition the Corrigenda on pages xix and xx of the 1967 Edition have all been 
incorporated in the text. In addition, a few other corrections and changes have been 
made in the present text and some (un-numbered) new references have been added. It 
is intended to publish in Acta Crystallographica a consolidated list of all changes made 
in the various editions of the several volumes of the Tables. 

Section 6.5.5 on Large-scale Computing Equipment has been entirely replaced by a 
summary account with new numbered references and mention has been made of the 
new Volume IV which contains some sections relevant to computing problems. 
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1. INTRODUCTION 
JOHN KASPER 


1.1. Purpose and Scope of the Tables 


The present Volume contains information primarily 
of a mathematical nature and is characterized by the 
absence of physical data, which are compiled in 
Volume III. It comprises tables of functions, formulae 
and geometrical diagrams that for the most part are 
strictly mathematical, even though they may pertain 
to the application of a physical effect (for example, a 
table of exp [-B(sin 6/A)?] is given for applying the 
effect of temperature motion on diffracted intensities). 
There are included, as well, general relationships 
between physical quantities, but essentially none of the 
material is of a kind to require revision on the basis of 
improved physical measurements. 

It is intended that this Volume should be useful in 
many stages of a crystal-structure determination: in 
the recording of X-ray diffraction effects; in the index- 
ing of the recorded diffraction data; in the correction 
of intensities for geometrical and physical factors; in 
the production of vector and electron-density maps; 
and in the calculation of structure factors. Appropriate 
material is provided also for various other aspects of 
crystallographic research and the utilization of X-ray 
diffraction effects. A special feature is the inclusion of 
a comprehensive compilation of basic mathematics. 
This should serve a dual purpose: a utilitarian one is 
that of providing those simple items of mathematics 
which may occur in standard handbooks and texts 
but to which the crystallographer needs to make 
frequent reference; a second aim is to make available 
in a uniform treatment those mathematical topics 
that are basic to theoretical structure work but which 
occur in a scattered way, often with different notations, 
in a very extensive literature. 


1.2. Arrangement of Tables 


The decision on the division of the contents into the 
various sections and on the placement of the tabular 
material has been made on the basis of affording 
maximum convenience in the use of the Volume. In 
practice, at a given stage of a structure investigation 
one usually needs to consult only the material of one 
of the sections. The section headings themselves 
suggest the nature of their contents and the aspect of 
structure work to which they are applicable. 

It seemed natural to have the basic mathematics 


(Section 2) precede all other material. Crystal geo- 
metry (Section 3) contains subject matter conven- 
tionally associated with the title. It includes the quad- 
ratic forms which are required for deducing interplanar 
spacings and for indexing powder patterns. The 
section has been subdivided according to crystal 
system, since generally one will wish to consult it in 
regard to one particular crystal or substance. Sections 
4 and 5 have to do with diffraction methods and effects; 
Section 4 is principally concerned with the recording 
of data; Section 5 with the various factors modifying 
the intensity of a diffracted beam. The special role of 
Fourier methods in crystal-structure problems makes 
desirable a separate Section 6 devoted to them. Three 
special topics are classified separately in Section 7. 
Finally, the extensiveness of the tables of sin 27hx 
and cos 27hx has made it seem worth while to include 
them along with other trigonometric and exponential 
tables separately as Section 8, in the convenient loca- 
tion of the final pages of the book. 

The accuracy and reliability of the various tables is 
discussed in the appropriate sections. 

Some charts are given for illustrative purposes. 
In keeping with the general policy of the Editorial 
Commission, no attempt has been made to make them 
suitable for direct use. Tables are given for the con- 
struction of charts. Many such charts may now be 
purchased, and information about those currently 
available can be obtained through some National 
Committees or Associations. A separate card gives a 
Table of Proportional Parts. 


1.3. Acknowledgments, etc. 

The General Editor acknowledges indebtedness to 
the various authors who have contributed to this 
Volume, and to proof-readers. Many others have 
helped in ways too varied to enumerate; some, but 
not all, have received mention at various stages in the 
Volume. The staff of The Kynoch Press have taken 
the greatest possible trouble to see that this volume ts 
as well produced as was Volume I and are in no way 
responsible for the time that has elapsed between the 
publication of the two volumes. 

In general, notification of numerical or other errors 
should be made to the General Editor, although in 
case of doubt direct contact with the author concerned 
may be more helpful. 
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2.0. Introduction 


The purpose of the present chapter is to provide 
a summary of the mathematical techniques which 
have been applied to problems of physics and of 
crystallography of interest in X-ray crystal structure 
analysis. 

Some of the formulae included are elementary and 
are included because the human memory is very 
treacherous as to signs and factors in the results of 
elementary algebra and trigonometry. In the more 
sophisticated sections no attempt is made to give 
proofs, but the results are presented in a more or less 
logical sequence to give them some continuity. The 
amount of detail provided is intended to be sufficient 
to recall the main features of a discipline to those who 
have at some time been exposed to it. While this 
chapter is not intended to replace a series of mathe- 
matical textbooks, it may be of service in indicating to 
the investigator that a particular discipline unfamiliar 
to him may have application to the problems on which 
he is engaged. 

A bibliography will be found at the end of the 
section. An attempt has been made to include references 
in the bibliography to texts in languages other than 
that of the writer, but this has been difficult. It is hoped 


that those which have been included have sufficient 
international importance to be available in many 
libraries. References to the bibliography are given in 
the text in square brackets, e.g. [14]. 

Examples are given in many places to indicate the 
application of a given discipline to crystal-analytical 
problems. Clearly such indication can only be very 
incomplete. It is supplemented wherever possible by 
references to examples of applications from the litera- 
ture. In these cases no attempt has been made towards 
completeness, and apoldgy is made in advance to those 
authors who feel that their paper would have made the 
ideal example for the application of a particular 
technique. 

Detailed acknowledgment of sources for such a 
compilation is almost impossible. Many tabulations 
are classical and have been handed down through 
generations of texts. Each compiler attempts to take 
the best of his predecessor’s work and to add improve- 
ments of his own, it is hoped without the introduction 
of errors. Almost all the references given have con- 
tributed to the present text, some a great deal and 
others only a little, and this help is very gratefully 
acknowledged. 


2.1. Algebra 


2.1.1. Complex Numbers 
Definitions 

The quantity z=x+i/y is a complex number if i is the 
positive root of the equation 7?=—1 and x and y are 
real numbers called respectively the real part and the 
imaginary part of z. The complex number 7=x-—iy is 
called the conjugate of z. 

Any complex number can be expressed in any of the 
forms: 

z=x+iy=|z|(cos +i sin ¢)=|zle* ....(1) 


Here |z|=(x?+y?)?=(zZ)* is called the absolute value 
(or magnitude) of the complex number z and is always 
taken as positive. The angle ¢ is called the phase of z 
and is the solution of the pair of equations 


cos ¢=x/|z| sin ¢=y/|z| Nene) 


If any angle ¢ satisfies these equations, the angle 
¢+2kn (k integral) will also satisfy them. The value 
of (¢+2k7) which lies in the range 0<(¢+ 2k7)<2z7 is 
called the principal value of ¢ and is usually taken as 
the solution of (2). It is usual to calculate ¢ as the 
solution of the single equation 


tan d=y/x rire) 


It must be noted that (3) has two roots, ¢ and ¢+7, 
in the range 0 to 27 and only one of these is a solution 
of (2). 

The result (1) depends on the series expansions 2.1.2 
(13), (14) and (15). 


Algebra 


The algebra of complex numbers is essentially the 
same as that of real numbers, with the additional 
result that in any equation the real part of one side 
must equal the real part of the other side, and inde- 
pendently the imaginary part of one side must equal 
the imaginary part of the other side. 

A power of a complex number is defined by the 
equation 

2Px=|z|Peket2kn)p eG) 


where & is any integer. This is single-valued if the 
index p is an integer (positive, negative or zero). If p 
is rational there will be a finite number of values for z¢; 
if p is irrational there will be infinitely many such 
values. 

For further discussion see textbooks on the calculus, 
or on the theory of functions of a complex variable, 
or any “Cours d’Analyse.”” See also [1], [2], [8], [12] 
and [13]. 


Applications 


The applications of complex notation in diffraction 
theory and in any discipline which involves sinusoidal 


waves depend on the fact that complicated trigono- 
metric results have a very simple form in complex 
notation. 


EXAMPLE | 
ei(A+B) — pidgiB 
corresponds to 
cos (A+ B)+isin(A+B)=(cos A+isin A)(cos B+isin B) 
=cos Acos B—sin A sin B+i(sin A cos B+ cos A sin B) 


EXAMPLE 2 
ei34 (gid) 3 
corresponds to 
cos 3A+isin 34 
==cos? A—3 cos A sin? A+i(3 cos? A sin A—sin? A) 
=4 cos? A—3 cos A+i(3 sin A—4 sin? A) 


2.1.2. Series 
2.1.2.1. BINOMIAL THEOREM 


The series 
id n(n— I) 9 n! i 
(1+ x)"?=14+nx+——— 7 oe eT EN ws 


yah) 


represents one of the values of (1+.x)" whenever it is 

convergent. 

(a) When nis a positive integer, the series terminates 
and represents the single value of (1+ x)" for all x. 

(6) Ifnis any rational number and —1<x<1, the sum 
of the series (1) is the real positive value of 
(1+.x)". 

(c) Ifmis any number and x is complex 0<|x|<1, the 
series (1) converges to that value of (1+.x)" which 
tends to 1 when x tends to zero. 


Special Cases 


(1+x)-4=1—x4+x?—x3+.. .|x]<1 ma G2) 
ft oy ase ees 
(Ae eee et 
(Lea) Isao 6 aes ae 
oe 
130. 0S oan ee 
(uia( ee ee ett 
(lx) aaa pales tee 
(4) 


For additional special cases see [6], [7], [9] and [14]. 


2.1.2.2. MULTINOMIAL THEOREM 
If 1 is a positive integer 


n r 
(ay+aQ,+a3t+ ... +a,)"=>. (, 5 y )avray +++ sf 
AD ee tne) S58 
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where the summation is to be taken over all positive 
integral or zero values of r,, rg, . . ., 7; Which satisfy the 


relation r,+retrst+ ...+7,=n 
n ! : z : 
and where =—_—____—_ js a multinomial 
Borrelia led Ala cen T¢! 
coefficient. 


2.1.2.3. PROGRESSIONS 
Arithmetic Progression 
a+(a+d)+(a+2d)+...+[a+(n—1)d]=4n[2a+(n—-1)d] 


pet) 
Geometric Progression 
a+ar+ar?+ ...+ar"1=a(l—r")/(1-r) ....(7) 
Powers of Natural Numbers 
142+3+ ...+n=4n(n+ 1) eae S) 
124274 324 ... +n?=1n(n4 1)(2n+1) eee (9) 
134234334 ... +n3=}n?(n+1)? ....(10) 
144244344 ... +nt=gon(n+t 1)(2n+ 1)(3n?+3n-1) 
ee LT) 
154254354 1... +n5=¢n?(n+ 1)?(2n?+2n—-1) 
bem (42) 


n 
The series Ber cannot be summed in closed form. For 


Si 
discussion of these series see [14] and [16]. 


2.1.2.4. MISCELLANEOUS POWER SERIES 


e*=14+x4+x7/2!4+x3/3!14+ ... |x|<0o 
hs! OED) 
cos x=1—x?/2!4+x4/4!—x8/6!4+ ... |x|<o0 
ie 4) 
sin x=x—x3/3!4-x5/S!—x7/7!4+ ... |x|<oo 
eet 1) 
tan x=x+%9/3+2x9/15+17x7/315+ ... |x| <a/2 
Reso) 
cosh x=1+x?/2!4+x4/4!4+x8/6!4+ ... |x|<o 
aden 
sinh x=x+x9/3!14+x5/S!4x7/7T!+ 2... |x| <a 
Pts) 
In (1+x)=x—4x?+4x3—-}x4+ ... |x| <1 
re GL) 
1+x 1 
In sees =2[x+4x34+4x543x74+...]  [x|<1 
—x _...(20) 


Excellent compilations of useful series are con- 
tained in [3], [6], [8], [9], [14], etc. 


2.1.3. Mathematical Constants 
m= 3-14159 26536 
m= 9-86960 44011 
1/7m= 0-31830 98862 
a/m= 1:77245 38509 
e= 2°71828 18285 
l/e= 0-36787 94412 
log e= 0:-43429 44819 
In 10= 2-30258 50930 
/2= 1:41421 35624 
4/3= 1:73205 08076 
/5= 2:23606 79775 
4/7T= 2°64575 13111 
/10= 3:16227 76602 
1 ‘radian=57-29577 95131°=57° 17’ 45” 

1°= 0:01745 32925 radian 

1’= 0:00029 08882 radian 

1’’°= 0-:00000 48481 radian 


Norte. log means logarithm to the base 10 
In means logarithm to the base e. 


2.1.4. Linear and Rational Independence 
Definitions 

A set of quantities f,, f,, . . ., f, is said to be Jinearly 
independent if there exists no relation of the type 


a fitasfrt ... +anfyz=0 sD) 


in which the a; are any constant quantities, real, 
imaginary or zero, but not all zero. 

If the quantities f, are real numbers, there exist no 
linearly independent sets. If the quantities /; are com- 
plex numbers or vectors in two-space, there exist 
infinitely many linearly independent sets of two such 
quantities. If the quantities f; are vectors in n-space, 
there exist infinitely many linearly independent sets 
of n such quantities. If the quantities f; are functions 
of one or more independent variables, there may exist 
sets of infinitely many linearly independent functions. 

A set of quantities f,,fo,...,f, are said to be 
rationally independent if there exists no relation of the 
type (1) in which the a; are integers, positive, negative 
or zero, but not all zero. 

There exist infinitely many sets of rationally inde- 
pendent real numbers, and, a fortiori, the same is true 
for complex numbers, n-vectors, functions, etc. 

Any set of quantities which is linearly independent 
is of necessity rationally independent. 


2.1.5. Modular Algebra (Algebra of Congruences) 
When two quantities a and b satisfy the relation 
a—b=pym,+pomet ... +PnMn ae aL) 


where Pj, Po, . - «, Pn are any integers, positive, negative 
or zero, and m,, my, . . ., My, iS any set of rationally 
independent quantities, a and b are said to be congruent 
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with respect to the modulus (or modular set) m;.t This 
relation is usually written 


a=b(mod m,) eee) 


and is read ‘‘a is congruent to 6 modulo m,.” 

The algebra of modular congruences is the same as 
that of equalities except that division of the two sides 
of the congruence is not always permitted. Division 
can always be carried out by expressing a congruence 
such as (2) as an equation such as (1) with arbitrary 


Sf GBT ins My, 
coefficients p;, 1.e. ——=p;—+p.—+ ...+ Pr—. 
Cc C c € 


For furthur details see any textbook of higher 
algebra, such as [15] and [16]. 

The procedure for the solution of a general system 
of linear congruences with rational coefficients is given 
in Section 2.1.9.4 (p. 19). 


2.1.6. Simple Continued Fractions 


A simple continued fraction (s.c.f.)t 1s an expression 
of the form 


F=9,+——— 
2 Atl) 


in which the quotients q; are positive integers and 
identical with the quotients of the Euclidean algorithm 
(Table 2.1.6A). Ifq, is zero, the s.c.f. is termed proper; 
if not, improper. A convenient abbreviation for (1) is 


| ee ren 
F=q,+——- ——.... B22) 
dat Q3gt Gat 
Any positive real number can be expressed as an s.c.f. 
An irrational number has infinitely many quotients g;. 
A rational number has only a finite number 7 of 


quotients and the s.c.f. terminates. The rational 
fraction r,/s; formed by terminating the s.c.f. at the 
ith quotient is called the ith convergent of the s.c.f. 
The nth convergent is thus the value of the continued 
fraction in the case in which it is rational. 

The procedure for the expansion of a rational 
number a,/a, in an s.c.f. is identical with that of 
determining the greatest common divisor (g.c.d.) of 
the numerator a, and the denominator a, by the 
Euclidean algorithm. This process is illustrated in 
column 1 of Table 2.1.6A, and the quotients q, of the 
s.c.f. (2) are the quotients of the Euclidean algorithm. 
The process ends with q,, which is the first quotient to 
have a remainder zero. The coefficient of gp, i.e. 
Qn+1, 18 the g.c.d. of a, and a,, and is unity if the fraction 
a,/d, is in its lowest terms, that is if a, and a, are 
relatively prime. 

The ith convergent, given by r,/s,;, is computed from 
the iterated equations 


Pe=Qili-1ti-2 

Si=QiSj-1T Si-2 ae? 
for i>2, with the initial values r>=1, so=O; 7,=q,, 
s;=1. The computation scheme is exhibited in the last 
columns of Table 2.1.6A. The same routine applies to 
both r and s. The value in one row is obtained by 
multiplying the g of that row by the value in the pre- 
ceding row and adding the value in the second 
preceding row. 

Any convenient scheme for the computation of 
g.c.d. can be substituted for that of column 1 of these 
tables. Note that if a,/a, is a proper fraction (a,>a,) 
the first step may be omitted if 7,=0 is substituted in 


+ In terms of modular algebra, two points in different cells 
which are crystallographically equivalent with respect to the 
lattice are congruent with respect to a primitive triplet of trans- 
lations of the lattice as modulus. 


t We are not concerned in this volume with more general 
forms of continued fractions. See for example [15] and [16]. 


TABLE 2.1.6A 


Computation Scheme for Expansion of a,/a, as a Simple Continued Fraction 


4, =Q29, + a 
A2=A34ot Ay 


B= Qi it Airo 


An-1=AnGn-1t An41 
An=Any19nt+90 


dprssyame hs de uh 
‘onsd Get fake ae 


N=qy 
Te=Qol\ tl 


le=Qili-ytli-2 


ln-1=n-1'n-2t'n-3 
Tn=Qnrln-1 tl n-2 


So=0 
st 1 
S2=Go5S1 +S 


Se=GiSi-1t Si-2 


Sn-1=n-15n-2t Sn-3 
Sn=GnSn-1t Sn-2 
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the table. Two numerical examples are given in Table 
2.1.6B. 

Exactly the same process may be used to expand 
irrational fractions as continued fractions and to obtain 
approximations for such irrational fractions by 
rational fractions, for example the fractions 3, 22/7, 
333/106, 355/113, etc., as approximations for 7. See 
[15] and [16] for further discussion. 


TABLE 2.1.6B 
Expansions in Simple Continued Fractions 


EXAMPLE 1. a,/a,=323/221 


323=221.14 102 
221=102.24-17 
102=17.6 


WwNre © 


l 


1 
323/22] =19/13=14+— - 
/ / Lae 6 


2.c.d.=17 


Convergents: 1, 3/2, (16/11), 19/13 
323x 2—221x 3= 646-663 =(—1)°x17 
323 x 11—221 x 16=3553—3536=(—1)*x 17 


EXAMPLE 2. a,/a,=10/47 


(10=47.0+10 
47=10.44+ 7 
10= 7.1+ 3 
7= 3.2+ 1 
3= 1.3 


i eee 
oy eee (LER bl 
ge ote oat 3 


god==| 


Convergents: 0, 1/4, 1/5, 3/14, (7/33), 10/47 
10.14—47.3=140—141=(—1)5 
10.33—47.7=330—329=(-—1)® 


Properties of the Convergents 


The first convergent is always less than the value 
of thes.c.f. and each successive convergent is alternately 
above and below this value, and closer to it. The value 
of the nth convergent of a terminating s.c.f. is of course 
the value of the original fraction. 

The property of convergents of most universal 
application depends on the result that 

rS;-7-hi-15;=(— 


....(4a) 


and in particular, if a, and a, are relatively prime, 
PnSn-1—ln-1Sn= 415-1 Tn -142=(— 1)" Scat . (46) 
The ratio r,,-;/S,-, 1s called the penultimate convergent. 
If a, and a, are not relatively prime, then 
GySn yh n 1a, =(— 1)" (g.c.d:) ret 4c) 
It should be noted that an intermediate convergent 
(e.g. those shown in parentheses in Table 2.1.6B) 


Pio=Cn Tn) Sn Sn- OO: . (Sa) 
may be constructed so that 
a,0—pa,=(—1)"* (g.c.d.) Fi (OD) 


EXAMPLES 


1. Given a primitive translation of any lattice, to 
find a primitive cell having this translation as one of 
its primitive translations. 


(a) Two Dimensions. Consider the transformation 

A, =) 4, +924, 

A,=U,4,+ Ua, 
and assume that u, and u, are given relatively prime 
integers, since A, is a primitive translation of the 
lattice. Then if the new cell is to be primitive we must 
have the determinant of the transformation 

GUa—Gou, = | 
Solutions of equations of this type are given in Table 
2.1.6C. If A,, A, is a solution of this problem 
(A,+nA,), A, will also be a solution for n integral. 

Numerical Example. Let u,=3, u.=5. Then from 
the table we must have g,=2, g,=3, i.€. 2.5—3.3=1, 
and the general solution will be 
A,=(2+3n)a,+(3+Sn)a, 
A,=3a,4+ 5a, 

The intermediate convergent 2/3 has been used to 
obtain a net of the same “‘hand”’ as the original. The 
solution using the penultimate convergent 1/2 is 
obtained from the above by setting n=—1. 


(b) Three Dimensions. Consider the transformation 

A\= a3 

A,=b,a,+ bya, 

Ag=UyQ,4+ UA, + U3a3 
in which u,u,u3 are given, and must be relative prime 
if A; is primitive. The general form for three relative 

rime i i 
p ntegers is sea 
in which d,; is the highest common factor of u; and w;. 
Thus the sets d;; and e; are each within themselves 
pair-wise relative prime, but e, may have one factor in 
common with d;; and another (relative prime to the 
first) in common with dj. 
Under these conditions one must first find all vectors 
U which are reciprocal to u with relative prime com- 
ponents satisfying 
UU, +u,U,+u3U3= 1 
The general solution for this equation can be expressed 
ea Us = Wie Qa— UnSx) + djrlshy 
U5 = risQu—Ur81) — Messe 
Uy = Put Qishx 
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In these expressions g,, Hh, are arbitrary integers 
(positive or negative) or zero. The relative prime pair 
of integers p;, g, are a solution of the equation 
PiU + Qui; = 1 
and the relative prime pair of integers r;,;, r,; are a 
solution of the equation 
Vg tT pj; = iy 

There are three representations of the same set of 
vectors U which may be obtained by cyclic permuta- 
tion of the subscripts in the above expressions. 

In the second stage of the calculation one must 
obtain sets of two vectors 

Aj = 4414, + 4914+ 45143 
Ay = Ay 28; + Ag 9A, + Azo 
(with relative prime components 4@,,, aj.) whose vector 
product generates the vector U. Since the components 
U;, of this vector are relative prime, they have thesame 
general form as the u,, i.e. 
OU; = Dy DyE; 
A particular solution is 
AY = My Dj Epa; + Mp5 Dy Epa; — DiyAx 
A’, = Dj jaj+ Dy Ea; 

in which MyL; + My Ej = i hs 


The general solution is then 
A, = 8,A',;+t,A’'s 
Ay = 8,4’; +1,A's 
provided that s,t.—sot,=1. 


Numerical Example. Let u,=2, u,=6, uz=9. The 
only relative prime pair is 2 and 9. Use of Table 
2.1.6C then enables us to write 

A= a, 
A= a; + 5a; 
A,=2a,+6a,+ 9a, 

2. An application of continued fractions to the 
location of the maxima of Fourier series expansions 
has been made by Hauptman and Karle (Acta Cryst., 
6, 469, 1953). 

3. Gear ratios to approximate the actual values of 
sines and cosines used in Fourier synthesis (cf. J. M. 
Robertson, Acta Cryst., 7, 817, 1954) can be obtained 
from the expansions of these quantities in s.c.f.’s. 


4. See also 2.1.9.4 (p. 19) for the reduction of a 
system of equations valid in a lattice. 


TABLE 2.1.6C 
Table of Penultimate and Intermediate Convergents for the Ratios a,/a, (0<a,<a,<20) 


Each line of an entry exhibits x,, x2, a solution of one of the equations a,x,—a,x,=+1 


| ~ 


—o 
a— 


1 1 

10 1 12 

[3 14 ee) 1 6 

14 15 1 6 [PPR 

P23 VS 4 1 4 

24 | (24S) 2 2s 7 7am) 
12 tee ins Les 5 
35 37, Sra 3 10 4 
Desi2 3: |e LP Seal ap aH | 72S) 1 4 
34/35/47 Co COR ed RJ ts 415 
6 Wel e3 bead Le3 
56 S73 511 5 16 
7 11354): 293))2 9S Sie Sli 2 2505 3 8 
67)/45|57|5 8) 4 7) 611 5 12 411 
8 11 3 4 375 | how? a 
78 S37 Sas 7:15 5 12 
9 US es} 2) 23. lee 2 lie 
89|/5 6 7 10 8 15 817 
10 Ae 3 4 35 le 2 
9 10 a9 712 917 
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2.1.7. Determinants 

The determinant which is written 
41, Ay. 
21 A202 
is by definition equal to @,,@,.—@,242,. This definition 


is generalized for a determinant of the nth order (i.e. 
having rows and n columns) as follows: 


ay, Qi2 eee Qin 
Qs) Aso eee Aon 
aij|= =2(+)(4i14j2Qxg » « - Agn) 
: nyt pe (cL) 
Gays ES Oe ( 
where the sequence of numbers i, j, k, ..., q 1s a 


derangement of the 7 numbers 1, 2, 3,...,. The sum 
is taken over all such derangements (n!), and the sign 
of any term is positive if the derangement is even and 
negative if the derangement is odd. The parity of the 
derangement is that of the number of interchanges of 
adjacent numbers required to produce the given 
derangement from the standard order. Thus 1234, 
3124, 4321, etc., are even derangements for n=4, and 
1243, 2413, 2341, etc., are odd derangements. 

The determinant of (n—1) order obtained by deleting 
the row and column which intersect in a,; (ith row and 
jth column) is called the minor (first minor) m,; of a;;. 
The cofactor A,;; of a;; is then defined as 


Ag=(—l)'img 


A determinant of order (n—s) obtained by deleting 
s rows and s columns is called an sth minor. If the 
deleted rows and columns havecorresponding numbers, 
it is called a symmetrical sth minor. 

The following are useful properties of determinants: 


1. A determinant may be expanded in terms of the 
members of a column and their cofactors or of the 
members of a row and their cofactors: I.e. 


la;;| => 4imAim=>.AimA im 
I ™m 


2. The value of a determinant is unchanged if rows 
are taken as columns and columns as rows. 


3. Interchange of two rows or of two columns changes 
the sign of the determinant. 


4. Multiplication of all the terms of a single row or a 
single column by the same number multiplies the 
determinant by that number. 


5. The value of a determinant is unchanged by adding 
to any one of its rows or columns any linear com- 
bination of its other rows or columns. 


Application of these rules leads to methods for the 
evaluation of determinants (see also 2.1.8.10, p. 15). 

Rules for the multiplication of determinants form a 
special case of those for the multiplication of matrices 
(S667271:8):2); 

Reference is made to almost any textbook of 
advanced algebra, e.g. [15]-[19], particularly [17]. 
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2.1.8. Matrices 
2.1.8.1. DEFINITIONS 


A system of mn quantities arranged in a rectangular 
array of m rows and n columns is called a matrix. 


ay Qy2 ae le Ain 
a a ens 

a=[a;,)=| " ” ae ra) 
Qn1@inz--- Amn 


The transposed matrix a’ of a is the matrix which has 
rows identical with the columns of a, and vice versa. 

When m=n the matrix is a square matrix, and the 
elements a;; lie in the principal diagonal. The sum of 
the elements a;; of the principal diagonal is called the 
trace (German: Spur) of the matrix a (tr a). If all the 
elements other than a;; are zero, the matrix is a 
diagonal matrix. A unit matrix is a diagonal matrix in 
which all the diagonal elements have the value unity. 
It is represented by the symbol 1. 

When a,;=a;; a Square matrix is said to be sym- 
metric. If a;;=—a;; and a;,=0 a square matrix is said 
to be skew symmetric. To save printing, the column 
matrix, i.e. one which has m rows and one column, is 
represented by the special notation 

b, 
b, 
bet Dein. 


i bt 0) 


ye 
while the row matrix, one with one row and n columns, 
can be given the normal notation [c,, Cy, .. -, Cn]. 
Two matrices are of the same order if they have the 
same number of rows and the same number of columns. 


2.1.8.2. BASIC OPERATIONS 

Equality. A=B if A,;=B,; and A and B are of the 
same order. 

Addition. C=A+B if C,;=A,;+B,; and A, B, C are 
of the same order. 

Subtraction. C=A—B if C;;=A;;—B;; and A, B, C 
are of the same order. 

Scalar Multiplication. If r is a scalar, rA=Ar=C if 
Cis =1Ay;. 

The associative and commutative rules for addition, 
subtraction and scalar multiplication hold good. 

Note. A single matrix equation implies (mxn) 
scalar equations, 


thus a Qj2 af ie by A 
G31 Az2 423 be, 522 bys 
implies the six equations @,,=5,;, @;,=)yp,, etc. 
Matrix Multiplication. The product P=BA of two 


matrices B (the pre-factor) and A (the post-factor) is 
the matrix whose elements are 


eae 


n=t 


AEB} 
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NOTE 


(i) The product can only be formed if the number of 
columns (n) of the pre-factor is the same as the number 
of rows of the post-factor. 

(11) The number of rows of the product will be the 
same as the number of rows of the pre-factor, and the 
number of columns of the product will be the same as 
the number of columns of the post-factor. 

(11) The associative and distributive laws hold for 
matrix multiplication. The commutative law does not 
necessarily hold, but two matrices for which BA=AB 
are Said to commute. The unit matrix 1 commutes with 
any square matrix of the same order. 

(iv) In a product of r matrices P=A,A,_,,..., ApAy 
the number of columns of the sth matrix must equal 
the number of rows of the (s—1)th matrix. 

(v) A useful mnemonic for matrix multiplication is 
the diagram 


Y 


The ith row of the pre-factor multiplied term by 
term by the jth column of the post-factor is added and 
entered in the 7j position of the product. The following 
example is illustrative: 

4 -2 ra 
4 


1 0 
un Oui | 


2.1.8.3. DETERMINANTS AND RANK 


The determinant of a square matrix is the determi- 
nant whose elements are identical with those of the 
matrix. 

The determinant of the product of two matrices is 
the product of the determinants of the factors. 

A matrix is said to be of rank r if it contains at least 
one square matrix of r rows and columns (either the 
matrix itself or one obtained from it by deletion of one 
or more rows and/or columns) whose determinant is 
non-zero, and no other matrix of higher order whose 
determinant is non-zero. 

A square matrix (mxm) whose rank r is less than m 
is said to be singular. The quantity (m-—r) is called the 
degeneracy of the matrix. If r, and r, are the ranks of 
two square (nxn) matrices, the rank R, of the sum 
satisfies the inequality R,<r,+r,. The rank R, of the 
product satisfies the three inequalities 

Ry<ry3 Rp<rz3 Rp>rntre—n 

If a square (nxn) matrix of rank r is multiplied in 
either order by a non-singular (nxn) matrix, the 
product is also of rank r. 


5 14 
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2.1.8.4. RECIPROCAL MATRICES 
The adjoint A=[A,,] of the square matrix a=[a,,] is 
the matrix whose elements are the transposed cofactors 
of the element a;; in the determinant |a;,|. It then 
follows that 
[4:5] [Ay] =|a|1 esa Le) 


|4j:|=la"7 ....(40) 


If the matrix a is a non-singular square matrix, the 
elements of the adjoint A may each be divided by |al. 
The matrix so obtained is called the inverse a of a, 
and it follows that 

238-(5) 


From (4a) it is clear that the determinant of any 
matrix can be obtained by multiplying any row of the 
matrix by the corresponding column of the adjoint 
matrix. 

A matrix a whose transposed matrix a’ is equal to 
its reciprocal a~ is said to be orthogonal. Its deter- 
minant has the value ja|=+1. If the conjugate complex 
a of a matrix a is equal to its transposed matrix a’, 
the matrix is said to be Hermitian. Thus a real 
symmetric matrix is Hermitian. 

If the conjugate complex of the transposed matrix 
(i.e. a’) is equal to the inverse of the original matrix, 
it is said to be unitary and the determinant |a|=+1. 
Real unitary matrices are also orthogonal, and vice 
versa. 


and that 


aa'=]| 


2.1.8.5. CHARACTERISTIC VALUES 
Consider the matrix equation 


val Uyy Ujyg «++ Un Xy 

Yo} | Yar Uo +--+ Uon Xe 
= ea (677) 

Yn Uni Ung D0 Unn Xn 
ie. y=ux VT( OD) 


in which the column matrix x is premultiplied by the 
square matrix u to give the column matrix y. In other 
words, the set of n variables x; has been transformed 
into the set of n variables y;. (For examples see Vol. I, 
Sec; 2.52 and“Secs? 24:6, 2:24, 2.2.5 ands 2.4 O1sene 
present volume.) 

It is often necessary to find the principal axes of the 
matrix wu. These axes are also called the characteristic 
vectorst of the matrix wu and are represented by the 
column matrices & (see 2.1.8.1), for which 


AB=ue si) 
We construct the characteristic matrix of u, i.e. 
fA)=Al-u . .(8) 
and notice that (7) is equivalent to 
f(ANE=0 v3) 


+ The terms ‘“‘characteristic function” and ‘‘characteristic 
vectors,” due to Hamilton, were translated into German as 
Eigenfunktionen and Eigenvektoren. They were then returned to 
English as eigenfunctions and eigenvectors. 
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The condition that a non-zero solution of (9) exists 
(2.1.9.1, p. 16) is that 
A(a)=|f(A)|=|Al—u|=0 Bet lO) 

The determinant A(A) is called the characteristic 
determinant, and the above equation is called the 
characteristic equation for the matrix u. 

The n roots (A, Az, . . ., Ax) of this equation (which 
may or may not be distinct) are called the characteristic 
numbers of u. 

If A; is a simple root of (10), we construct the matrix 
F(A,), which is the adjoint matrix of f(A,). This matrix 
can be resolved into the product of a column matrix 
and a row matrix, i.e. 

EG) iea0Sos > Saas Ka Kae © + Kin) om (LI) 

If A, is one of s multiple roots, and f(A,) has degene- 
racy exactly s, we form the (s—1)st derivative (2.1.8.8) 
of F(A) and hence F*-(A,). This can be factored in 
terms of (nx s) column and row matrices as follows: 


Clip §1, p41 ests Sareyeat 


Saip §> ples 4-8 
) sabe (4 ’ ’ ’ 
Snip Gena OV Cnimnssy 
Kp,2 pha: US 


Kp4+1,2 


pe 
Kp+1,1 


pn 
> Kptin 


ee tte) 


Kp+s-1,1 Kp+s-1,2 +++ Kp+s-1,n 

If A, is one of s multiple roots and the degeneracy of 
f(s) is g<s, only q linearly independent § columns can 
be obtained. If g=1 there is only one & column, and 
it is obtained by factoring F(A,) as in (11). If q>1, 
the q linearly independent € columns must be obtained 
from the derivatives of F(A) which are not null when 
A, 18 substituted. For details see [18]. 

In those cases in which m column matrices €,; can 
be obtained we can construct any one of a number of 
matrices & in which the column k,; is proportional to 
the column matrix &,;. These matrices are non- 
singular and have the property that 

u=kAk4 © P(132) 
and hence that 

A=k-uk wae: (135) 
in which A is a diagonal matrix, having the charac- 
teristic numbers of the matrix u as terms in the leading 
diagonal. The reduction of u to a diagonal form is not 
possible unless the conditions of the preceding para- 
graph are satisfied. 

If uw is Hermitian or unitary, the reduction to 
diagonal form is always possible. This is true a fortiori 
for real symmetric matrices or real orthogonal matrices. 

If uw is Hermitian the characteristic numbers are 
real and the characteristic vectors orthogonal. 

In the case of degeneracy the characteristic vectors 
as determined by the foregoing method are orthogonal, 
but any linear combination of the characteristic vectors 
belonging to the same multiple root is also a charac- 
teristic vector belonging to that root. 
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EXAMPLE. Consider the matrix 


[anes pth pny ellagqion % 
a dase hy Ul (0 Qs ae ek | 
ae | rap 


(A—2)2. (A—2) —(A—2) 
FQ)=| —Q—2) AA-2) —(A—2) 
—(A-2)  (A—2) (A—2)? 


AQ)=(A—DQ—2)? 
The first root, A,=1, is simple. For it 


1-1 1 
rey =I ]-enttta and &={1,1,1} 
1-1 1 


The twofold root A=2 leads to the matrix 


PREP 
poy oy i 
esi) 


which has rank | and is thus twofold degenerate. We 
therefore calculate 
—] 
—] 
2(A—2) 
0 


202) 1 
FOV LAAT) 
PMY Sh 200 
de 2 tek 31 | Oval a 
Pion ey hOist | tae eo 


—] ] 
and &={1,1,0}, §;={0,1,1} are solutions, and we have 


ISA) 100 jess aa | 
KARAS 1011 OR210 0 1-1 
IvO"1 002 1 LO 

| Men | |ircs Pers | 

=k| 05.2 —2/=|-1 .3.-1 

Peele Zine call dak 5.1 


We note also that we may choose instead of &,,€ any 
other pair &,’,8,’ such that {&,’,6,}=M{E,,E,} where M 
is any non-singular (2x 2) matrix. 


2.1.8.6. DIAGONALIZATION OF A QUADRATIC FORM 
The matrix expression 


x/ax=[xHaglx}=> auxi2+ 2> > aisXiXs Art GA) 
i=l i<j 


is known as a quadratic form. The matrix a can be 
taken as symmetric without loss of generality. In 
many geometrical and physical problems it is desirable 
to replace the variables x; with y; by means of an 
orthogonal unitary transformation in such a manner 
that the new quadratic form has no mixed products 
y,y; and consists only of the squared terms y;”. If we 
set x=qy, then the expression (14) becomes 


y'q aqy=y'q"‘aqy=y'by mre Ue), 


since g’=q~ if g is an orthogonal unitary transforma- 
tion. If now the expression is to correspond to a 
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quadratic form with only squared terms, the matrix 
b=q"‘aq must be diagonal. Thus the matrix g must be 
of the type & (2.1.8.5 (13)) with the added restriction 
that the vectors which compose k must be unitary. 
Since a is symmetric, such a reduction is always pos- 
sible and the characteristic vectors are always ortho- 
gonal. The method is illustrated by the following 
example. 


EXAMPLE. Consider the quadratic form 
2X 7+2x57—4x5?—2x4xX_+ 10x9x3+ 10x5%; 
We have 


ASD Ue sao 
AQ)=| 1 A-—2 —5|=A?—63A+ 162=0 
Soo a 


The solution of the characteristic equation is often 
the most difficult part of the operation. In this case, 
chosen for simplicity, we have 

A(A)=(A—6)(A— 3)(A+. 9) =0 
To find the characteristic vectors, we write 


A?2+ 2A—33 21—A 5(A—3) 
F(\)= 21—A A?24+2A—33 5(A—3) 
5(A—3) 5(A—3) A?2—4A4+3 

For the first vector we consider 


15 15 15 
F(6)=| 15 15 15 |=15{11D[111] 
15 15 15 


Thus the first vector when normalized will be 1/4/3, 
1/4/3, 1/4/3. By considering F(3) we get —1/,/2, 
1/4/2, 0, and from F(—9) we get 1/4/6, 1/4/6, —2/+/6 
for the remaining vectors. Thus 


ALT AS Bee Sree ie le be 
V3.3 7/3 ¥ /3 »/2 /6 
alan [wiles 

v piedei 2iivon Gud) aula ek oan 
JL =2 Intex (GG) (alates 32 
V6 V6 v/6 4/3 4/6 
fordoteal es, 
v3 v3 v3] |°V" 72 vo] |° ° © 
an? 2-30 

ARTE 273 7 %|=|9 3 0 
aN Bp 2 eam ee OycOr=9 
6 /6 +/6 a /6 i 


The quadratic form is now 
6y 17+ 3a? Dyg?=Ay yy > +AgVo?+AgVs" 
and the transformation is 


Se Wali 

V3 V2 V6 

a [RAS Gol 
{x}= 4/3 4/2 /6 {yi} 

1 —2 

v3 ° V6 
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2.1.8.7. TRANSFORMATIONS OF MATRICES 
Elementary Operations 

The elementary operations on matrices consist of the 
following: 

I(a) Interchange of the ith and jth rows. 

(6) Interchange of the ith and jth columns. 


II(a) Addition to the ith row of a multiple of the jth 
row. 
(6) Addition to the ith column of a multiple of the 
jth column. 
III(a) Multiplication of the ith row by a non-zero 
constant. 
(b) Multiplication of the ith column by a non-zero 
constant. 


Operations of type I consist of multiplications by a 
matrix J which is derived from the unit matrix by inter- 
change of rows i and j (or of columns i andj). Used as 
a premultiplier it will interchange rows; as a post- 
multiplier it will interchange columns. 

Operations of type II consist of multiplications by 
the matrix M which is derived from the unit matrix by 
adding the non-zero constant m in the ith row of the 
jth column. In Mu then the product is obtained from 
u by adding m times the jth row to the ith row. In uM, 
m times the ith column is added to the jth column. 

Operations of type III consist of multiplications by 
the matrix H which is derived from the unit matrix by 
replacing the ith entry in the diagonal (ith row, ith 
column) by the non-zero constant A. 

The operating matrices are non-singular, so that 
rank is preserved under elementary operations. The 
operations J and M have unit positive determinants, 
so that the value of the determinant of the matrix is 
preserved under operations of types I and II. Opera- 
tions of type III multiply the value of the determinant 
by the constant h. 


Equivalent Matrices and Canonical Forms 


Two matrices are said to be equivalent if they can be 
derived from each other by a finite number of elemen- 
tary operations. It then follows that, if u and w are 
equivalent, 

v=PuQ ac arGa) 


where P and Q are any non-singular matrices, and that 
the rank of v is the same as that of u. 

Any square matrix of rank r is equivalent to a 
canonical (or standard type) matrix all of whose 
elements are zero except for r units occupying the r 
leading positions in the principal diagonal. Such a 
matrix is more strictly described as ‘“‘canonical under 
elementary operations” (see 2.1.8.10} 

If a square matrix of rank r has integral elements and 
if the multipliers m and A in the matrices M and H are 
restricted to integral values, it is equivalent to a 
canonical (or standard) matrix all of whose elements 
are zero except for r diagonal elements §,, 5,, . . ., 5,, 


Zhe 


such that 6,_, is a factor of 6,. Such a matrix is more 
strictly described as “‘canonical under integral opera- 
tions” (see 2.1.9.4 for the technique of this reduction). 

If the matrices P and Q are reciprocal, the trans- 


formation 
w=Q7uQ PRtLOD) 


is called a similarity transformation or a collineatory 
transformation. In 2.1.8.5 the conditions are given 
under which this type of transformation will reduce a 
matrix to a diagonal canonical form. 


2.1.8.8. DIFFERENTIATION OF MATRICES 


If the terms of a matrix are all functions of a single 
independent variable, the derivative of the matrix with 
respect to that variable is the matrix whose terms are 
the derivatives of the terms of the original matrix. 

The differentiation of products and of other func- 
tions of matrices follows in general the customary 
rules, except that the order of factors must be preserved 
and division is only possible if an inverse exists. The 
following examples illustrate these points: 


d « du 
sent Be) = eal ay rsa oben .(17a) 
a du 
Tite) = =H, a re. 2 eee CTL) 
d d 
Su?) Suu 4+u GC a.(LJc) 
du“ d 
pais 7 1, from 5(uu1)=0 ... (17d) 


Since in these tables we shall make only occasional 
use of the differential calculus of matrices, and no use 
of the integral calculus of matrices, reference must be 
made to [18], [19] and [20] for further information on 
these topics. 


2.1.8.9. FUNCTIONS OF A MATRIX 


The method for the construction of polynomials of 
a single matrix follows from the rules of the algebra 
of matrices, and if the matrix is non-singular such 
polynomials may include negative integral powers. 

In cases in which the matrix w can be diagonalized 
(2.1.8.5—-6, p. 12) more general functions can be con- 
structed. This process depends on the result that the 
A matrix (13) has the property that 


P(A,) 0 ae ; 
ganja] FM) (18) 
0) 4uOr» ran) 


in which ¢(A;) is a given function of the characteristic 
number 4; and ¢(A) is the same function} of the 
matrix A. It may then be shown that 


$(u)=kd(A)k- Gk) 


The results of this section are applicable to a large 
range of function types and to most of the matrices 


15 


ALGEBRA 


which are likely to arise in physical or in crystallo- 
graphic problems. For discussions of the limits of 
applicability of these results reference is made to 
[18], [19] and [20]. 


2.1.8.10. NUMERICAL CALCULATIONS WITH MATRICES 


Note. The present section is intended only to 
indicate simple methods which may be used in specific 
problems in the absence of other reference material. 
The methods given are not necessarily the most effi- 
cient or the most rapid. If many such calculations are 
to be performed reference should be made to [18], 
etc. Programmes are also available for machine com- 
putations with matrices. 

Calculations involving matrices with two or three 
rows and/or columns, with simple numbers as terms, 
are best carried out directly. If the number of rows 
and columns is greater than three, and even in the case 
of 3x3 matrices, the calculations are best made on a 
systematic basis as suggested below. 

The general philosophy of matrix calculations in- 
volves the reduction of the matrix to a simple form 
before performing any manipulations with it. A 
record is kept of the operations performed by carrying 
them out at the same time on the unit matrix. 


Reduction of a Matrix 


By reduction of a matrix we mean the transformation 
of a matrix to an equivalent form (Section 2.1.8.7) by 
means of the elementary operations. The purpose of 
such a transformation is to simplify the form of the 
matrix so that its rank can immediately be evaluated. 
If we keep track of the operations which we have 
performed we can at the same time evaluate the 
determinant and the inverse of any matrix which is 
non-singular. If we consider the equation 


(20) 


and post-multiply it by a series of elementary opera- 
tions M, (2.1.8.7) we have 


uyu=1 


u(uM,M,...M,,)=1(M\M, . ial) 

It is then clear that if 
(uM,M. M,,)=1 (22) 
then u=(M,M,...M,) «i (23) 


Thus if we perform a series of elementary operations 
by post-multiplication (by rows) on w until wis reduced 
to the unit matrix (22) and at the same time carry out 
the same post-multiplications on the unit matrix, we 
evaluate the inverse matrix u-!. If at the same time we 
keep track of all the operations of type III (2.1.8.7), 
that is, of those which alter the value of the determi- 
nant of the matrix, we can directly determine the 
value of the determinant |u]. 


+ Note, however, that if 4(A,) is a multiple-valued function 
with m values, ¢(A) is multiple-valued with m” values. Thus 
4/X; is 2-valued and +/A is 2"-valued. 
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In Table 2.1.8.10A we reduce a given matrix u (left 
array) to triangular and then to diagonal form by post- 
multiplication elementary operations on rows alone. 
We keep track of the operations which we perform by 
applying them also to the unit matrix (right array). 
At stage I we have completed the reduction to a 
triangular form and have obtained a matrix whose 
determinant is unity. Thus it follows from 2.1.8.3 
(p. 12) that the rank of the original matrix and of all 
the equivalent matrices under the heading “Left Array” 
is three. The operator matrix at this stage has a deter- 
minant whose value is 1/48. Thus the determinant of 
the original matrix has the value 48. Proceeding to 
stage II, we complete the reduction to the diagonal 
form. From (23) it is clear that the operator matrix 
in the “‘Right Array” column is the inverse of uw, i.e. 
u—, and from (4a) that the adjoint U of wis \u|ju-!. The 
reduction could equally well have been carried out in 
terms of columns. 


TABLE 2.1.8.10A 


Reduction of a Non-singular Matrix 


0 fj Row Left Right 
peration no crest cee 
CEN 36 Giga GLOW 
Q)eh 1559 jus] mOOE ben 
(3)ehonG: w4ealseOt BOT TE 
+(1) 4)it |) Seed ad lin alte 480 
3(2) (Synlwu5 $Buah hoOr 2950 
3(3) (ule 30228 lah Ow Obed 
(4)—(6) (Di vGiQooOp PE” 30ieet 
(5)—(6) (8)| 2 1 0) 0 4-4 
(6):|. 32. Tiss Oat 
2(7)—(8) (9) | 15-0" Or lbxeaes 
(3)/ 2 1 0) 0 3-+ @ 
(Gi) 33 2, ete) el OE 
(CO) Peeks ere ee 8 
(8)—2(9) (10).|. -OWMFOME=E 1 — 1 
(6)—3(9)—2(10)| (11) | 0 O 1] 4-1 2 


Results 


36 16 4 4-4 } 
B=15' 9 3 asks) 2 lathe 
6 4 2 ee ee 

6-16 12 

U=|-12 48 —48 

6 —48 84 


|uj=48 |u|=1/48 Rank of u=3 


In Table 2.1.8.10B the same routine is applied to a 
singular matrix whose determinant is of course zero. 
This routine does not lead to a calculation of the 
adjoint of a singular matrix. For a 3x3 matrix the 
adjoint is, of course, easily calculated directly. For 
matrices of higher order, routines are given in 4.12 of 
reference [18]. It should be remembered that if the 
degeneracy of the matrix is greater than unity the 
adjoint is a null matrix. 

For further examples of the application of reduction 
routines see 2.1.9. 


TABLE 2.1.8.10B 
Reduction of a Singular Matrix 


Operation No Left Array | Right Array 
(1) 3. Teal I OO 

(2) et OURS 0 L Be 

(3) 6 4 2 0+ 40mg 

=(1) (4) S3* 1 Ci OF %) 
(2)+3(1) (5) ZAP 2O 3 1 GQ 
(3)+2(1) (6) 126 SP) Zo Oe 
(4) | -3 -1 1] -!1 080 

()/ 12 (7) 2 LO i 
(6)/6 (8) 2° SS WORN iiee eee 
(4) | -3 -1 14-1 C440 

(7 DE EC) 4) 0 

(8)—(7) (9) Oe Oe OT eran 


Calculation of Characteristic Numbers 

In the case of square matrices of order (4 4) or less 
the best routine for the calculation of the charac- 
teristic numbers is perhaps the direct expansion of the 
determinant A(A) of equation (10); one such example 
has already been given in 2.1.8.5 (p. 12). If the charac- 
teristic vectors are required they can be calculated as 
indicated in Section 2.1.8.5. For matrices of high 
order such a simple procedure becomes extremely 
tedious. Slightly less tedious procedures of a more 
sophisticated nature are available, and for these 
reference must be made to [18] and to discussions of 
quantum mechanical calculations. 


2.1.9. Linear Equations 
2.1.9.1. NON-HOMOGENEOUS SYSTEMS 


Consider the system of m linear equations in n 
variables: 


Qy4Xy + Ay2Xo + pkere + Ay Xn +b, =0 
Ag4X1 + Ag2Xo 5 eens “Gon +b, =0 eee (1) 


AmyXy+AmeXet Oat +AmnXn+bm=0 
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41149 » Qn 
. Q91Qo9 Aon . . 
The matrix a= is called the matrix of 
OG VAdin 
411412 Andy 
: ; Ones te dae 
the system, while the matrix b=| 7) ioaty 
Ama m2 igen’ Linn 


is called the augmented matrix of the system. 


1. If the rank of the matrix a is less than the rank of 
b, there is no solution and the equations are 
inconsistent. 


If the matrix a and the matrix b both have the same 
rank r, and there are n unknowns, the values of 
(n—r) unknowns may be assigned at pleasure and 
the r others will then be uniquely determined. The 
(n—r) unknowns whose values may be assigned at 
pleasure may be chosen in any way provided that 
the matrix of the coefficients of the remaining 
unknowns is of rank r. 


The solution of a system of rank r (<n) is obtained 
by using any one of the available square matrices 
of rank r contained in a as the matrix of a system 
of r equations in the r unknowns associated with 
the terms of the matrix. Any unused equations are 
discarded, and the (n—r) unknowns not associated 
with the terms of the (rxr) matrix are disposable 
and are included explicitly with their appropriate 
coefficients as part of the coefficients 5; The 
solution of this system of equations, obtained by 
the method given below for a system of n equations 
in n variables, is then a solution of the original 
system of m equations in n variables. 


A non-homogeneous system of m equations in n 
variables has a unique solution provided that the 
matrix of the system is of rank n, i.e. the determinant 
of the system matrix does not vanish. Let the system 
be written in the form 


AyyX t+ AyoXot «2. +AynXn=)1 
Ag Xy+ AgoXg+ ore + AonXn=)2 (2) 
AnyX + AngXet emake St Onn ne Va 
Then the solution is uniquely 
Kaa aX p= o/s X,, =Oa/0. « .. :(3a) 
where a is the non-zero determinant 
411412 +--+ Ain 
__| 421422 - + - Gan (3b) 
Gy, Win eas 


and a, is the determinant obtained from a by replacing 
the jth column by the elements y,, yo,..., ¥,- This 
solution is complete algebraically, but it probably does 
not provide the easiest numerical routine (Section 
2.1.9.3). The solution of the system of equations (2) 
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can be written very briefly in matrix notation. If the 
variables x, are written in order as the column matrix 
X={X, X,..., X,} and similarly the variables y, as the 
column matrix y={y,, Vo,..-., Yn}, then (2) takes the 
abbreviated form 


ax=y . (4) 
and the solution, which is written 
x=a"y £945) 


involves the computation of the matrix a~!, the inverse 
of a. 


2.1.9.2. HOMOGENEOUS SYSTEMS 


1. If in the equations (1) the terms 5; are all zero, the 
system (called a homogeneous system) always has 
one or more solutions, since the matrix a always 
has the rank of the matrix b. 


2. If the rank of the matrix a is r, the values of (n—r) 
of the unknowns may be assigned at pleasure. The 
others are then uniquely determined. 

3. If the rank of the matrix a is n, the only solution is 
the trivial solution x,= x, x,=0. 

4. The necessary and sufficient condition for a non- 


trivial solution is that the rank of the matrix of 
the system shall be less than n. 


5. Thus the necessary and sufficient condition for a 
non-trivial solution is that the determinant of the 
matrix of the system shall vanish, i.e. |a|=0. 


Any homogeneous system for which a non-trivial 
solution exists can be reduced to a non-homo- 
geneous system of rank r<n which. is soluble by 
the methods given for non-homogeneous systems. 
This is done as described above by using any one 
of the available (rx r) square matrices as the matrix 
of a non-homogeneous system. Any unused 
equations are discarded, and the (n—r) unknowns 
not associated with the terms of the chosen system 
matrix are included explicitly as part of the 
coefficients b;. The solution is then concluded as 
that of a non-homogeneous system of 7 equations 
in r variables whose system determinant does not 
vanish. 


2.1.9.3. NUMERICAL SOLUTION OF A SYSTEM OF LINEAR 
EQUATIONS 


In order to calculate the solution of the equation 
....(6a) 


it is possible to calculate a! by one of the methods 
referred to in 2.1.8.10 (page 15) and then to use the 
solution 


ax=h 


awe (OD) 


If # is given literally, this is the best procedure. If h 
is given numerically, the best procedure is to reduce 
a to 1 by operating from the left and at the same time 
to operate directly on the column h&. The routine, 


x=ath 
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which is closely analogous to that of Tables 2.1.8.10, 
is exhibited in Table 2.1.9.3A for the case 


a, ie Make 2 
4-1 1-2] |2 1 
1 30 3) 
3-1 2a 3 
Co dee 3 


TABLE 2.1.9.3A 


Solution of Linear Simultaneous Equations 
(see reference [18]) 
Five equations and four unknowns: Solution 
unique non-zero 


Operation ou Left Array Column 
(Loe Oo 3 i* 2 
(2) | 4 -1 1 -—2 1 
G)eiel 3 0 5 —1 
(4) |3 -1 Pigalle 3 
(SS) aid 3 4 9 3 
(2)—4(1) (6) |O0 -1 -11 -6 —7 
(3)— (1) CaO Py ee 4 —3 
(4)-3(1) (8) |O0 -1* -7 —2* —3 
(5)- (1) (Sy "0" 783 tT. VES 1 
(8)— (6) (10) | 0 0 4* 4* 4 
3(8)+ (7) (11) | 0 0 -24 -2 —12 
3(8)+ (9) (12) |}0 9 -20 2 —8 
6(10)+(11) (13) | 0 0 Om 22 12 
5(10)+(12) (14) | 0 0 0 22 12 
(14)-(13) (15) | 0 0 0 O* 0 
(Fel ==0 3 1 2 
—(8) (8’) | 0 ibe if Dy 2) 
(10)/4 (10’) | 0 0 (Fs oad! 1 Stage X 
(13)/22 (B70 0 0 15% 6/11 
(i5)ec0 0 0 0 
C1) == (1S) (16)P eee O 3 0 16/11 
(8’)—2(13’) | (17) | 0 1* oT 0 21/11 
(10’)— (13’) | (18) | 0 0 1 Ose 5/11 
(16)—3(18) | (19) | 1* O 0 o* 1/11 
(17)—7(18) | (20) | 0 1* 0 O** | —-14/11 
(19) | 1 0 0 0 1/11 
(20) | 0 1 0 0 —14/11 
(18) | 0 0 1 0 5/11 
(13’) | 0 0 0 1 6/11 


Solution: {x,xX2X3X4}={1/11, —14/11, 5/11, 6/11} 
NotTES 


* At these stages the choice of row to be used in elimination 
and retained and of the variable to be eliminated is arbitrary. 
It may or may not be profitable here to reduce the coefficient 
of the variable to be eliminated to unity in some or all rows. 
The starred rows are dropped as they are used and then re- 
assembled at stage X. 


** At these stages only the coefficients used in the previous 
elimination of variables (and still given a single star for that 
reason) may now be used (in any order of rows) for the elimina- 
tion of the other coefficients in the same column. Again the 
double-starred rows used in the elimination are dropped as they 
are used and reassembled at the end. 

At stage X it is clear that the ranks of the system matrix and 
of its augmented matrix are both 4 and that a solution there- 
fore exists. 
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(2)—3(1) 


(6)— (5) 


3(11)—(12) 


This method of reduction is applicable to any system 
of linear simultaneous equations, homogeneous or 
non-homogeneous, without previous investigation of 
the rank of the determinant of the system or of its 
augmented system. The nature of the solution is 
indicated directly by the routine solution. Thus the 
above system has a unique non-zero solution. An 
example of a non-homogeneous system in which the 
variables are under-determined (leading to a solution 
involving variable parameters) is exhibited in Table 
2.1.9.3B, while Table 2.1.9.3C presents a case in 
which the equations are incompatible. The same 
routine is of course applicable to homogeneous systems. 


TABLE 2.1.9.3B 


Solution of Linear Simultaneous Equations 
(see reference [18]) 


Variables under-determined 


Operation 


* 


Note (a) 


(3)—2(1) 
OH 


5(7)—2(5) 


—(5)/5 
Note (6) 


Stage X 


Note (c) 


2 
6 
4 
2 
0 
0 
0 
0 
0 
22 
0 
0 
0 
2 
0 
0) 
0 


oroo!] CONN 


oor o | OOFN | COOKN!] CSO 
-—-OO0O |] OOF 


ooor~ 
or oo 
Oi © 


Solution 
{X1%2X3Xq}={4,2,0,0}+ ae 4,—2,1,0}7 fF 1,0,1} 


NOTES 


(a) The rows and the variables used in the elimination are 
starred and are dropped after they have been used. They are 
reassembled at stage X. 


(b) At stage X the presence of the rows with zero coefficients 
and with zero in the right-hand column entry, indicates un- 
determined variables, and therefore in the present case any 
two variables may assume arbitrary values. We have taken 
X3=a, X,=f. 


(c) The equation system (square matrix) is completed by the 
assumption of arbitrary values for x3, x, as above, and the 
record of this operation is transferred to the column symbol. 


pA 


TABLE 2.1.9.3C 
Solution of Linear Simultaneous Equations 


Equations incompatible 


Operation 
(1) 4 
(2) 1 
(3) 3 
(2)—2(1) (4) -7 
(3)=°) (5) -1 
(5)—3(4) (6) 20 
Note (a) 


Note (a) 


NOTE 


(a) It is clear here that an equation with zero coefficients cannot 
equal a non-zero quantity, and that the equations are there- 
fore incompatible. 


For simplicity the examples presented have been 
selected to have integral coefficients in the square and 
in the column matrices. This is, of course, not neces- 
sary, and the methods are well adapted to machine 
computation. It should be noticed that many steps 
which have been written out in these schemes for 


clarity’s sake can be omitted by the practised computer. 


In these schemes we have reduced the system matrix 
by operations on rows alone because this is perhaps 
the simplest. For an example in which the reduction 
makes use of both rows and columns reference is made 
to Table 2.1.9.4A. 

Accounts of routines for the solution of linear 
equations which differ in arrangement from those pre- 
sented here are given in many places, e.g. [24], [25] 
and [26]. 


2.1.9.4. SOLUTIONS OF HOMOGENEOUS SYSTEMS VALID 
IN A LATTICE 


In crystallography the equation 5x=0 has the mean- 
ing that x can be one-fifth of any translation of a 
crystal lattice. Thus 5x=0 has only one solution 
(x=0) in ordinary algebra, while in modular algebra 
(2.1.5, p. 7) the set of solutions x=pm/5 is valid where 
m is a modulus and p any integer. Methods for the 
reduction of systems of linear equations with integral 
coefficients which are valid under modular algebra 
depend on the reduction of the matrix of the system 
to canonical form under unitary integral elementary 
operations. The operations are therefore of Types I, 
II and III (2.1.8.7, p. 14) using integral multipliers 
only, since division is not permitted in the general 
sense (Section 2.1.5). The reduction to canonical form 
involves operations on both rows and columns and 
cannot in general be completed by row operations or 
column operations alone. 
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The theoretical background of the reduction pro- 
cess is as follows. If the equation system is of the form 


ra) 
and the matrix a is subjected to a series of elementary 
operations from the left, i.e. to manipulations of rows 
alone, the equation system is equivalent to 


(Aa)x=0 adver 1a) 
i.e. an equation system with a new set of coefficients 
(Aa) but the same set of variables. If the elementary 


operations on the matrix a are applied from the right, 
the system (7) becomes equivalent to 


(ap)p-4x=0 ee) 
a system with a new set of coefficients (ap) and a new 


set of variables x’ connected with the old set x by the 
relation 


ax=0 


t =p_1x eit C) 
or its equivalent 

x=px' 
which may be written 

x=(1p)x’ eu) 


Thus the result of a succession of row and column 

operations is the system 
(Aap)x’=0 

in which x’ is related to x by (7d). 

Appropriate row and column operations are applied 
to the matrix a to reduce it to the canonical form 
(Section 2.1.8.7) in which all terms are zero except the 
diagonal terms. These in succession have the values 
5; such that 5; is a factor of 6;,,, except that after 5, 
(where r is the rank of the matrix a) 5,,,=0. 

The reduction of the matrix a and the simultaneous 
development of the matrix (1p) may be followed in the 
example of Table 2.1.9.4A. In this process all opera- 
tions on columns (multiplications from the right) are 
performed both on the matrix aand on the unit matrix. 
Operations on rows (multiplications from the left) are 
performed on the system matrix a alone. 

The motivation of the reduction scheme depends 
on the fact that ,, the leading diagonal term of the 
canonical form, must be the greatest common divisor 
(g.c.d.) of all the terms of the original matrix. Thus 
one must exhibit this g.c.d. and move it to the leading 
position, using only the permitted operations. The 
steps are as follows: 

1. (a) If the g.c.d. appears explicitly, it is moved by 
row column interchanges to the a,, position and 
step 2 follows. (b) If the g.c.d. does not appear 
explicitly, it must be exhibited by means of the 
Euclidean algorithm (2.1.6, p. 8). This is done by 
a succession of row reductions and/or column 
reductions. One of the smaller terms a;; of the 
matrix is selected. Multiples of the ith row are 
subtracted from every other row so that the terms 
in the jth column are reduced either to zero or to 
non-zero remainders. Thus for the new sth row 


saeele) 
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one chooses q so that the Euclidean remainder 
a;;—9a;; 1S either positive or negative and smaller 
in magnitude than a;;. If the g.c.d. appears during 
this process either in the jth column or elsewhere 
in the matrix, the reduction can be stopped and the 
procedure of 1(a) adopted. If the column reduction 
continues until only one non-zero term remains, 
without the appearance of the g.c.d., then this one 
remaining term should be used in the reduction of 
the corresponding row. If the row reduction and 
possible further column reductions are completed 
without the appearance of the g.c.d. and there 
remains an isolated term (not the g.c.d.) which is 
the only non-zero term in its row or column, the 
row or column containing this term must be added 
to a row or column containing a term for which 
the isolated term is not a factor. This row or 
column is then reduced as before, until the g.c.d. 
does appear when step 1(a) is followed. 

. When the g.c.d. is located in the a,, position, 

all other terms in the first column and in the first 
row are reduced to zero by subtracting appro- 
priate multiples of the first row and first column 
respectively. 
After steps 1 and 2 are completed, a sub-matrix 
remains of order one less than that of the original 
matrix. The g.c.d. of this matrix must now be 
exhibited and moved to the leading position by the 
routine already established. 

Note that considerable freedom is possible in the 

reduction of a given matrix, and the process is con- 

siderably shortened if one can choose the appropriate 
column or row to exhibit the required g.c.d. as rapidly 
as possible. Whatever routine is adopted, the canonical 
form will always be the same. The matrix (1p) may be 
different for different methods of reduction, but any 
two solutions so obtained will be equivalent as dis- 
cussed below. 
When the reduction to canonical form is completed, 
the equations for the x,’ read 
O Xe Oa a Us acne SO ra (:3) 
and determine the first r variables x,’. The remaining 
variables may be arbitrarily chosen. The interpreta- 
tion of these equations depends on the problem in 
hand. If one is working in a lattice which is already 
determined, these equations mean that a given 
variable x,’ must be of the form 
Xi =pi7i/9; aE (9) 
where 7; is any translation of the lattice and p, is any 
integer. 
If it is desirable to find the simplest lattice in which 
a general solution of the original system can be 
obtained, one allots one translation to each of the 
equations (8) for which 6, is not unity. These transla- 
tions are linearly independent in the general case and 
are also linearly independent of any variables which 
may be left independent by the equation system. 
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Special cases will of course arise if linear relations 
are permitted between the required translations. An 
arbitrary number of additional independent transla- 
tions may be added to those required, but the 
generality of the solution is not thereby increased. 

The solutions x; are then obtained from equation 
(7d) by the substitution of the expressions (9) and of 
independent parameters for the variables x’ for which 
the 5-values are zero. All possible solutions are then 
obtained by permitting all values of p;<8; and by 
permitting the arbitrary vectors to have components 
in the directions of the 7;. This process is illustrated 
by the examples, and it is in this manner that one can 
demonstrate that the solutions obtained by different 
reduction routines are similar. 

The three examples of Tables 2.1.9.4A-C illustrate 
different situations which may arise in the application 
of the routine described above. 


TABLE 2.1.9.4A 
System of Equations Valid in a Lattice 


X1+2x_+3x3=0 
X4+2x,—x3=0 
3x,+2x,+x3,=0 
x\—2x,—x,=0 


: System Unit 
ise Matrix Matrix 
Laas & Listen) 
g.c.d.=1 1 2-1 Os saly gad) 
eee Aaceea | Ort Oidal 
1 -—2 -1 
row | don ree es 
row 1—row 2 OF Oy 8 No change 
3(row 1)—row 3 0 4 8 
row l—row 4 0 4 4 
row | 2 
row 4—row 2 
or row 3—2(row 2) gale pai No change 
row 2 4 
col. 2—2(col. 1) | PRG | Bie 1 —2 -3 
col. 3—3(col. 1) 0 4 O 3 led se! OR 
0 0 4 0. O- al 
Solution 
Mapes IX ee) X= — Pat 2/2—3pg73/4 
Ax,’=0 = Xe’ =PyT2/4 X2= PoT2/4 
4x3=0 X3°=P 73/4  X3= P375/4 


The reader who wishes to understand fully the variety 
of solutions presented here should write out and plot 
the solutions for all values of p, in the range 0<p,<4. 
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TABLE 2.1.9.4B 
System of Equations Valid in a Lattice 


2%,=0 3x,=0 4x,=0 

: System Unit 

Operations Matrix Matrix 
2 1987092 © 
g.c.d.=1 0 OF Hise O 
0 aes | 
row 1+row 2 No change 
lee Jind 
col. 2—col. 1 On Bhs 0 
Ore Oiverl 

row 2 
2(row 2)+row 1 No change 
row 3 
Interchange col. 1 -1 1 0 
and col. 2 lyse OajiHO 
OFS Oriwal 
col. 2—2(col. 1) — 3hir40 
g.c.d.=2 1-2 0 
Opel 
row 2+row 3 No change 
oiem 3 0 
col. 2—col. 3 1-2 0 
0-1 1 
No change 
row 3+2(row 2) 
—-1 3-6 
col. 3—2(col. 2) 1-2 4 
0-1 3 
Solution 

x;'=0 ie X= 3py72/2—ps73/2 

2xX_'=0 = Xq'=PeT2/2 X= +P3r3/3 

12x3'=0 = X3'=p 373/12 Xg=—PeT2/2+Pg75/4 


Note that the obvious solution in terms of three 
translations contains and has been replaced by a less 
obvious and equally general solution in terms of two 
translations. The equally obvious solution in terms of 
a single translation is obtained by setting p,=0. 
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TABLE 2.1.9.4C 
System of Equations Valid in a Lattice 
2Xx,+ Xot X3+2x,=0 
Xy+4x_Q+ 7X3+ 9x4,=0 
3X4 H5%24+5X,+3x,4=0 


' System Unit 
Operations Matrix Matrix 
Dele PY PruOreOreh 
c.d.=1 Mae Cet FEO! #O 
Be Sane he SOF 81560 
2 1-2-6 GO: POOR eT 
row | Die Nie dee 
—4(row 1)+row2 |—-7 0 3 1 
S(row 1)—row 3 BeeOseQ? No change 
row |—row 4 OdaQ. 6308 
Rearrange een. 72” | OV OF. 20 
columns rls; 3. 1550)020' 0 
OP 40 O240""0" 1 
CFS. 40" 3 OF e070 
Reduce first row L SOS 0-50 Oat Og 4 PG) 
0 1-7 3 1—2-2-]1 
gc¢.d:=1 OF 75-7, 20 O50 Ooe | 
Oets 20-8 OF 1520720 
17-0" 00 
0 1-7 3 
Be eo sO isce-21 | \°,chauee 
row 4—8(row 2) 0 0 56-21 
Reducesecondrow| 1 0 O O 001 0 
andalsosubtract} 0 1 0 O 1—2-16 5 
row3fromrow4| 0 0O 56-21 0 ar Ott 
2.¢.d.=7 OF20¥, 0,20 0 1 7-3 
10°70" 0 0 O-1 O 
—col. 3—3(col. 4) Oo kr O40 b-2:b.85 
Os Ooi 21))|, Oe 0-3. 1 
Ox.0:.0. 0 Oe dt 2-3 
0.0. 0 0 0-1-3 
col. 4+ 3(col. 3) Oris 0 1-2 1 8 
Oe -Orede 0 0 0-3-8 
Ueg 7). 0 Onilys2 3 
Solution 
x, =0. x,'=0 X,=—pt/7—3a 
x, = x, = X,=pr/7+8a 
1X3 = X3=prt/] = =xX3=—3pr/7—8« 
Xp=a X44 =a x,=2pr/1+3« 
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An alternative reduction of this system gives the 
solution 
x, =2p't/7—3a’ 
Xo 8a’ 
X3=Sp't/7T—8' 
X4=—p't/74+30' 


The fact that these two solutions are equivalent may 
be demonstrated by setting «’=a+pr7/7 and p=p’. 


Non-homogeneous systems of equations can also 
be analysed for solutions valid in a lattice by similar 
techniques. The column matrix for the constant terms 
must then be carried and subjected to row operations 
as in Tables 2.1.9.3 as well as the unit matrix. 

Examples of the application of these methods to 
crystallography can be obtained from the theory of 
homometric structures. 


EXAMPLE 1. The following table represents the 
vector distances between four atoms of equal weight 
in terms of their co-ordinates with respect to one of 
them, i.e. 


0 xy Xs Xe 
=X, 0 Nott y Xa ak 
Xo) X,—Ke 0 Xg—Xe 
= Ng Ky Xe Xa X4 0 


These distances can be rearranged to form the second 
distance table 


0 Nghe PXooXy) 2, 
Xo Xs 0 Xn Xg—Xy 
Xy—X_  —Xy 0 Xs 

a X1—-X%3 Xe 0 


and therefore an arrangement homometric with the 
first, provided that the same difference relationship 
exists between the entries of the second table as existed 
between the corresponding entries of the first. This 
leads to four equations (one redundant) as follows: 


X4+X,—3x,=0 
X\—-2x,—x3=0 
2X +X_.—xX3=0 
2xX1—2x_+x3=0 
These equations have a set of solutions equivalent to 
Xy=—2pr/13)-x_=S5pr/13),-x%3=p7/13 


and lead to the same homometric pair for all integral 
non-zero values of p. This can easily be verified by 
substitution in the two distance tables above. 


EXAMPLE 2. In a second case for four points the basic 
table can be rearranged in the form 


0 


ma Ng ) EX gmig X3 
Xo 0 X1—Xo — x7 
X3—Xo Ng Xy 0 EN eg 
—X3 Xy BS | 0 
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provided that 
X41 3X gt xy=0 
Xy+X_+x,=0 
3X\—X_—X,=0 
X4+X,—3x,=0 
These equations have a set of solutions equivalent to 
Xy=—Py71/4—P2T9/4, X=Py71/4, X3=PoT2/4 
and to the same homometric pair of structures for 
P1P2 both odd. All other cases lead to identical pairs. 


2.1.10. Transcendental Equations 
2.1.10.1. SINGLE VARIABLE 
The general method for the solution of the equation 


F(xj=0 wich) 
depends on the location of an approximation x, to a 
root and on the improvement of that approximation 
by means of the first two terms of the Taylor expansion 


F(Xo+ Ax)ef (Xo) +f (Xo)Ax . (2) 
Thus, if x) is an approximate value of a solution to (1), 
then x,=x)+Ax is an improved value of this solution 
if Ax is calculated from 


Ax=—f(X9)/f'(%o) - 3) 

This method of improving a root is known as the 

Newton-Raphson method. It is most effective when 

|f’(%)| is large. It should be avoided if f’(x,) is 
difficult to calculate. 

The expression (3) can be modified by setiing 


sia foy)—fow) 
’ X1)—J\%o 
ee a 
to obtain 
Ax=—f(Xo)(%1-XoN/[f%)—SO%)] «4 
This will give rise to an improved root provided x, and 
X are close to each other and to the root. It is most 
effective when f(x,) and f(x) are of opposite sign. The 
result of equation (4) is known as the rule of false 
position or regula falsi. 
A third approach, called the method of iteration, 
results from rewriting (1) in the formf 


x=(x) » (5) 
Then, if x, is an approximate root of (5), x4, given by 
Xp41=$(Xp) . (6) 


will be a better approximation than x, provided that 
|f’(x)|<1 in the neighbourhood of the desired root. 
There are usually several ways in which (5) can be 
written from (1). 

For variations on the methods which we have in- 
cluded and for a detailed discussion of their accuracy, 
reference must be made to [24], [25] and [26]. 

It is difficult to lay down a routine for the solution 


+ The more general form ¢,(x)=¢,(x) can also be used as the 
basis of an iterative procedure, but the one given in the text is 
the more usual. 
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of a transcendental equation or for the selection of provided f’(x) is not too small. Otherwise an iterative 
the method to be used. If the function and its deriva- process is probably the best attack, but then the selec- 
tive are both easily computed, the Newton-Raphson _ tion of the form for (5) is a matter for trial and error 
method is probably the most profitable in general, and/or for the experience of the computer. 


TABLE 2.1.10.1A 
Example of the Newton-Raphson Method 


Compute the solution of the equation Using (3), when x, is a possible solution, x» +A. is 
Bae a better solution if . 
es (7) py 2 $i Xo—%) G 
—— 40 9 coisa, 1) : 
i.e. the half-value breadth of the one-dimensional In solving this equation eight-place trigonometric 
interference function. tables with argument in radians were used. As initial 


value we assume x=1-732, obtained from the solution 


een dr Soin ae 30 of the approximate equation 
Eve tiv 30.4 oe 
ee | & x13 Vix a0, 1.€. x 3 ReaD) 
dx The approximation routine is then as follows: 


A 3 sin x COS x 2.$in.x—X Zcos x—1 Wes 
732 0-9870 —0-1605 +0-2420 —1-3210 +0-1832 
1-9152 0-9412 —0-3376 —0-0328 =1-6752 —0:0196 
1-8956 0-94771328 =0:31912269 —0-00017344 —1-63824538 —0-00010586 
189549414 0-94774705 =0°31902237, —0-00000004 — 163804474 —0-00000002 
189549412 0:94774706 0-00000000 


The solution x=1-895494 is clearly accurate to six decimal places. The two additional places may be in 
error, since linear interpolation was used on a three-place argument. Correctly, the last two digits in the 
above table should be 26 instead of 12. 


TABLE 2.1.10.1B 
Example of the Rule of False Position 


Consider the equation We therefore solve 
5 Gin x—X COS )=5 pee LO) HAA 28x2 1 40=0 
involved in finding the half-value breadth for the to find the approximate solution 
diffraction function for a sphere. x=2:5) 
An approximate solution can be obtained by expan- 

sion in series, i.e. Since the solution is remote from x=0, we write (10) 

6 Ho 55 ye? x2 x4 x6 in the form 
Siero) 
x 3! Sie! 2! 4! 6! f(x)=sin x—x cos x—x3/6=0 MOK hI 
GO [x Pax. Wee 1 ' ; 
yan hes ees al Lee TA eg This equation could be solved by the Newton-Raphson 

x*L2! Bhs n4s 5} 6! 7 method, but it is perhaps simpler to use the rule of 


false position. The successive approximations can 
then be tabulated as follows: 


sin x x3/6 x) Ax 
Xo —0-8011 0-:5985 2:6042 —0-0030 _0-0018 
x; 2:49 —0-7951 0-6065 2:5730 +0-0133 
ee, 24982 —0-800065 0-599913 2°598546 +0-00008938 +.0:000055 
xy 2:4983 —0-800125 0-599833 2:598858 —0-00007271 
Xo 2:498255 —0-80009806 0-59986923 2:59871734 +0-00000086 .9-00000053 
xy 2:498256 —0-80009866 0-59986843 259872046 —0-00000075 


Final value x=2:4982555 
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TABLE 2.1.10.1C 
Examples of the Method of Iteration 
1. Square Roots. Consider x?=a, This equation 
suggests iteration in the form 
a 
= 
X9 
but this relation is clearly non-convergent, since 
|f'(x)|=1 at the solution. If, however, we follow 


Newton and write 
ey Re (12) 
2 Ke 


the iteration process will converge. Note that the 
number of correct digits doubles (approximately) at 
each step. 


xy 


Calculation of »/7 (nine decimal places) 
By slide rule +/7=1-:772=x,. Using (12) by machine 
we get 
X,=1-:772453909 
X,=1-:772453851 (correct to 9 places) 


2. Higher Integral Roots. The solution of x"=a is 
similarly obtained by iteration of the expression 


x=) | Dot 55 | (13) 


3. In determining the extrema of y=sin x/x we find 
dy _x cos x—sin x 
dx 


and we desire solutions of the equation 


x2 


x=tan x 


(14) 


which suggest an iteration procedure. However, 


d bye 8 i 
aan x)=sec? x, which is always greater than unity, 
x 


so that the iteration will not converge. If we rewrite 


the equation in the form 
x=tan+ x 


asi) 


d 
we note that 7tan x)=1/(1+ x?) and we can expect 


convergence for large x. The non-zero solutions of 
(14) are clearly near (2k+1)z/2. For the solution near 
37/2 the iteration procedure is as follows (using tables 
with argument in degrees and minutes): 


x tan“! x 180°+tan-! x 
4:7124 13 fs3! 78-02° 258-02° 
4:5033 TT 28-3 77:48° 257-48° 
4-4939 77° 27-29’ 77:4548° | 257:4548° 
4-493433 | 77° 27-2075’ 77-4535° | 257-4535° 
4-493411 | 77° 27-2039’ 77-4534° | 257-4534° 
4-493409 | 77° 27:2036’ 77:4534° 
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2.1.10.2. SIMULTANEOUS EQUATIONS IN SEVERAL 
VARIABLES 

Suppose that f,(x,y)=0 and /f,(x,y)=0 are to be 
satisfied simultaneously, and that we have an approxi- 
mate solution x9,y9. Then clearly an improved solution 
Xo+Ax,yo+Ay is obtained if the equations 


o o 

Pen wis wich y ae, 
ox oy (1) 
3 3 Heeler 

Sol Xoy + Fax _ Pary =0 
Ox oy 


are satisfied, the derivatives being calculated numeri- 
cally for the approximate solution Xp,y». This is the 
counterpart of the Newton-Raphson method for two 
variables. It can be extended to any number of 
variables in an obvious manner. 

In two variables the rule of false position takes the 
form 


Fil%o¥0)+ Li1¥0) —%0¥0) | ——~ 


= aX = 
+[fi%oyr) loss =0 
ey 1—Yo) B15) 
So(Xo¥0)+ Loo) “few s _) 


+ [fe(%oy) —fe(%0¥0)] ———~ 
ae Esene 


and can be extended to any number of variables. 


TABLE 2.1.10.2 
Solution of Simultaneous Transcendental Equations 


Consider the two-parameter, one-dimensional dif- 
fraction problem in which the third and the fifth 
orders are both missing experimentally. The structure 
factors are written 


F(3)=2{0-39 cos 273x,+0-60 cos 273x,}=0 ... .(3a) 
F(5)=2{0-24 cos 275x,+0-40 cos 275x,}=0 ... .(35) 
From equation (1) we may write 
677(0-39) sin 273x,Ax, 
+67(0-60) sin 273x,Ax,=4F(3) . .(4a) 
107(0-24) sin 275x,Ax, 
+107(0-40) sin 275x,Ax,=3F(5) ....(45) 


It is clear that equation (3a) has solutions at 
Xy=(2k,+1)/12; x.=(2k,+1)/12; and along sinuous 
curves through these points in the general direction 
of the x, axis. Equation (3b) has solutions at 
Xy=(2/,+1)/20; x.=(2/,+1)/20; and along curves 
joining these points, again in the general direction of 
the x, axis. We can sketch plots of these curves by 
noting that for x,=2k,/12=k,/6, equation (3a) has 
solutions where cos 273x,=—(—1)0-39/0:60. Also 
that equation (3b) has solutions for x,=/,/10 where 


0661-0 | O8€€-0 | P6IL-O0 | 8707-0 | 86£7-0 | 990-0 
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cos 275x,=—(—1)"0-24/0-40. Rough sketches indi- 
cate that in addition to the obvious solution at 
X,=NX,=4 there are three other solutions in the range 
O<x,; X2<4. The. tirst of these near x7—0-050, 
x,=0-250, is refined as shown in the table on page 25. 

In this calculation an extra place is carried in the 
X1,X_ Values to give greater accuracy after multiplica- 
tion by the order numbers. The sine and cosine values 
are read from three-figure tables such as those in 
Section 8.3. The coefficients of the determinant of 
equations (4) are then entered in the appropriate 
column, and the solutions of equations (4) are calcu- 
lated by the methods of 2.1.9.3 (page 17). In this case 
it is clear that a solution x,;=0-068, x,=0-240 is correct 
to three places in decimal fractions of the cell dimen- 
sions. The reader who wishes may find two other 
roots by taking as initial values x,=0-150, x,=0-050, 
and also x,=0-250 and x,=0-050. All roots are, of 
course, repeated according to the symmetry of 
expressions (3). 


2.1.11. Polynomial Equations 


All the methods which have been devised for the 
solution of transcendental equations can also be 
applied to the solution of polynomial equations, but 
the latter have a number of special properties, and in 
consequence special methods which can be applied to 
their solution. 


2.1.11.1. GENERAL RESULTS 
The equation 


S~()=agx"+a,x"4. ..40).,%4+0,=0 oe) 


has n roots. If the coefficients a; are all real, the roots 
are either real or occur in conjugate complex pairs. If 
the coefficients a; are rational or rationally dependent, 
the roots are either rational or occur in conjugate 
irrational pairs (A++/B, A and B rational). 

If the coefficients are complex, the roots will in 
general be complex. Some of the results given below 
will be valid for complex coefficients if careful atten- 
tion is paid to the proper interpretation of the alge- 
braic operations for complex numbers; otherwise it 
may be best to expand the equation into simultaneous 
equations with real coefficients for the real and 
imaginary parts of the unknown. 


2.1.11.2. LOCATION OF RooTs 


The following theorems serve to locate the roots of 

the equation (1). 

(a) Descartes’ Rule of Signs. No equation can have 
more positive roots than there are changes in sign 
from + to — and from — to + in the sequence of 
COGMICICNS 0,07. = oc Orta 

No equation can have more negative roots than 
there are changes in sign in the sequence of coeffi- 
cients of the function f(—x). 
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(6) If two numbers a and 3, substituted for x in the 
polynomial f(x), give results with contrary signs, an 
odd number of real roots lies between them; and 
if they give results with the same sign, either no real 
root or an even number of real roots lies between 
them. 

(c) The theorems of Fourier and Budan locate the 
roots in terms of the changes of sign of f(x) and of 
its derivatives. For details, reference is made for 
example to [21]. 

(d) A set of functions called Sturm’s functions can be 
calculated which permit the exact location of all 
real roots of a polynomial and the determination 
of their multiplicity. Discussion of these functions 
is given in [18], [21], [24] and [26]; a useful routine 
for their calculation is given in [18]. 


2.1.11.3. SPECIAL EQUATIONS 
The quadratic equation 


ax*+2bx+c=0 wee) 
has the two solutions 
x=[—b++/(67—ac)]/a Ls eS) 


If the coefficients are all real, there are two unequal 
real solutions when b?—ac>0; two equal real solutions 
when b?—ac=0; and two conjugate complex solutions 
when b?—ac<0. 

The cubic equation 


ax'+3bx?+ 3cx+d=0 ...(4) 
is reduced to standard form by dividing the coefficients 


by a and by setting x=y—b/a mee ke) 
when we obtain y°+3Hy+G=0 nae OG) 
in which H=(ac—b?)/a? Vil. S65) 
and G=(a*d—3abc+ 2b’)/a® ....(6¢) 


We assume a, b, c, d all real and use the notation 
H=s,h and G=s,g, where h=|H| and g=|G|. The 
three cases of interest are summarized in Table 
2.1.11.3. These solutions require the use of tables of 
trigonometric functions and of hyperbolic functions 
and are limited in accuracy by that of the available 
tables. Solutions obtained by these methods can be 
refined by the methods of 2.1.10.1 (p. 22) or by 
Horner’s method (2.1.11.4, p. 28). 

Any equation of the form (1) in which 

i Sate .«a) 

is called a reciprocal equation of the first class, and one 
in which 
eta GhD) 
is called a reciprocal equation of the second class. If « 
is a root of a reciprocal equation, 1/« is also a root. 

Any reciprocal equation of the first class of odd 
degree has one root x=—1, and consequently a factor 
(x+1) can be removed from the equation. Any reci- 
procal equation of the second class and odd degree 
has x=1 as a root, and a factor (x—1) can be removed. 


Am=—An-m 
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Any reciprocal equation of the second class and even 
degree has the two roots x=+1 and the factor (x?—1). 
The result in each of these three cases is a reciprocal 
equation of the first class of even degree, which is thus 
the standard form for reciprocal equations, i.e. 


Gp Gy Xo es FOX +. +O,X+d,=0 ..(8a) 
This may be written in the form 
OV get Gai mag 26 2 Fm ag at dn =0 ~%.(80) 
in which Vg=xP+1/x?- (p>0) . (8c) 
and Visi =V{2—V5- ...(8d) 
where Z=XTI/X .. .(8e) 
The algebraic form for each V, is as follows: 
V=Z 
VieZ7=2 
BEAT Ye 
yoztazey? -®&) 


V,=Z>—5Z2+5Z 
Ve=Z°—6Z4+9Z2—2 


in which the algorithm tells us that the numerical value 
of the coefficient of a given term is obtained from the 
sum of that immediately above and that two above 
and one to the left (a Knight’s move, neglecting signs). 
The signs alternate in a given equation and propagate 
vertically. The use of the substitutions (8/) leads to an 
equation of degree m in Z. From the m roots Z, of 
this equation, one obtains the 2m roots of the stan- 
dard equation (8a) by the solution of the quadratic 
x*—Z,x+1=0 ten (8a cis S8e) 

that is to say 

x=3[Z,4V/(Z,?-9)] nol) 
When Z, is real, (8h) applied directly will give two 
values for x which will of course be reciprocals of each 
other. When Z; is complex, the expression under the 
root will also be complex, and must be so treated in 
extracting the root. Thus (8A) will apparently lead to 
four roots for (8g), which is, of course, illusory. They 
will consist of two equal pairs, and only two different 
roots will be obtained. 


TABLE 2.1.11.3 
Sojution of the Cubic y?+3Hy+G=0 


Notation: h=|H|; g=|G|; H=s,h; G=s,g 


Equation Conditions 


I. y3+3hy+s,g=0 sinh 30=g/2h3/2 
II. y?—3hy+s,g=0 


Ill. y3—3hy+s,g=0 


Special Cases 


g2>4h3; cosh 30=g/2h9!? 


22<4h3: cos 30=¢/2h'/? 


Roots 
—2s,/h sinh 8; s,./h(sinh 0+i4/3 cosh 8) 
—2s,./h cosh 8; s,x/h(cosh 6+i4/3 sinh 6) 
—2s,V/h cos 9; 5,./h(cos 64/3 sin @) 
4/3=1-7320508 


G?+4H?>0. One real, two conjugate complex roots (I or II). 

G?+4H?=0; G2=—4H®3. Three real roots, two equal [—2s,/h, s,./h, 5,-/h]. 
G?=4H?=0. Three equal real roots [y=0]. 

G?+4H?<0. Three unequal real roots (iI). 


EXAMPLE. Consider the cubic 
6x?—45x2+ 108x—82=0 


Here —b/a=5/2, and Horner’s scheme (2.1.11.4, 
p.28, r=5/2, h=y) for the reduction to standard form 
is written 


6 —45 +108 =) (5/2 
236 33 +1/2 
=315 —9/2 
0 


so that the reduced cubic is 
y®—(3/4)y+ (1/12)=0 
with g=1/12; h=1/4; s,=+1; and g?/4h3=1/9 (Type 


Zt 


III). We then have cos 36=1/3, i.e. 38=70-52° (using 
5-place tables) and 6=23-51°. We then have 


cos 6=0:91699 1/3 sin 6=0-69092  x=y+5/2 


sin 0=0-39890 — \/A=1/2 
y,=—0:91699 x,=1-58301 
y_=0-11304 x,=2'61304 
y,=0-80396 x3=3-30396 


The accuracy to be obtained by this method depends 
on the accuracy of the tables which are used. Reference 
to the more exact solution of this equation (Table 
2.1.11.4B) indicates that the above solution is exact as 
far as it is given. 

After the solution of the standard equation (6a) has 
been completed, the solution of the original equation 
(5a) is of course obtained by substitution of the y 
solutions in (5d). 


Zi 


2.1.11.4. HORNER’S REDUCTION FOR A POLYNOMIAL 
EQUATION 

If we know an approximate root r for equation (1) 
we can improve this approximation by calculating the 
function f(r+h) as a polynomial in h giving an equa- 
tion in A which can be solved for its smallest root. 
The process for calculating the coefficients of powers 
of A in f(r+h) from the corresponding coefficients of 
powers of x in f(x) has been schematized by Horner 
(see [23], [25]). Horner’s scheme for the quintic 


FI (x)=aox'+ 04x44 a_x?+a5x?+a,x+a,=0 


is exhibited in Table 2.1.11.4A. It can readily be 
written down for any other degree by following a 
similar scheme. 

The use of Horner’s reduction in locating more 
precisely an approximately known root is illustrated 
in Table 2.1.11.4B. When the Horner reduction is 
completed to the accuracy desired, the remaining por- 
tion of the equation can be solved for other roots of 
the equation. Comment is made on some practical 
points in the course of the example of Table 2.1.11.4B. 


TABLE 2.1.11.4A 


Horner’s Reduction 


F(X) =ayxP+ QyX4+ Agx9+A5X?+a4xX+a5 


a ay ay as a4 as 
ray rb, Dy duerbs. 17rd, 
b;=raj+a, b,=rb,t+a, bz Da bs 
ray TC, PCr anal Ge 
Cy="dyt+b, Co=C,+b, C4 Ci 
rao Tas Ta, 
d, d. Os 
Vd) re, 
ey a 
ray 
fi 


f(r+h)=ayh>+f,h4+eyh®-+ dyh®-+c,ht be 


Note. In desk machine calculation by Horner’s 
method the only entries which need be written are 


a) ay a, as a, as (r 
Bits ors Baarlwy Pides hates 
Cy Co C3 C4 
dq, d, ad, 
ey C2 
fi 


All other entries in the above table can be handled in 
the machine. 
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TABLE 2.1.11.4B 


Use of Horner’s Method in the Solution of a 
Polynomial Equation 


Consider the cubic 


J (x)=6x?—45x?+ 108x—82=0 aa 
and the derivative of f(x), i.e. 
F(x) =18x?—90x-+ 108 232) 


At x=0, f(x)=—82 and f’(x)=108. At x=1 these func- 
tions are —13 and +36 respectively. Thus there is 
clearly a root near to (and greater than) 1. We use 
Horner’s reduction to make the substitution x=1+h, 
as follows: 


6 —45 108 —82 (1 
6 — 39 69 
—39 69 —13 
6 — 33 
—33 36 
6 
—27 
and the equation for /, is 
6h3—27h,?+ 36h,—13=0 A te) 
which may be rewritten 
36h, =13+27h,?—6h,8 tne) 


A first approximation is h,=13/36=0-36, and this 
will clearly be low. It is possible at this stage to make 
successive approximations to solve (3b), but experience 
indicates that it is perhaps more profitable to guess 
and to continue the Horner reduction of equation (3a), 
since the convergence of (3b) may be very slow at early 
stages. We shall make this guess as h,=0-4+hy,. 

Note. We must here make some sort of decision as 
to the accuracy to which calculations will be carried 
out. We have here quite arbitrarily decided that this 
equation shall be satisfied to six decimal places. The 
question of accuracy of solution is discussed in [22] 
and [24]; but these discussions are very complicated, 
and in general much must be left to the instinct of the 
computer in relation to the problems which he has 
under consideration. When once such a decision is 
made, approximations short of this accuracy should 
not be made, since they may lead to difficulties. 

The reduction of the roots by 0-4 is then 


6 —27 36 —13 (0-4 

2°4 —9-84 10-464 

—24-6 26:16 —2:536 
2-4 —8-88 

—22:2 17-28 
2:4 

—19-8 

and the equation for h, is 
6h3—19-8h.?+ 17-28h,—2:536=0 .. (4) 


eile 


The approximate solution of this equation, i.e. 
h,=2-536/17:28=0-146, indicates that we have under- 
estimated h,. We also note that h, is probably low, 
since the term in h,” has the same sign as the constant. 
We therefore choose h,=0-:15+h,. Note that we now 
omit the intermediate step in each Horner reduction, 
as can always be done on a calculating machine, and 
write simply 


6 —19°8 17:28 —2:536 (0-15 
—18:9 14-445 —0-36925 
—18-0 11-745 
—17:1 
We thus obtain 
6h,3—17-1h,?+11-745h,—0-36925=0 ....(5a) 


From this we obtain as first approximation h,~0-0314. 
At this stage it is profitable to consider the equation 


11-745h,=0-36925+4 17-1h,? HeeekeD) 


If we insert the first approximation into the right-hand 
side of (55) and recalculate h,, we find h,~0-0329; this 
is clearly high, from the sign of the h,? term. We 
assume h,=0-032+h, and the next Horner approxima- 
tion takes the form 


6 —17:1 11-745 —0-36925 (0-032 
— 16-908 11-203944 —0-010724 
—16-716 10-669032 
—16-524 
and the equation for h, becomes 
6h42—16-524h,?+ 10-669032h,—0:010724=0 ....(6) 


It is now very clearly possible to obtain a solution to 
(6) which is accurate to the limits we have set. The 
first approximation leads to h,=0-001005, and if we 
take into account the term in h,? we obtain the 
slightly better value with 6 in the last digit. We thus 
obtain the root as 


x=14hy thot hythy=1+4+0-44+0-15+0-032 
+-0-001006 = 1-583006 


We now verify the whole calculation by the Horner 
reduction: 


6 —45 108 —82 (1:583006 
—35:501964  51-800178 —0-000007 
—26-003928 10-635804 
— 16505892 


which indicates that the correct root is probably 
closer to 1-583007. 
The equation which remains, i.e. 


6h;3—16-505892h52+ 10-635804A,—0 ....(7) 


can, after h, is divided out, be used to find the other 
roots of the equation under consideration. In this 
case we have to solve a quadratic; in other cases we 
may have to start again on a Horner reduction for the 
smallest root. 
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2.1.11.5. GRAEFFE’S ROOT-SQUARING METHOD 

This method, which depends on forming the equa- 
tion whose roots are successively higher binary powers 
of the roots of the original equation, serves to locate 
all the roots of a given equation. It is not possible to 
give a full account of this method in the space avail- 
able in these tables. Reference is therefore made to 
[24], [25] and [26]. 

For theoretical background of Section 2.1.11 
generally see [21]. For numerical methods see [18], 
[22]-[26]. 


2.1.12. Groups 


2.1.12.1. Group POSTULATES 


A group consists of a set of mathematical objects, 
called the elements of the group, which satisfy the 
following four group postulates: 


I. Between the elements of the group there is 
uniquely defined a method of connection called 
multiplication. Under multiplication, any two 
elements A (called the pre-factor) and B (called the 
post-factor) define a third element of the group C, 
called the product, i.e. AB=C. 


The associative law must hold for multiplication, 
1:¢. A(BC)=(AB)C. 


There exists one and only one element, called the 
identity element, E, such that for any other ele- 
ment A of the group AE=EA=A. 


Everyelement of the group has a uniquereciprocal, 
i.e. for a given element A there exists one and only 
one element B=A™ such that AB=BA=E. 


It is important to note that: 


II. 


Ill. 


IV. 


1. Group multiplication has no necessary connection 
with arithmetical or algebraic multiplication. 


. The commutative law need ‘not hold in group 
multiplication, i.e. the product AB (i.e. the opera- 
tion B followed by the operation A) is not neces- 
sarily equal to BA (i.e. the operation A followed by 
the operation B). 


3. It follows from I that the product of an element 
with itself (i.e. 4A =A?) must also be an element of 
the group. 


2.1.12.2. DEFINITIONS 


1. An abstract group is concerned only with the rela- 
tionships of a set of operations as apart from their 
nature. 


. A group for which the commutative law (i.e. 
AB=BA) holds for all elements is said to be 
Abelian. 


3. A group which contains n elements is said to be of 
order n. The order of a group may be finite or 
infinite. 


2.1. ALGEBRA 


. If among the n elements of a group it is possible to 
find a subset of m elements which themselves 
satisfy the group postulates, these elements form a 
sub-group of-the original group. Every sub-group 
must contain the identity element. The order m of 
a sub-group must be a factor of the order n of the 
group which contains it. 


. If 7 is the smallest integer for which X’=E, r is 


4. There is, of course, only one crystallographic group 


Nn 


of order unity, i.e. 1. 


. The three crystallographic groups of order two, i.e. 


1, 2, m, are simply isomorphous with the cyclic 
abstract group of order two. 


. The group table for the cyclic groups is typified by 


that of order four, which is as follows: 


called the order of the element X, and the r elements E A ae As 

XDA Oa" Eforim the period ot “tne Ant E A A2 1) 
period of any element of a finite group is either the A? Az E A soa 
group itself, in which case the group is called a A A? Ae E 


cyclic group, or the period is a (cyclic) sub-group 
of the group containing the element. 
. Two groups G and G’ are said to be simply iso- 


morphoust if to each element A, B,C,... of G there 
corresponds one and only one element 4’, B’, C’, 


Groups isomorphous with this abstract group 
include: 

(i) The group associated with the symbol i under 
algebraic multiplication which has the table 


... Of G’ so that if AB=C then A’B’=C’ for every I i =i —i 
product. If several elements of one group corre- ae I u I -...Q) 
spond to a single element of the second, then the re fe l : 

i = aa 


groups are said to be multiply isomorphous. 


. If to every element of an abstract group there 
corresponds a member of a set of concrete mathe- 
matical objects (such as numbers, matrices or 
geometrical operations) in such a way that the 
concrete objects form a group isomorphous with 
the abstract group, then the concrete group is said 
to form a representation{t of the abstract group. 


. The properties of the elements of a group are most 


The identity operation is, of course, the number 1. 
The group (2) is simply isomorphous with the 
group (1). 

(ii) The group of all integers (positive and nega- 
tive and zero) under addition modulo 4 (2.1.5, 
p. 7) as group multiplication operation. The identity 
operation is 0, and the group multiplication table 
reads: 


conveniently represented by a group multiplication 0 1 2 ae 
table. In such a table the elements of the group are et 0 l 5) 
listed in the top row (led by the identity) and in this g) aut 1 -...Q) 
position are considered as post-factors. In the first 1 2 at 0 


column (with the identity in common with the first 
row) the elements are represented and considered 
as pre-factors. An entry of the table is then the 
product of the corresponding entry in the first 
column (pre-factor) with the corresponding entry 
of the first row (post-factor). The order of the 
elements (other than identity) in the first column is 
not necessarily dependent on that in the first row. 
It is, however, usual to write the inverse of an 
element in the first column in the position corre- 
sponding to the element in the first row. In this 
way the identity always appears along the diagonal 
of the table and the table is always anti-symmetric 
about the diagonal. 


This is clearly an infinite group which is multiply 
isomorphous with the group (1). 

(iii) The crystallographic three-dimensional point 
groups (Vol. I, 3.6) which are simply isomorphous 
with (1) are 4 and 4, which have group tables 


4-1 


— pb 


5) 


2.1.12.3. RESULTS AND EXAMPLES OF GROUP THEORY 


1. For every order n there is always a cyclic group. in which the operations are represented by powers 


2. For every prime number p there is one and only one of their Hermann-Mauguin symbols. 


group of order p and that is the cyclic group of 
order p, and the only sub-group of such a group is 
the identity operation E. 


+ The use of the term isomorphous in group theory should not 
be confused with the use of the same term in crystallography. 


t For discussion of the theory of representations see [28] and 
OQ). 


3. The cyclic groups are Abelian. [30] 
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7. There is a second abstract group of order four, 


co 


represented by the table 


1 A B C 
A 1 C B 
B C 1 Hines) 
Cheah A i 


This abstract group has three crystallographic 
representations: 2/m, 222, and mm2, for which the 
tables are respectively: 


2/m 
1 m 2 | 
m 1 il 92 
pe J 1 m 
J 2 m 1 
222 
1 2 “23 2 
2 1 2 2 
Z e-2 1 2 
2 es 2 1 
mm2 
1 m “Mm: 2 
m 1 Sey m 
m ei 1 m 
o -m: m 1 


In this group and in its representations there are 
three sub-groups of order two which are indepen- 
dent, as is indicated by the dots, which locate the 
Hermann-Mauguin symbols with respect to the 
axes with which they may have been arbitrarily 
associated. Such distinctions have been omitted 
for the sake of simplicity in the tables of Vol. I 
(Table 3.6.2), in which only one sub-group 2 has 
been indicated instead of the three which do occur. 


. The only crystallographic group of order three is 


the cyclic group 3. 


. The three crystallographic point groups 3, 6 and 6 


are simply isomorphous with the cyclic group of 
order six and as such contain one sub-group of 
order two (I, 2 and m respectively) and one sub- 
group of order three (in all cases the point group 3). 


10. The two non-cyclic crystallographic point groups 


of order six, 32 and 3m, are simply isomorphous 
and have the common group table: 


1 3 art A B Cc 
oct 1 3 Cc A B 
3 a 1 B Cc A 
A C B 1 a7 3 
B A Cc 33 1 ee 
Cc B A oar 3 1 


In this table the symbols A, B and C, which are 
elements of order two, stand for the three twofold 
axes in 32 or for the three planes in 3m. The group 
has one sub-group of order three and three sub- 
groups of order two. 

This group is important in group theory in that 
it is the non-Abelian group of lowest order. Note, 


at 


— 


for example, that 4B=3-! while BA=3, and that 
3A=B while A3=C. 


. The group tables for all the crystallographic groups 


have not been included in the present edition of 
these tables. To facilitate the construction of such 
a table by the reader for any group in which he may 
have interest, the table for the cubic point group 23 
is constructed in detail in Table 2.1.12.3. The 
matrix representations for the group operations 
have been used to facilitate this process. 

With the aid of this table we can now give a 
detailed analysis of group 23. It is of order twelve, 
with three sub-groups of order two and four sub- 
groups of order three. The operators 2 commute 
with one another but not with the operators 3, nor 
do the latter commute with one another. 


. An additional group of great importance to crystal- 


lography is the translation group. The lattice 
translations (in three dimensions) 
NyA,+NpA,tNgA3 

(in which the coefficients n; assume all integral 
values, positive, negative and zero, and the vectors 
a; are non-coplanar) form an infinite group under 
the group operation of vector addition and with 
the zero vector as identity operation. 

Some sub-groups of the translation group of 
interest are constructed as follows. 


(a) Any three non-coplanar translations selected 
from the group, i.e. 


P14, t+ P24qt P3d3 

G14, + 9282+ 303 

VA, +1 oAztl3A3 
generate a translation group which is a sub- 
group of the original translation group. The 
determinant 
Pi P2 P3 
91 42 {3 
Ly I 
has an integral value which is the ratio of the 
volume of the primitive cell of the sub-group to 
that of the original translation group. If 
D=+1, the sub-group is the group itself. If 
D=-+n (>1), the sub-group is a superlattice of 
the original translation lattice. The sign of D 
determines the relative “hand” of the two 
primitive triplets. It is positive if they are both 
of the same hand and negative if they are of 
different hands (cf. Vol. I, 2). 


(b) Any translation p,a,+p,a.+p3a; selected from 
the group generates a one-dimensional transla- 
tion group or row (cf. Vol. I, 2) which is a sub- 
group of the original group. If the coefficients 
p; are prime numbers or are relatively prime to 
one another, then the row is a primitive row of 
the original lattice. If not, the row isa primitive 
row of some superlattice of the original lattice. 


D= 
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(c) Any two non-collinear translations, i.e. 


Pi4, + P2A,+ P3A3 

91911 92421 4343 
generate a two-dimensional translation group 
or net which is a sub-group of the original 
translation group. If both of the above transla- 


tions generate primitive rows of the original 
lattice and if in addition the three determinants 


Pi1P2 PiPs P2P3 
4192 1193 9243 
have no common factor except unity, the net is 


(Continued on page 33) 


TABLE 2.1.12.3 
Construction of Group Multiplication Table for the Point Group 23 


1 Ws pp iy 3 a 
yi I 0b of i 3 

a oy 1 a cs en 
ip gh 03 I ci is 
2h Nag ei Miho Fehler eBid ng if 
Bale COcuD etek Agia oe ee Je 1 
cia BRU ey US al ie! Zale vg) a 

3 ug Sie ee eS 2. 

3 ay » Si 3° URNOG 1 
a 3 34 3 Bune 
3 ay 3 3. 5 tn et 
3 3; 3 3 Bia. a3, 


Notation 


(a) The symbol 2, represents the 2 axis in the a direc- 
tion and it has the matrix representation 


100 
010 etc. 
001 


and we have 2,2,=2,, etc. 


(b) The symbol 3 represents a positive rotation about 
the axis [111] and has the pre-factor matrix repre- 
sentation (see 2.4.7.3, p. 63): 


On ORI 
100 
OFT0 


Its inverse 3-! is, of course, 


(c) The symbol 3,;=2,3 and the symbol 3,-1=3-12,, and 
the construction of the table then follows directly 
from the following key results: 


001 
3,=2,3=| 1 0 0|=32, 


OPE 


5 0G Axis [111] 
3,1=3-12,=|0 0 1} =2,3-2 
100 
001 
3,=2,3=| 1 0 0|=32, 
bereo Axis (TTI 
010 xis [111] 
3,1=3-12,=|0 0 T}=2,32 
100 


32 


3, By Sige eae Pee Bm 
33 3, 3,3 Bae ae iS 
3 Se ee ec aR fi 350 
ae 3 Seu Bee ant 
Ze 2 3 oF Bin 3, 
2, a Se 3 3, Bh 
| De ae 3p 3 3) 
Ze l oF 3g Be 5 
3agA A350 ] 2, 25 2 
Chee See ee I ps Oo 
be 2 ae all Qe 1 2, 
Sear ort i oe, aa 
Notation (continued) 
On 
3,=2,3=|.1.0.0 |=32, 
Oa a Axis [111] 
O10 
3, 1=3-12,=|0 0 1 |=2,3-4 
100 ; 


From these key results we can derive many other 
results, typified by 
33,223°2,=3-12,=3,-} 
3 43p=32,2)3=32,2,3=3,7=3, 2 
3939 (= 243 3 1 2,=222p=2e, ClC. 

(d) Note that the axis for positive rotation 3, is [111], 
i.e. the axis which is generated by 2, from [111]. 
The operation 2, does not occur in the definition 
of 3, in terms of 3 either as pre-multiplier or post- 
multiplier. However, 3,=2,32,-1. This latter 
result is related to the theory of the “transforms” 
of an operation Q by the operation R, i.e. ROR“, 
where R is any one of the operations of the group. 
Such transforms are involved in the theory of 
“classes,” a branch of group theory which is 
beyond the scope of these notes. For references 
see [4], [29] and [30]. 

(e) Note that in the Hermann-Mauguin notation (Vol. 
I, Section 3.3, Table 3.3.2) for the group 23 a set of 
twofold axes in the primary directions and a set of 
threefold axes in the secondary directions is im- 
plied. In Table 2.1.12.3 the symbol 23 does not 
occur, but 2,3 implies the operation of the axis 3 
in the [111] direction followed by a rotation 2 
about the a direction. The equation 2,3=32, does 
not imply that the space group 23 is equivalent to 
the space group 32! 
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a primitive net of the original lattice. If these 
conditions are not satisfied, the net is a primi- 
tive net of some superlattice of the original 
lattice. 

In the space groups, the translation group is 
always a sub-group. 


2.1.12.4. SPACE GROUPS 


Space groups in the abstract sense are infinite 
groups. Each space group of a given crystal class is 
multiply isomorphous with the point group associated 
with that class. In this isomorphism all the lattice 
translations are associated with the identity operation 
of the point group; all the centres of symmetry (if any) 
in space are associated with the single centre (if 
any) in the point group; and all parallel planes of 
symmetry, rotation axes, or inversion axes, of a 
given orientation are associated with corresponding 
planes, rotation or inversion axes of the point group 
in corresponding orientation, irrespective of the trans- 


lational properties of the symmetry element in the 
space group. 

The nature of the above discussion is illustrated by 
consideration of the general point position for all space 
groups which are isomorphous with the point group 
222 (Table 2.1.12.4). The equivalent positions for this 
point group are xyz, xjZ, xyz, xjz. The equivalent 
positions for all the space groups are strictly analogous 
with these positions, the co-ordinates being modified 
only by the displacements of the axis sets with respect 
to the origin chosen for a given space group and by the 
screw components of the axes in question. Each dis- 
placement of } translation of the axis from the origin 
adds 4 translation to the corresponding co-ordinate, 
and each screw component adds itself to the corre- 
sponding co-ordinate. 

This discussion is somewhat trivial, since it is clear 
that it is just such considerations which led to the 
choice of the Hermann-Mauguin symbols and to the 
arrangement of the space-group tables of Vol. I and 
of many earlier space-group tables. 


TABLE 2.1.12.4 
Analysis of General Positions for Space Groups Isomorphous with the Point Group 222 


Symmetry Elements and Co-ordinates 


Lattice Translations 


(000; $40)+ 


D, Space 
number | Group 
1 P2222 XZ 
2 P222, wie cee, Oak ee 
3 | APRIL G Fs 
4 P2224 oes iain) emavigiby Yl N i ge 
5 C222; ae aoe 2m coal, 
6 C222 ae Pa oe we 
7 222 rane Per Posie ari 
8 i222 isa a ore iden 
, $232 23 ieee i. ea Pe 
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It is by no means trivial that similar considerations 
can greatly facilitate extensions of previous tabulations, 
as indicated by the example of the next Section. 


2.1.12.5. GROUP CONSIDERATIONS AND THE 
DERIVATION OF VECTOR DISTANCE SETS 


In connection with the interpretation of the |F|? 
series it is often desirable to calculate the vector 
distance set for a given set of points which possess the 
symmetry of a given space group. To clarify the pro- 
cedure we shall calculate in detail the vectors drawn 
from the points equivalent to xyz, in the space 
group P222 to the points equivalent to x,y,z,. This 
calculation is as follows: 


X4V324 X1V3Z1 


X1—X2, V1—-V2, 21-22 X1—Xea, VitVa, 


X1—Xe, Vit Vo, Z71+Ze X1—Xeg, Vi-Ya, 


X1+Xe, Vio, 23 +Ze Xi+Xo, Vitya, 


Xy+Xo, VitYo, Z1—Ze 


If now we remember that the space group of the 
vector distance set will be Pmmm, it is clear that the 
thirty-two vectors joining x,y,z, and its equivalents 
with xX,yoz. and its equivalents will be expressed in 
terms of the 8-fold general position 8(a) of the space 
group Pmmm. This will be occupied four times with 
the four sets of parameters: 


X1—Xe, VitYo, Z71+Z2; 
X1+Xq, Vito, 21—Ze 


X1—X95 Via, 21-225 

Xyt+Xo, Vi—Va, 21 +29; 
It is clear now that it would only have been necessary 
to write down the first column of the distance table 
and that that could have been done by inspection. 
Setting x,=x,, etc., we see that the distances between 
the equivalent points of x,y,z, are, in terms of the 
equivalent points of Pmmm: 


4 (a): 000 
(u): 0; 2y;, 2230, 2yj,.275;.0, 293, 2715.0, 204, 224 
(w)s27, 0) 2253 Deg geeas 20) 2 Oe 
() i 2xy 2010: 2x5, 201M; 205, 2 0 20s O 


There is a similar set of points for the internal dis- 
tances of the set xyyoZp. 

It should be pointed out here in caution that some 
“special positions” are required to describe distance 
sets which are not in fact symmetrical special positions 
in the sense of the tables of Vol. I. 

After this discussion of the space group P222, the 
form taken by the distance sets of the remaining space 
groups of this class is quite clear. F222 and 222 will 


Z1—Ze2 


Z1—Ze2 


X +X, Vi—V2, 21 +Ze 
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give distance sets with symmetry Fmmm and Immm 
respectively. For example, the general positions of 
Fmmm will be occupied four times with exactly the 
same parameters for F222 as for P222. These will now 
be 32-fold positions instead of 8-fold, so that there 
will be in all 128 general vectors. Similarly, there will 
be two sets of 64 internal distances, one from each of 
the sets x,y,z, and x2yoz.. Note that there are then 
256 vectors within the F-cell, i.e. 4x 8?. Thus, in this 
normalization of the vector set each primitive cell of 
the centred cell is treated separately in forming the 
vector set. 

Reference to Table 2.1.12.4 will indicate directly 
the form for the vector distances for any other space 


X1V321 


Xi +X, Vi—Va, Z1+Ze X1+Xq, Vite, Z1—Ze 


Xi+Xo, Vite, X1+Xe, Yi-J)2 Z1+Z2 


21—Ze 


X1—Xe, Vi-V2a, Z1—-Ze X1—Xe, Vito, Zy+Ze 


X1—Xq, Vito, Zi +Ze X1—Xo, Via, 21 —-Ze 


group of the class. For example, for P2,2,2 the 
general positions of Pmmm will have parameters 


X1—X a5 Vi—-V as 21-243 $+X—X 5, FF VA Vas 2a-25) 
XytXe, VitVe, 21-223 $+X14+Xo, $4+)1—Yo, Z3+Z9; 


while the special positions will have parameters 
0, 0, 0; 2x,, 2y,, 0; 4, $+2y,, 27,3 442%), 4, 2z,; etc. 

Thus the procedure for determining the vector 
distances for any space group may be summarized as 
follows: 


1. Form the group table for the point group and its 
set of equivalent points. 


Locate the simplest space counterpart of each 
operation of the point group. 


3. Write down the vector components in terms of the 
general and special positions of the Laue space 
group. 


As a final example to indicate the application of 
these rules, Table 2.1.12.5 summarizes the discussion 
for the space group P2,3 (cf. Table 2.1.12.3). There 
are 12 different sets of parameters for the general 
position of the Laue group Pm3, i.e. 288 general vectors. 
These degenerate as indicated to the 144 special vectors 
between equivalent atoms. 


For references in connection with Section 2.1.12 
generally, see [27]-[30]; also [4] and many textbooks 
on quantum mechanics for discussion of group theory. 
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TABLE 2.1.12.5 
Analysis of Co-ordinates and Vector Distances for the Space Group P2,3 


Operation} Axis Co-ordinates Poe nha op a a 
1 Raper lisia he Xys z Nae ts Vi-)2 Z4—Zs 000 
3 eo ee ry yon ins 
(21)a 040] $+x, 2), 2 $4+Xy—Xe, $FVi1t- Vo, 21 +29 4, $4+2y, 2z 
3 OF} donzbes | Povrnnete bamt bhcty ts bas 
(21). . 0 t Xy+Xe, $+Y1—Yeo, $4-214+2Z0 4, $+2z, 2x 
- 04 poco tnean ecb bexcn byt cts 
(21). 2 0 ; $4+-X14+X2, Vit Vo, $4+21—Ze 4,442x, 2y 
3 j}o zn booian beast wip Hymn bet 
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2.2. Trigonometry and Geometry 


2.2.1. Properties of Trigonometric and Hyperbolic The functions tan x, cot x, sec x, cosec x are defined 
Functions by the equations 
2.2.1.1. DEFINITIONS tan x= sin x/cos xe ae .(5) 


The two fundamental trigonometric quantities are 


. tan x. cot x= sin x . cosec x=cos x. secx=1....(6 
defined by the series (6) 


The hyperbolic functions sinh x and cosh x are 


a yoyo pe le Pll eae keene: ine eer renee eee 
Se lel err at =5 pic efined by Pau 
and sith fj ee ee =4(e*—e-*) ....(7) 
' bale ae Bi ae ) CLS h em io 
cos x= oie Hieoh hace =e ie fo) ae teal 2) and 
2 4 6 
The definitions of these functions in terms of the cosh x=14 545424 ... =H(e*+e-*) ....(8) 
ratios of the sides of a right-angled triangle are 2! 4! 6! 
sin A=a/c bst3) These functions do not have a simple geometric signifi- 
aad cos A=b/c b s8k(4) cance. They are related to the trigonometric functions 
where the the notation is that of Fig. 2.2.1.1 (Cis a by sheeclatons Paar Be 9 
ripe nnetey sin ix=i sinh x wedelD) 
cos ix= cosh x as>10) 


with similar definitions for functions tanh x, coth x, 
sech x, cosech x. Although little further use of hyper- 
bolic functions will be made in these tables, it is 
c worthy of note that, to every relation between trigono- 
a metric functions presented in subsequent Sections, 
there is a corresponding relation between hyperbolic 
functions which can be established with the aid of (9) 
and (10). 

As a direct consequence of the definitions there 

result the following fundamental relationships: 


b 
Fig. 2.2.1.1 sin? x+ cos? x=1 ty 2 SGE1) 
hoee (1) and (2) m6 cosec? x=1+ cot? x aswnQh2) 
The definitions an are equivalent respectively a“ 
to (3) and (4) when the variable x is the radian measure sec* x= 1+ tan® x --+-(13) 
of the corresponding angle. The periodicity of sin A, cos A, and tan A is as follows: 


(4n+ Iz (2n+1)r4A (4n+ 3)5+4 
+ sin A cos A += sin A — cos A 


cos A + sin A — cos A + sin A 
+ cot A + tan A += cot A 


sin 
cos 


Sa 


i 1 
“QV Perea ta 
or Me: 2/2 
/(3)+1 /(3)—1 0 
cos x “2/2 2/2 
tan x 2—+/3 2+4/3 Pa 


36 


—— 


2.2. TRIGONOMETRY AND GEOMETRY 


2.2.1.2. FUNCTIONS OF MULTIPLE ANGLES 
The half-angle formulae are important special cases 
of multiple-angle formulae. 
(J) sin A/2=+/{(1— cos A)/2}. 
(2) cos A/2=+/{(14+ cos A)/2}. 
(3) tan A/2=+/{(1— cos A)/(1+ cos A)} 
=(1— cos A)/sin A= sin A/(1+ cos A). 
The general expansions for sinnA and cosnA are 
given by Bromwich [14], Chapter IX. They can be 
calculated from the binomial expansion 


cos nA+i sin nA=(cos A+i sin A)” 


sin 2A=2 sin A cos A. 
sin 3A=(4 cos? A—1) sin A=(3—4 sin? A) sin A. 
sin 44=(8 cos? A—4 cos A) sin A 
=(4 sin A—8 sin? A) cos A. 
sin 5A=(16 cost A—12 cos? A+1) sin A 
=(5—20 sin? A+16 sin* A) sin A. 
(8) sin 64=(32 cos® A—32 cos? A+6 cos A) sin A 
=(6 sin A—32 sin? A+32 sin® A) cos A. 

(9) cos 2A=cos? A—sin? A=2 cos? A—1=1—2 sin? A. 
(10) cos 3A=4 cos? A—3 cos A=(1—4 sin? A) cos A. 
(11) cos 4A=8 cos* A—8 cos? A+1 

=1—8sin?A+8sin‘* A. 
(12) cos 5A=16 cos® A—20 cos? A+5 cos A 
=(1—12 sin? 4+16 sin* A) cos A. 
(13) cos 6A=32 cos® A—48 cos* A+18 cos? A—1 
=1—18 sin? A4+48 sin* A—32 sin® A. 
The following are useful special cases of the Fourier 
series for powers of the trigonometric functions: 


(14) 2cos* A= 1+ cos 2A. 

(15) 4cos? A= 3 cos A+ cos 3A. 

(16) 8&cost A= 3+4 cos 2A+ cos 44. 

(17) 16 cos® A=10 cos A+5 cos 3A+ cos SA. 

(18) 32 cos* A=10+15 cos 24+6 cos 44+ cos 6A. 
(19) 2 sin? A= 1— cos 2A. 

(20) 4 sin? A= 3 sin A— sin 3A. 

(21) 8 sint A= 3—4 cos 2A+ cos 4A. 

(22) 16 sin? A=10 sin A—5 sin 3A+ sin 5A. 

(23) 32 siné A=10—15 cos 24+6 cos 4A— cos 6A. 


(4) 
(5) 
(6) 


(7) 


2.2.1.3. ADDITION FORMULAE AND PRODUCT 
FORMULAE 
(1) sin (A+B)= sin A cos B+ cos A sin B. 
(2) cos (A+B)= cos A cos BF sin A sin B. 
Successive applications of the above formulae permit 
the development of addition formulae for any number 
of angles, e.g. 
(3) sin(A+B+C)=sin A cos Bcos C+cos A sin Bcos C 
+ cos Acos Bsin C— sin A sin Bsin C. 
(4) cos(A+B+C)=cos A cos Bcos C—cos A sin Bsin C 
— sin A cos Bsin C— sin A sin Bcos C. 


As direct consequence of the addition formulae, we 
have the product formulae: 
(5) 2 sin A cos B= sin (A—B)+ sin (A+B). 
(6) 2 cos A cos B= cos (A—B)+ cos (A+B). 
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(7) 2 sin A sin B= cos (A—B)— cos (A+B). 
(8) 4cos A cos Bcos C= cos (A+ B+C) 
+ cos (—A+B+C)+ cos (A—B+C) 
+ cos (A+B-—C). 
(9) 4 sin A sin Bcos C=— cos (A+ B+C) 
+ cos (—A+B+C)+ cos (A—B+C) 
— cos (A+ B—C). 
(10) 4cos A cos Bsin C= sin (A+ B+C) 
+ sin (—A+B+C)+ sin (A—B+C) 
— sin (A+ B-—C). 
(11) 4sin A sin B sin C=— sin (A+B+C) 
+ sin (—A+B+C)+ sin (A—B+C) 
+ sin (A+ B—C). 
Similar formulae for the products of more than three 
trigonometric functions can be developed from the 
formulae for the addition of more than three angles. 


2.2.1.4. SUMS OF TRIGONOMETRIC FUNCTIONS 
(J) sin A+ sin B=2 sin 3(A+B) cos }(AFB). 
(2) cos A+ cos B=2 cos (A+B) cos $(A—B). 
(3) cos A— cos B=—2 sin (A+B) sin 4(A—B). 

The formulae for sums of three and more trigono- 
metric functions are more complicated than those for 
two, and many forms may be derived from the addition 
formulae. Typical examples are: 

(4) sin A+ sin B+ sin C=sin (A+ B+C) 

+4 sin 4(A+B) sin 3(B+C) sin (C+). 
(5) — sin A+ sin B+ sin C=— sin (A+ B+C) 

+4 cos 4(A+ B) sin 4(B+C) cos 4(C+ A). 
(6) cos A+ cos B+ cos C=— cos (A+ B+C) 

+4 cos 4(A+B) cos 3(B+C) cos (C+ A). 
(7) — cos A+ cos B+ cos C= cos (A+B+C) 

+4 sin 4(4+B) cos 4(B+C) sin 4(C+ A). 

2.2.1.5. MISCELLANEOUS FORMULAE 

Some additional formulae of special interest for the 
reduction of structure factors are given in Vol. I, page 
360.+ The following formulae may also be useful. 

(1) sin? A— sin? B= cos? B— cos? A 
= sin (A+B) sin (A—B). 
(2) cos? A— sin? B= cos (A+B) cos (A—B). 
Trigonometric functions of a complex variable may 
be expanded as follows: 
(3) sin w= sin (x+iy)= sin x cos iy+ cos x sin iy 
= sin x cosh y+icos x sinh y. 
(4) cos w= cos (x+iy)= cos x cos iy— sin x sin iy 
= cos x cosh y—i sin x sinh y. 
+ Note by General Editor. There is a misprint on page 360 of 


Volume I. 
sin A+ sin B+ sin C+ sin (A+ B-C) 


re A+B a C-A SL C-B 

=4sin — s 5 5) 

= C-B 

should be 4 sin “= cos 4 cos 7) 


The correct formula was applied in simplifying structure-factor 
formulae. 
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2.2.1.6. APPROXIMATIONS FOR TRIGONOMETRIC 
FUNCTIONS 


It is often necessary to replace one trigonometric 
function by another or by an algebraic expression in a 
range in which both have approximately the same 
value. Frequently used approximate relations (valid 
for small x) are, in order of decreasing range: 

(1) sin x~x—x?/6. 
(2) cos xv 1—x?/2. 
(3) sin xxx. 

(4) tan xxx. 

(5) tan xxsin x. 

Table 2.2.1.6A indicates the ranges in which these 
relations hold within defined accuracy limits. 


2.2.1.6.1. Least Squares Approximations 


Addition of further terms to the defining series for 
the trigonometric functions will, of course, give in- 
creased accuracy of approximation, but this procedure 
has great disadvantages from a practical point of view, 
since these series give high accuracy near x=0 and 
concentrate their largest errors near the end.of the 
range in which they are used. If an approximation is 
required over a definite range, between A and A+4q, it 


is more efficient to use a series such as 
cos (A+x)®Co+ Cyx+ C,x? ls 


in which the constants are chosen to give the best fit for 
the given range by least squares methods (see Section 


TABLE 2.2.1.6A 
Ranges for Approximations for Trigonometric Functions 


The integers in braces in columns 8-12 indicate the 
largest value of x (to three decimal places) for which 
the exact values of the function and of the approxima- 
tion agree to less than one unit in the specified decimal 
place. Thus {3} in column 11 for x=0-143 indicates 
tan x—x=0-143983—0-143000=0-000983, i.e. less than 
one unit in the third place. It is then implied by the 
table that for x=0-144, tan x—x=0-145004—0-144000 
=0-001004 is greater than or equal to one unit in the 


third place. If both the approximation and the func- 
tion are rounded to the specified number of decimal 
places the specified difference may occur for lower 
values of x. The entry in column 1 gives the angle in 
degrees (to two decimal places) corresponding to 
x radians, while the entries in columns 2, 3, 5, 6 and 7 
give the values to 5 decimal places of the trigonometric 
functions and their approximations at the critical 
values of x. 


_—_— | | | S$ |« || | fl 


l Z g 4 
Degrees] x—x?/6| sin x x 

3-32 | -05797 | -05797 | -058 

3-78 | 06595 | 06595 | -066 

4°81 | -08390 | -08390 | -084 

7:16 | -12467 | -12467| -125 

8-19 | -14251 | -14251 143 
10-37 | -18001 | -18001 181 
12:66 | -21920 | -21921 221 
15-41 | -26576 | -26577 | -269 
17-33* | -30122 | -30125'|" =306 
22°46 | -38196 | -38204| -392 
22:57 | -38381 | 38389 | +394 
23-66 | -40126 | -40136| -413 
32°49 | -53662 | -53710| -567 
36°15 | -58913 | -58995 | -631 
37°53 | -60816 | -60916} -655 
40:22 | -64434 | -64575| -702 
48-87 | -74956 | -75326 | -853 
59°70 | -85344 | -86341 | 1-042 
72:25 | -92681 | 95240 | 1-261 
95:45 | -99532 | -99547 | 1-666 
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2.6.6.4, page 92). The constants are solutions of the 
normal equations 


HOt hG4+hC,=Jo 
LO + 1,0,+ 1C.=J); 
1,C5+1,C,+1,C.=J, 
and the total squared departure over the range is F,, 
given by 
E,=Ky— CyJo- CiJ,- C.J, wise .(2) 
where Ky)= |cos? (A+.x)dx, 


0 
a a 


C= x"dx, and Jum [xt cos (A+ x)dx. 
0 0 


It is difficult to estimate the maximum departure of 
such an approximation, but the mean squared error is 
of course given by E,/J,=E,/a. An example of the use 
of a series of the type (1) in machine computation of 
cosines for structure factors is given in Table 2.2.1.6B. 


TABLE 2.2.1.6B 
Series for Linear Interpolation for Cosine 


Explanation. The cosine of the argument x (quad- 
rants) is to be approximated by the series 


cos 7x/2=Cy+C,|x—A| 


The range is divided into 20 sub-ranges above and 
below the values A=0-05 (27+1) for r=0, 1, ..., 9. 
The greatest departure of the rounded-up approxima- 
tion is one unit in the third place. With obvious 
modifications the same numbers enter into the cal- 
culation of 


sin 7x/2=S)+S,|x—A| 


2.2.1.6.2. Approximations for Sketching 

In making rough sketches on squared paper it is 
useful to know that in many cases a simple rational 
fraction will give a close approximation to the tangent 
of an angle which occurs frequently. For example, in 
drawing hexagonal nets on squared paper one may 
use the ratios 7/4, 12/7, 19/11 as tangents of angles 
which lie within 15’ of 60°. For the tetrahedral angle 
(109° 28’) the fractions 14/5, 17/6, 20/7, 23/8, 25/9, 
31/11 give tangent approximations which are within 
20’ of the correct angle. For the half-tetrahedral angle 
the useful approximations to the tangent are 7/5, 10/7, 
17/12, all of which are within 20’ of the correct angle. 


2.2.2. Plane Trigonometry 
2.2.2.1. NOTATION 


The sides and angles of a plane triangle are given by 
the notation of Fig. 2.2.2.1. The perimeter 2s=a+b+c, 
the area of the triangle is S. The centre of the inscribed 
circle (radius r) lies on the intersection of the bisectors 
of the vertex angles and is always inside the triangle. 
The centre of the circumscribed circle (radius R) lies 
on the intersection of the perpendicular bisectors of 
the sides. It lies outside the triangle if one of the angles 
is obtuse. 


b 
Fig. 2.2.2.1 


2.2.2.2. BASIC FORMULAE AND PROPERTIES 
(1) a/sin A=b/sin B=c/sin C=2R. 

(2) a?=b?+c?—2bc cos A, etc. 

(3) A+B+C=7. 


A plane triangle is determined uniquely by (i) three 
sides, (ii) two angles and one side, (ili) two sides and 
the included angle. There are two solutions in general 
if (iv) two sides and one non-included angle are given. 
If (v) three or two angles are given, there are infinitely 
many similar triangles which have these angles, and 
in them any two of the sides are determined in terms 
of the third. 

Any three lengths can form the sides of a plane 
triangle if, and only if, the sum of the lengths of any 
two sides is greater than that of the third. 

All problems connected with the complete solution 
of a plane triangle can be solved in terms of (J), (2), 
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and (3) above. In special cases, however, there are 
countless other derivative results of plane trigonometry 
which will lead to an answer more rapidly than do 
these formulae. 


2.2.2.3. SPECIAL PROPERTIES OF THE PLANE TRIANGLE 
(1) S=4bc sin A, ete. 

(2) S*=s(s—a)(s—b)(s—c). 

(3) S=4a? sin B sin C/sin A, etc. 

(4) S=abc/4R. 

(S)UuS=rs. 

(6) sin? A/2=(s—b)(s—c)/be, etc. 

(7) cos* A/2=s(s—a)/be, etc. 

(8) r=(s—a) tan 3A, etc. 


2.2.2.4. REGULAR CONVEX POLYGONS, n SIDES 
R=radius of circumscribed circle. 

r=radius of inscribed circle. 

Angle subtended at centre by one side=2z/n. 
Exterior angle between sides=7+27/n. 

Interior angle between sides=z—2z/n. 

Length of sides=L=2R sin z/n. 

Radius of inscribed circle=r=R cos z/n. 

Area of polygon=nrL/2=4nR? sin 27/n. 
Perimeter=2nR sin z/n. 


2.2.3. Spherical Trigonometry 
2.2.3.1. NOTATION 


In a spherical triangle the sides are great circles 
on the surface of a sphere (radius R). The measures of 
the sides a, b, c are the angles subtended by the corre- 
sponding great circle at the centre of the sphere. The 
angles A, B, C are the angles between the planes 
(passing through the centre of the sphere) which con- 
tain the sides of the spherical triangle. 

It is a common convention to consider only those 
spherical triangles whose sides and angles are less than 
a. The properties of all more general spherical tri- 
angles can be deduced from these. 


2.2.3.2. BASIC FORMULAE 
sin A sin B sinC 

(Os 

sin a 


sinb sinc 
(2) cos a= cos bcos c+ sin b sinc cos A, ete. 
(3) cos A=— cos Bcos C+ sin B sin C cos a, ete. 
(4) m<A+B+C<37. 


A spherical triangle is determined uniquely by (i) 
three sides, (ii) three angles, (iii) two sides and their 
included angle, and (iv) one side and the two adjacent 
angles. There may be two solutions if (v) two sides and 
one non-included angle are given, or if (vi) two angles 
and one non-included side are given. 

As in the case of plane trigonometry, all problems 
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in spherical trigonometry can be solved by means of 
the above fundamental formulae. 


2.2.3.3. POLAR TRIANGLES 


Poles of the great circles which form the sides of the 
spherical triangle ABC define the vertices of the polar 
triangle A’B’C’. A‘ is chosen as that pole of the great 
circle BC which lies on the same side of it as does A, 
and a similar convention is adopted in the choice of 
B’ and C’. The following relations then hold: 

(1) If A’B’C’ is the polar triangle of ABC, the converse 
is also true. 

(2) A=n—a’, B=n—b’, C=z-C’. 
A’=7—a, B’=n—b, C'=n-c. 


2.2.3.4. RIGHT-ANGLED SPHERICAL TRIANGLES 


There are ten formulae connecting the sides a, b, c 
and the angles A, B of a triangle in which the angle C 
is a right angle which may be derived from the basic 
relations 2.2.3.2(/)-(3). These are: 

(1) cos c= cosa cos b. 

(2) cos c= cot A CoUB. 

(3) sin a= sinc sin A. 

(4) sin b= sinc sin B. 

(5) tan a= tanccos B. 

(6) tan b= tan ccos A. 

(7) tan a= sin b tan A. 

(8) tan b= sina tan B. 

(9) cos B= cos b sin A. 
(10) cos A= cosa sin B. 
All of these formulae can be remembered by means of 
the diagram of Fig. 2.2.3.4(1) and the mnemonic 
known as Napier’s Rules. The circle is divided into 
five parts by radii as shown, and the unique radius is 
labelled C (=90°). The remaining five sides and angles 
are placed round the circle in order, the complements 


Fig. 2.2.3.4(1) 
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of the side and angles not adjacent to C being taken. 
Napier’s Rules then may be remembered as: 

(a) sIn mIddle equals tAngents AdjAcent. 

(b) sIn mIddle equals cOsines OppOsite. 


As for example: 


sin (2—A)=tan {=—c tan b, i.e. tan b= tan ccos A 
: : %4(6) 


. 7 . 
sin (3-<)- cosacos b,i.e.cosc=cosacosb ....(/) 


If the side c is a right angle there are again ten 
relations between the remaining sides and angles, 
which may be obtained by considering the polar 
triangle of that triangle used in deriving (/)-(J0) above 
and by dropping the primes. 

(11) cos C=— cos A cos B. 

(72) cos C=— cota cot b. 

(13) sin A= sin C sina. 

(14) sin B= sin C sin b. 

(15) tan A=— tan C cos b. 

(16) tan B=— tan Cosa. 

(17) tan A= sin B tan a. 

(7/8) tan B= sin A tan b. 

(19) cos b= cos B sin a. 

(20) cos a= cos A sin b. 

These results can, of course, be written down directly 
from Napier’s Rules after substituting the polar angles 
in the diagram of Fig. 2.2.3.4(1) or, alternatively, by 
using the diagram of Fig. 2.2.3.4(2). 


Fig. 2.2.3.4(2) 


2.2.3.5. SOLID ANGLE 

The surface area of a sphere of radius R is 47R?. 
The unit of solid angle (the solid radian or steradian) 
is defined as the solid angle subtended at the centre ofa 
sphere of unit radius by unit area on the surface of the 
sphere. Thus, the totai solid angle subtended at a 
point by any surface which completely encloses that 


point is 47. The spherical degree is defined as the solid 
angle subtended at the centre of a sphere by a spherical 
triangle having two equal right-angled sides and a 
vertex angle of 1°. Thus, the solid angle subtended by 
the whole sphere at the centre is 720 spherical degrees. 
The ratio of the spherical degree to the steradian is 
the same as the ratio of the angular degree to the 
angular radian, i.e. 47/720=27/360=7/180. 

The spherical excess E of a spherical triangle is 
defined as the difference between the sum of the angles 
of the spherical triangle and two right angles. 

The area S of any spherical triangle in spherical 
measure is equal to the spherical excess in angular 
measure. We have the three fundamental results 


E=A+B+C—x ancl 
Dae a2) 
S=ZR?=ER? Tes) 


where S is the surface area of the spherical triangle in 
square measure and all spherical and angular measures 
are in radians. 

Textbooks on spherical trigonometry, crystal mea- 
surement, spherical astronomy and navigation carry 
formulae which may be of interest. A text specially 
adapted to those familiar with crystallographic 
techniques is given as reference [31]. 


2.2.4. Plane Analytic Geometry 

The results of this section apply to Cartesian co- 
ordinates only, except where noted. The results for 
oblique systems are best expressed in vector or tensor 
notation (see Section 2.4, page 52). 


2.2.4.1. STRAIGHT LINE 
(a) Intercept Equation 

x/a+y/b=1 me) 
where a, b are the intercepts on the x and y axes 
respectively. Valid also for oblique axes. 


(b) Slope and Intercept Equation 

y=qxt+b xeon (2) 
where g=—b/a is the tangent of the angle which the line 
makes with the axis of x, and b is the intercept on the 
y axis. 


(c) Perpendicular Equation 
lIx+my—p=0 aie (Oa) 
?+m?=1 eto) 
where p is a positive number equal to the length of the 
perpendicular from the origin on to the line, and / 
and m are the cosines of the angles which this per- 
pendicular makes with the positive axes of x and y 
respectively. 


(d) Line through Two Points 
The straight line through two points in Cartesian or 
oblique systems is 


(x—x,)/%2—-xD=—Y/2- Yd) eta) 
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(e) General Equation 
The general equation for a straight line is 
Ax+ By+C=0 eS) 
This can be reduced to the special forms (1)-(3) above 
by the relations which follow: 
a=—C/A, b=—C/B, q=—A/B nu hewel O89, 
and if s is the sign of C in (5) and the positive value of 
the root is taken: 
l=—sA/»/(A?+4+ B?), m=—SB/»/(A?+ B?), 
p=sC/»/(A?+4+ B?) ieee 


(f) Perpendicular Distance from a Point on to a Line 

P=Ix,+my,—p eed ced) 
is the distance from the point x,y, to the line (3a). It 
is positive if x,y, is on the side of the line opposite to 
that containing the origin. 


(7) 


(g) Intersection of Two Lines 
The two lines 
ld oh ctl (9) 
Aox+ Byy+C,=0 ve 
intersect in the point (xpyo), which is the solution of 
these two equations simultaneously, i.e. 
ML ANSE (10) 
Yo=(A2C\— Ay C,)/(A,Bo— ApByJ * 
If the two equations are reduced to the form (3a), i.e. 
Lx+my—p,=0 
the BO aa t (11) 
the solution is: 
aS (12) 
¥=(AP2—!2py)/(Lm_— 1m) Oo 
The angle « between the two lines is the angle between 
their normals, which is given by 


cos «=/1,],+mm, wretrS) 
Thus if 1,1,+m,m,=0 Panta) 
the two lines are at right angles. If 

Ll,+mym,=+1 #¢s,*'e LQ) 
or equivalently lm,—1,m,=0 sites 0) 
or A, B,—A,B,=0 cee LOC) 


the two lines are parallel. 


TABLE 2.2.4.2 (continued). CaseEI. D<0. 


(h) Area of a Triangle of Given Vertices 

The area A of a triangle with vertices x,y, is 
Xiyz1 
Xeyel 
X3ygl 
the sign being chosen to make the area positive. 


cea) 206) 


2.2.4.2. CURVES OF THE SECOND DEGREE 
Any plane curve of the second degree is a conic 
section and can be reduced to one of nine standard 
forms as indicated in Table 2.2.4.2. 
TABLE 2.2.4.2 
Reduction of General Quadratic 


Qy4X,2+ AgoXo7+ 2042X4Xot+ 2a3,)X\+ 2A39X_+Ag3g=0 


te ICL 
Q31 Ay2 Az, 
a a 
S=|y2 Ao: Az2 St Gaps 
Qy2 A220 
431 Az2 A33 
Reduction to centre (D#40) 
The co-ordinates a; of the centre are given by 
Dey = — 3199+ 39049 siieire . (18a) 
Detig=31019— 39041 oua ce . (185) 
The substitution 
X;=W;t+a; 
then leads to 
QW? + AgW27+ 2€1.W1W2t S/D=0 aijey ‘6 (19) 


Reduction to Principal Axes 


The quadratic terms in (17) or (19) can be reduced 
to a sum of squares by the methods of 2.1.8.6. Literal 
methods are given in many texts on analytic geometry, 
but in numerical examples the matrix approach is 
usually simpler. 

Note. When + signs are shown, corresponding signs 
must be taken throughout. Thus in entry (1) below, 
A, and A, must be both plus or both minus and S must 
have the opposite sign. In entry (7), A, and & must 
have opposite signs. When the two roots are opposite 
in sign we have arbitrarily chosen A, to be positive. 


Transform to centre and to principal axes: A,y,2+A,y22+S/D=0 


Standard Form 


e—————_— | | | | 


X?/A?+ Y?/B2=—1 
X*/A®— Y?/B2=] 
X?/A2— Y?/B?=0 


X?/A2+ Y2/B2=0 


Conic Special Cases 


Ellipse Circle 
Imaginary ellipse Imaginary circle 
Hyperbola 
Pair of intersecting real 

lines 


Pair of imaginary lines 
with real intersection 


(Continued on next page) 
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TABLE 2.2.4.2 (continued) 


Case II. D=0; A,=0. 
Transform to principal axes: A, y,?+2»,y,+2vey.+a33=0. 
Remove linear term in y, by completing squares: ,2,2+2v,y.+5=0. 


Standard Form 


Conic Remarks 


-_-_—oo— OS OC ————_ | | eee 


6 +0 Y2=44X 
7 = X?= A? 

8 2 X?=—A? 
9 #0 x?=0 


2.2.4.3. GENERAL PROPERTIES OF PLANE CURVES 


In general, a real straight line intersects a real curve 
of the nth degree in n points. 
If the equation of the curve is given in the form 


Y=49(x) 
and Xo, ¥) be a point on the curve, the tangent to the 
curve at Xo, 9 will be the line 


Y~Yo_(& 
x—X9° \dx/ 
If the equation of the curve is expressed in the form 
W(x, y)=0 
the equation of the tangent at the point (xpyo) will be 


The radius of curvature p of a plane curve is given by 
| d*y dy 2) 3/2 
etc ay Bd ly Bars 
p zi] (z) 


2.2.5. Solid Analytic Geometry 


The results of this section apply in general only to 
Cartesian co-ordinates except where noted. The results 
for oblique systems are best expressed in vector or 
tensor notation. 


2.2.5.1. THE PLANE 
(a) Intercept Equation 


x/a+y/b+z/c=1 ent) 


where a, 5, c are the intercepts on the x, y, z axes 
respectively. Valid also for oblique axes. 


(6) Perpendicular Equation 
Ix+my+nz—p=0 
Pm'*+n?=1 


nate (02) 
... (2b) 


43 


Remove constant term 
by shift of origin 


Parabola 


Pair of real parallel 
lines 

Pair of imaginary 
parallel lines 

Pair of coincident lines 


where p is a positive number equal to the length of the 
perpendicular from the origin on to the plane, and 
I, m, n are the cosines of the angles which this line 
makes with the positive x, y, z axes respectively. 


(c) Plane through Three Points 
The equation of the plane through three points 
X;y;Z; 1S given by the determinant 
Xe Va\ziet 
%y V1 2 | 
X2 V2 22 | 
X3 V3 Zs | 


=0 ¢(3) 


(d) The General Equation 
The general equation for the plane 
Ax+ By+Cz+ D=0 a4) 


can be reduced to the special forms (1) and (2) by the 
following relations: 


a=— D/A, b=—D/B, c=—D/C....(5) 
and if s is the sign of D in (4) and the positive value of 
the root is taken: 
l=—sA/»/(A?+ B?+C?), m=—sB/\/(A?+B?+C?), 
n=—SsC/»/(A7+ B?+C?) 
(6) 


and p=sD/\/(A?+ B?+ C?) 


(e) Perpendicular Distance from a Point on to a Plane 


gente (31) 


is the distance from the point x,y,z, to the plane (2a). 
It is positive if the point (x,),z,) is on the side of the 
plane opposite to that containing the origin. 


P=/1x,+my,+nz,—p 


(f) Angle between Two Planes 
The planes 

a (8) 

I,x+mey+NeZ—p.=0 as 
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intersect at an angle 6 given by the angle between their 
outward normals, i.e. 


cos 6=1,],+ mym,+nyNg <4 4(9@) 
The planes are parallel if 
Ll,+mym,+nyn,= +1 eke) 
and they intersect at right angles if 
Ll,+mym,+nn,=0 ...-(9c) 


2.2.5.2. THE LINE 


The specification of a line in three dimensions in- 
volves two linear equations, i.e. the equations of any 
two planes which intersect in the line (cf. (8) above). 


(a) Line through Two Points 


(x-Xy)/(%2-x)=(V—-Y)/2- YD = (2-2) (Ze 21) 
elo) 


(b) Line through One Point in a Given Direction 


(x—xp/A=(V-yD/u=(2-zy/v —. - CN) 
is a line through x,y,z, in a direction given by Aur, 
which are proportional to the direction cosines /mn of 
the line. If A?+-4?+v?=1, A, p, v are in fact the direction 
cosines of the line. 


(c) The General Equation for a Line 
The two planes 
A,x+B y+ Cyz+ D,=0 
Ajx+By+ Cyz+ D,=0 
define a line whose direction cosines are proportional 
to A, w, v given by 
A= B,C,—B,C,, 


aed: 


B=C,A,—C2Aj, v= A,B,— A,B, 


esa) 
and one form for the equation of this line is 
x—(B,D,—B,D,)/v_y+(AyD2—-A2D,)/v _z 


: (14) 


Vv 


(d) Properties of Two Lines 
Consider the lines 
SSO Ona (15) 
(x—X2)/l2=(Y—Y2)/Me=(Z—Z.)/Mg} 
where /,m,n,, etc., are direction cosines. 


The shortest distance between the two lines is given 
by 


(%1—-%2) (Vi-Ye) (21-22) 
i m, ny + 4/(A2+y2+v?) ....(16) 
L Mz Ng 


and the direction cosines of this shortest line are pro- 


portional to A, p, v, given by 
A ‘ B $2 v 
(myN2—MgN1) (Myl,—Nely) (m,—lm,) * 


vt 


The condition that the two lines be coplanar is then 
that 


(%1—%2) (Vi-a) (21-20) 
l, My, ny =(0 oes .(18) 
I, mM, Ne 


and the equation for the common plane is 


X—-X, Y—-), 2-2, 
1 mM, ny 


=(5 - aS 


(e) Volume of a Tetrahedron 

The volume V of a tetrahedron whose vertices are 
X;y;Z; 1S given by 

% V1 2 

6V aa te Yas 

X3 Y3 23 

X4 Va 24 


ad areanyy 


a et 


2.2.5.3. SURFACES OF THE SECOND DEGREE 

An analysis of the general equation of the second 
degree is given in Table 2.2.5.3, together with the 
standard forms for the 16 types of surfaces which can 
arise. 


TABLE 2.2.5.3 
Reduction of General Conicoid 


Ay X17 + AggX 97+ AggX 37+ 2X1 X_t 2ogXoX3+ 231XgXy+2041X1+2AyoX_+2G43X%3+Aq4,=0 


Ay, Ayo 43) Agy 
S=| G12 Ae, Az Agp 
431 423 A33 A43 
41 Ugg G43 Agq 


Reduction to Centre (D#0) 


The co-ordinates «; of the centre are given by Oy = — (A431 +0494 19+ 043A31)/D 


in which A,; is the co-factor of a,; in D. The substitution x;=w,-+«; then leads to 


ido (QD) 
Qy, 2 31 
D=| Gy. Ag2 og 
431 U3 Az 
i (44, Ayo+ Q42A 09+ Q43Ao3)/D 
O3= — (Aq, Ag3 + Gy9A93+43A 33)/D 
PA 924 | 


Wy? + AygWo?+ AggWg?+ 20, qW1W2+ 2do3W_W3+ 2031W3W,+S/D=0 


(Continued on next page) 
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TABLE 2.2.5.3 (continued) 
Reduction to Principal Axes 

The quadratic terms in either (21) or (22) can be reduced to a sum of squares by the methods of Section 
2.1.8.6 (page 13). 

Note. When + signs are shown, corresponding signs must be taken throughout. Thus in entries (1) and (2) 
below the three A’s must have the same sign. When the roots differ in sign A, is arbitrarily taken as positive and 
A; taken as negative. A, may then have either sign. An asterisk indicates that the corresponding quantity may 
take any value irrespective of the signs of other entries but subject to the other conditions specified. Thus in 


entries (5) and (6) D may have any non-zero value. In entries (11) and (14) 5 may have any value. 


Case I. DO. 


Transform to centre and to principal axes: Ay y1?+Azyo2+A3y32+ S/ D=0. 


Ai Standard Form 
ee ereenig| 22 6 eh|loy, Seas X?/424 Y2/B24Z2/C2=1 
2 + X?/A?+ Y?/B24+Z?2/C?=—1 
Chel des X2/A24 Y?/B2-Z2/C2=] 
edges X?/42+ Y2/B2-Z?/C2=—] 
Sica gee X?/A24 Y?/B2—Z?2/C2=0 
Sails X2/A2+ Y?/B24+Z?/C2=0 


Conicoid 
Ellipsoid 
Imaginary ellipsoid 


Hyperboloid of one 
sheet (unparted) 
Hyperboloid of two 
sheets (parted) 

Cone 
Imaginary cone with 
real vertex 


Special Cases 


Prolate or oblate 
spheroid; sphere 
Imaginary spheroids 

or sphere 
Hyperboloid of revo- 
lution (unparted) 
Hyperboloid of revo- 
lution (parted) 
Circular cone 
Three unnamed 
special cases 


Case II. D=0; A,=0. 


Transform to principal axes: Ayy17+A,_2+ 2, y1+ 2v_)_t 2v3V3+d=0. 
Reduce linear terms by completion of squares: \,2,?+A,Z2.?+ 2v3y3+5=0. 


Case IIa. v340. 
Reduce to form: A,z,?2+A,2,?+23z;=0 by shift of origin of y3 to vertex of paraboloid. 


Standard Form 


Conicoid 


————q“~— | q—_— | qq] Na 


X?/A2+ Y?/B2=42Z 
X?/A2— Y?/B2= 427 


Standard Form 


Elliptic paraboloid 
Hyperbolic paraboloid 


Conicoid 


UTE! teense? (Eo 


X?/A2+ Y?/B2=1 
X?/A®+ Y?/B2=—1 


X?/A?— Y?/B?=1 
X?/A?— Y?/B?=0 

planes 
XA) AA YS be=0 
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Elliptic cylinder 
Imaginary elliptic cylinder 


Hyperbolic cylinder 
Pair of real intersecting 


Pair of imaginary planes with 
real line of intersection 


Special Cases 


Paraboloid of revolution 


Special Cases 


Circular cylinder 
Imaginary circular 
cylinder 


(Continued on next page) 


2.2. TRIGONOMETRY AND GEOMETRY 


TABLE 2.2.5.3 (continued) 
CASE IIT: D=0; 'A,=A,=0. 
Transform to principal axes: A, y,2+2v, y+ 2ve 2+ 2v3y3+d=0. 
Reduce linear term in y, by completion of the square and the remaining terms by the substitution z,=», VotvsVs 
and obtain A,z,?+2r,z,+6=0. 


Standard Form Conicoid 


_ | |) |S || ss 


14 Y?=+4+4AZ Parabolic cylinder 
15 + Y?= A? Pair of real parallel planes 
16 0 Y¥7=0 Pair of coincident planes 


2.2.5.4. GENERAL PROPERTIES OF SURFACES to the facially regular solids by the principle of 
In general, a real straight line intersects a real sur- duality, whereby vertices and faces are interchanged. 
face of the nth degree in n points. The rhombic dodecahedron is the one example of a 


If the equation of the surface is given in the form —“‘vertex-regular”’ solid of special significance crystal- 
lographically. It is the dual of the cuboctahedron. 


P(X, Y, Z)=0 A detailed discussion of various polyhedra may be 
the equation of the tangent plane at the point xpyoz, | found in references [32] and [33]. 
(on the surface) will be For all convex polyhedra Euler’s theorem states that 
as a6 od fe F: vei: A L E are respectively the number 

AL ee = al CE meee W piss Ale of vertices, faces and edges. 

S x) (22) +0 v0 (Ze) +6 20)( aA In the Tables, vertices are given in Cartesian 
co-ordinates. In each polyhedron the most important 
dimensions are given in terms of a simple choice of 
co-ordinates for the vertices. These dimensions are 
expressed (both operationally and in decimals) in 
terms of the units chosen for the vertices. The co- 
ordinates of the vertices and dimensions are also 
similarly specified for polyhedra of unit edge, and in 


For detailed discussion of the properties of surfaces, 
reference is made to advanced textbooks of analytical 
geometry. 


2.2.5.5. PROPERTIES OF REGULAR SOLIDS (Jn collabora- 


tion with P. J. Brown and H. D. Megaw) cases (c) to (g) for unit distance from centre to vertex. 
A convex polyhedron is said to be regular if its faces 
are regular and equal, while its vertices are all sur- TABLE 2.2.5.5 


rounded alike. There are five regular convex polyhedra, 


the so-called Platonic solids. These are the tetrahedron, Dimensions of Regular Solids 


cube, octahedron, icosahedron and pentagonal do- (a) Cube 
decahedron. While the icosahedron and pentagonal V=8, F=6, E=12 
dodecahedron are not crystallographic solids, they are Dihedral angle=90° 


of importance in crystal structure problems since the 
neighbouring atoms of a given atom may occur in 


these configurations. Vertices - | (41, £1, +1) | (41/2, 41/2, 41/2) 
A polyhedron is said to be facially regular if every 
face is a regular polygon, though the faces are not all Edge + : 
of the same kind, and if the faces are arranged in the Face diagonal v2 
same order round each vertex. There are thirteen such Body diagonal v3 
Area of face .. 1 


solids, and only one example—the cuboctahedron— 
is described here. Also there are thirteen polyhedra 
which are regular in respect to their vertices and in 
_ each of which the faces are equal. These are related (Continued on next page) 


Volume 
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Vertices 


Centre to mid edge.. 

Centre to centre of face 

Centre to vertex 

Edge .. 

Mid edge to centre of face. 

Mid edge to vertex . 

Mid edge to opposite mid 
edge 

Height (vertex to centre of 
opposite face) 

Area of face. . 

Volume 


Vertices 


Edge 

Centre to vertex, 

Centre to mid edge 
Centre to centre of face. . 
Mid edge to near vertex 
Mid edge to distant vertex 
Area of face = 
Volume 


2.2. TRIGONOMETRY AND GEOMETRY 


TABLE 2.2.5.5 (continued) 
(b) Tetrahedron 


V=4, F=4, E=6 
Dihedral angle=70° 32’ 


1 ] Lovet, =i 
CLF 1) St 1,1) as nips a ap. 2/2 rat 
—] oe a | —l) =| l 
atl, =1)(—1, =1, 1 ——, ——, ——} (——., ——,, —— 
( ¢ ) ie IVP) = (3 2/2 a5 
1 1/(24/2) 0:35355 
0-57735 1/(2+/6) 0-20412 
I-73205 / (3/8) 0-61237 
2°82843 1 ] 
0-81650 1/(2+/3) 028868 
2-44949 (4/3)/2 0:86603 
b) 1/4/2 0:70711 
230940 4/ (2/3) 0-81650 
3-46410 (4/3)/4 043301 
2:66667 1/(64/2) 0-11785 


(c) Octahedron 


V=6, F=8, E=12 
Dihedral angle= 109° 28’ 


(+1, 0, 0) 
(0, +1, 0) 


(0, 0, +1) 


1:41421 1 

1 1/4/2 0:70711 
0:70711 1/2 050000 
0°57735 1//6 0:40825 
1:22474 (4/3)/2 0:86603 
1:58114 (4/5)/2 1:11803 
0:86603 (4/3)/4 0-43301 
1:33333 (4/2)/3 0-47140 


(Continued on next page) 
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2.2. TRIGONOMETRY AND GEOMETRY 


TABLE 2.2.5.5 (continued) 
(d) Rhombic Dodecahedron 


V=14, F=12, E=24 
Dihedral angle= 120° 


éfRetrapomall weak Calc820) (Ole Onoman (+ 0, 4 (0 + ~ 0) (0 0, +S) 

Vertices xu ; ' aS Vv 
i ey ee 

STrigonall) | |. lel /2, 21/2, 41/2) ( Tee ve +] 
Centre to tet. vertices 2//3 1-15470 
Centre to trig. vertices l 1 
Centre to centre of faces .. a/ (2/3) 0-81650 
Edge (trig. vert. to tet. vert.) l ] 
Centreiof-face to tet, vert. is. / (2/3) 0-81650 
Centre of face to trig. vert... 1/+/3 O:S735 
Area of face.. (24/2)/3 0:94281 
Volume 16/(3+/3) 3-07920 


(e) Regular (pentagonal) Dodecahedron 


V=20, F=12,°b=30 
Dihedral angle=116° 34’ 


(0 nels sr) 
+P 
+r, 0, 41 
= 
oh +7, 0 
Bs 


(+1, +1, +1) 


é ye, 5, 


Bare . 5 
2 (oA ae) 


fermen =) 


Verticésfa 0) 7: 3 | 


a 


NI 
I 


ama 
He 
NIA 
H+ 
N13 
H- 
NIA 
eae 


Edge 1-23607 SE 0-71364 
Centre to vertex 1-73205 “ 1-40126 1 1 
2 

Centre to mid edge .. 1:61803 3 1-30902 5 0-93417 
wala 73/2 

Centre to centre of face 51/4 1:37638 2(5114) 1:11352 5143 0-79465 

i FF. 53/4 53/4 73/2 53/4 

rea of face . ae 2'62866 4 1-72048 a 0-87622 

44/5 7 ag ibs 

Volume Aan 14-47214 iu . T-66312 a ie 2:78516 


tras 2 ¥?_1.61803; I/r=7—1; r2=7415 74/S5=742. 


(Continued on next page) 
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2.2. TRIGONOMETRY AND GEOMETRY 


TABLE 2.2.5.5 (continued) 
(f) Icosahedron 


V=12, F=20, E=30 
Dihedral angle= 138° 12’ 


Verticest 


Edge 1-23607 1-05146 
Centre to vertex 0-95106 1-17557 1 

Centre to mid edge .. 0-80902 1 aS 0-85065 
Centre to centre of face 0:75576 0-93417 673 0-79465 
Area of face .. 0-43301 0-66158 = . 5 0-47873 
Volume 2:18169 4-12023 ules 2°53615 


3 


tr 2 ¥?_1-61803; I/r=7—-1; v2 =74+1; 741/5=742. 


(g) Cuboctahedron 


V=12, F=14, E=24 
Dihedral angle=125° 16’ 


. 1 1 
0, +1, +1 0, +—, +—~— 
\ ala (Sctrz sap) 
Vertices .. 6 ie oh (+1, 0, +1) (45 0, oy) 
1 1 
1, +1, 0 +—, +—, 0 
| aa Goren) 
Edge af x ne /2 1-41421 1 
Centre to vertex .. a Ne /2 1-41421 1 
Centre to mid edge ae ¥. / (3/2) 1-22474 0-86603 
Centre to centre of square face .. 1 1 0-70711 
Centre to centre of triangular 2/3 1-15470 0-81650 
face 
Vertex to centre of square face. . 1 1 0-70711 
Vertex to centre of triangular face 4/ (2/3) 0-81650 0-57735 
Area of square face hf le 2 2 1 
Area of triangular face .. a (4/3)/2 0-86603 (/3)/4 0-43301 


Vole ee tray |. 20/3 6-66667 5(4/2)/3 2-35702 
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2.3. Differential and Integral Calculus 


2.3.1. Differential Calculus 
(a) Definitions and Notations 


CVS OYIGES GI) CAESAREA 


(2) af(x,y,z)/Ov= Le {f(x,y+h,z)—f(x,y,z)}/h, ete. 
(3) ayldxt-5(2), Ae 


Oe weal Ole of 
) Ox oy -3(#)- clea ie 


(6) Basic Forms 


(5) dtut yidx= 4 2. 
(6) d(uv)/dx= ute. 
(7) atujrylde= (vue) 08 
(8) dflu)/dx= a a 
u dx 
ate aff du 
0) af widxra oD aaa ( at 


If x=¢(y) and $’(y)=d¢/dy, etc.: 
(10) dy/dx=—_— ry : ay 5 By/dx*=—$'"(y)/[¢'(y)]*. 


If By and y=¢(t): 
an 2 Vee Ve eee, 


ae eee 
Nae 
= _ Of Ox, 
(12 ) 2 af/ay’ 
an aa pt ee of RUA tage 
d*y __ ox? oy Oxdy Ox Oy dy*\ Ax 
dx? of 
(2) 


If y=f(u,v) and u=¢(x) and v=¢(x): 


dy dydu dy dv 
13) oe eee 
tee dx Ou Per ov dx 


d’y oy ee) ) o*y du dy d*y soe) 


oudv dx he oy? 
ay Pu, ay dy 


dx? éu? dx dx dx dv?\ dx 


@u dx? ay dx?” 


If rete v) and u=f,(x,y) and v=f,(x,y): 
OV ou OV Oy 
(bigest 
aV_8°V/au\? o2V/ av\? 
Ox “ey? ex 


atV. au oy 
Oudv Ox Ox 
OV e%u_ OV d*y 


Ou Ox? dy ax? 
-(3 0. ova. Wie ou OV = 


ox? “Ou 


Ox Ou Ox Ov} \ Cu Ox dav Ox 
eV _ OV ou ou oe ae CPs Ou = 
Oxdy Ou® dx dy Oudv\ Ox Oy Ax dy 

ay One ot eM d2y 
Ov? ax dy Ou Oxdy dv Oxdy 


-( 0. ova, eae OV | 


Ox Ou Ox Oy 


Ou dy av oy 


(c) Derivatives of Simple Functions 


axtdy 045 
(15) os =nx"!, 


(16) a ae" 


(17) ds In a. 


dx 
(J8) fs ee Bo COR. 


(19) cee Se ein a 


(20) cons sec? x. 
dx 
(d) Taylor’s Series 


(21) foot W=fled+h( ), FSS) + cs 


(eh) 


If f(x) and its derivatives are finite and continuous 
within the range x»,—h<x<x +h, then the series (2/) 
differs from f(x) by an amount no greater than R,,, 
where 

Arti 
ma Geant 
where M,,,, is the upper bound of f*+! within the range. 


(22) flit t.yot =fleoye)+ («5 ual 


R 


+5(¥ wat gras eel bet 
eens = es 


2.3. DIFFERENTIAL AND INTEGRAL CALCULUS 


This series represents f(x,y) within the range to an 
accuracy R,,, where R,,,, is less than or equal to the 
upper bound in the range of the first omitted term. 


(e) Differentiation of an Integral 


(23) y= { fax; Z=f0), 


(24) y= i eae rf Die 


X1(x) 
(25))y= | V(x,a)dx; = 
Xo(a) 


For further tables of derivatives see [2], [6]-[9]. 


aie dx+v(x,,« SI 9(x oa 


2.3.2. Integral Calculus 
2.3.2.1. INDEFINITE INTEGRALS 


It is impossible within the scope of these tables to 
give a list of indefinite integrals which is extensive 
enough to be of value. For such lists see the biblio- 


graphy. 


2.3.2.2. DEFINITE INTEGRALS 

The following definite integrals are of sufficient 
frequency of occurrence in crystallographic calcula- 
tions to merit listing here. 


2 Z 
(1) [sim x dx | cos x dx 
0 
ae ee 
PAG OD easy 
2n 2n 
(2) | Sin? X dx= | cos" x dx=0 (n odd) 
0 0 
weal ae ee) 27  (n even) 
2n 2n 
(3) | sin mx sin nx dx= | cos mx cos nx dx 
0 0 
=0 (m#n), =z (m=n) 
2n 
(all m, n) 


[sin mx cos nx dx=0 
0 
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2n 


(4) Je'™*dx=0 (m40), =27 (m=0). 


(5.1) fate 


(6) [rrerside=ntfar. 
0 


ioe) 


eM AKL). fy ofr 
(Wise 1) We Son ber pre a 
(7.2) |x2"+1e—-4*"dy=n!/2q"*!, 


0 


aerh 1 |x 
(7.3) [e axms, |. 
0 
a ematee® atenil 
: 2 —ax'd popes oe 
(7.4) [x e Ix ae 
0 


If the Fourier Transform of any function is known, 
its definite integral over the doubly infinite range is 
also known from the obvious formulae 


f(0)= | F(u)du and 


— oo 


F(0)= [r (x)dx 


For references to tables of Fourier Transforms see 
[62]-[66]. 

For references in connection with Section 2.3.2 
generally, see any textbook of the integral calculus and 
also [2], [6]-[9]. The basic tabulation of definite 
integrals is [34]. For methods for the evaluation of 
definite integrals by contour integration see any text 
on the theory of functions of a complex variable, e.g. 
[12] and [13]. 


+ For general formula see [13], Chapter VI; Misc. Ex, 13. 


2.4. Vector and Tensor Analysis 


2.4.1. Definitions 


A scalar is a quantity which is defined by its magni- 
tude (a single number) in a space of m dimensions. A 
sign may also be allotted to a scalar. 

A vector is a quantity which is defined by its direction 
and magnitude. In n dimensions, m numbers are 
required for its definition. 

A tensor of order p requires n’ numbers for its 
definition in n dimensions. A vector is a first order 
tensor, and a scalar a zero order tensor. A second 
order tensor will in general express the relationship 
between two vectors, and in general a tensor of order p 
will express relationship between two tensors of lower 
order p, and p, such that p=p,+p,. Detailed definitions 
of some of the many types of tensors are given in 
Section 2.4.4 (page 54). 

Many techniques have been suggested for handling 
the mathematics of vectors and of tensors, and there 
has been considerable controversy as to their relative 
merits. Some vector properties can be stated without 
reference to any co-ordinate system (2.4.2). However, 
in almost all calculations involving vectors reference 
must ultimately be made to a co-ordinate system. Of 
the many techniques developed for handling vectors 
and second order tensors the two most fruitful have 
been the dyadics of Willard Gibbs and the tensor 
analysis of Ricci and Levi-Civita. The calculations 
which result from such methods can be included in 
matrix analysis (Section 2.1.8, page 11). 

For a historical summary see [39]. 


2.4.2. Absolute Vector Analysis 


Some results of vector analysis can be expressed 
without reference to any co-ordinate system. 


(a) The scalar product of two vectors a and Bb, of 
magnitudes a and 5 respectively, is the scalar quantity 


a.b=(ab)=ab cos 8 ~ac( 1) 


if the forward directions of the two vectors make an 
angle @ with one another. 

The “‘dot” notation and the “‘parenthesis”’ notation 
are used interchangeably in these tables and are both 
in current use in the literature. The scalar product is 


commutative, 1.e. 
(ab)=(ba) val) 


(b) The vector product of two vectors a and bis a 
vector ¢ at right angles to both a and 3, in the sense 
that a, b, c taken in that order form a right-handed 
system, i.e. a right-handed rotation through an angle 
less than 180° in the direction c takes a into b. The 


magnitude c of the vector c is given by 
c=ab sin 0 


ea EN, 


where the angle @ is measured as a right-handed 


2 


rotation from a to b aboute. There are again two 
standard notations for the vector product 


ax b=[ab]=c ita: (A) 


Occasionally the redundant notation [axb] is con- 
venient if a and b are themselves composite, but it 
should be avoided if possible. The vector product does 
not commute, i.e. 


ax b=—bxa=c me Ge 
(c) The magnitude a=|a| of a vector a is defined by 
a’=|a|?=a.a «O) 


(d) The multiplication of a vector a by a scalar s 
results in a vector of magnitude sa in the same direction 
as a, although the sense of sa will be opposite to that 
of a if s is negative. 

(e) The simplest type of vector is a displacement, but 
a vector may represent any directed quantity such as a 
velocity, acceleration, force, field, etc. However, any 
vector may be represented by a displacement. 

(f) The addition or subtraction of two vectors follows 
the parallelogram law for displacements. The mag- 
nitude of the sum of two vectors a+b=c is given by 


c?=|a+b|?=a?+b?+2ab cos 8 aes 
(g) The scalar triple product of three vectors abc is 
a.[bc]=+v eT eoay 


where 


v=abc(1— cos? «— cos? B— cos? y+2 cos «cos B cos y)* 
... (85) 


and a, B, y are respectively the angles between b and c, 
c and a, and a and b. The sign allotted to v is + if 
a, b, c taken in order form a right-handed system and 
— if they form a left-handed system. The volume of 
the parallelepiped bounded by the three vectors a, b, c 
is |v|. We thus have 


a.[bc]=b.[ca]=c.[ab]= —a.[cb]=—c.[ba]=—b.[ac] 
e(8c) 


The simplified notation (abc) is often used for this 
product. 

(h) The vector triple product is non-associative, and 
there are two important forms: 


ax [bc]=(ca)b—(ab)c ...-(9a) 
[ab] x c=(ca)b—(bc)a <a (QOb) 
(i) The scalar four-fold product is expandable as 
[ab].[cd]=(ac)(bd)—(ad)(bc) Pee A4) 
(j) The vector four-fold product has two expansions: 


[ab] x [cd]=(abd)c—(abc)d 


=(cda)b—(cdb)a vzpe(il) 


2.4. VECTOR AND TENSOR ANALYSIS 


(k) The solution of vector equations presents special 
features which are indicated by the following examples: 


(ab)=0 Gh. (12) 


implies that either a or b or both are zero vectors, or 
that a and b are orthogonal (8=7/2). 


[ab]=0 ec) 


implies that either a or b or both are zero vectors, or 
that a and Bb are collinear (@=0), and hence that 


a=(ab)b/(bb) Be 13a) 
(abc)=0 vee. id) 


implies either that one or more of the vectors abc is 
zero or that all three lie in the same plane. In the latter 
case the three vectors are /inearly dependent, and we 
have a relation of the type 


aa+Bb+ye=0 


The equation 


The equation 


The equation 


....(14a) 


However, the constants «, 8, y are not determined by 
(14) and must follow from the known properties of the 
vectors a, b, c as in (13a). 


2.4.3. Base Systems and their Reciprocal Systems 


Although the many results of 2.4.2 are of great 
theoretical interest and importance, almost all of them 
require use of the methods of analytical vector analysis 
in their proofs and in their applications. Such methods 
make use of the fact that in three dimensions any 
vector can be expressed as a sum of three non-zero 
non-coplanar vectors. Three such vectors are chosen 
as base, and all other vectors under discussion are 
expressed in terms of this base. 


2.4.3.1. SUMMATION CONVENTION 

In the following sections we shall make use of the 
convention that any repeated index implies summation 
over that index for all dimensions, 1.e. 


3 
XiVi= > NVi=X Vr t+ NoVo+XaVs 
i=l 
If repeated indices occur in which summation is not 
implied, this fact will be specially noted. In the sections 
on tensor analysis (2.4.4) a further specialization of 
this convention will be made. 


2.4.3.2. GENERAL BASE SYSTEMS 
Consider the base system a; consisting of the three 
non-coplanar vectors aj, a), a3. It is then possible to 
define a set of reciprocal vectors a;* such that 
(a,a;*)=5,; EEG .(15) 


where §,; is the Kronecker delta. The equations (15) 
have the solution 


a;*=[a;a;,|/(a,a,a5) CL 6a) 
and its inverse 


... (16d) 


a;= [a;*a;,*]/(a,*ay*a3*) 


$3 


Any vector x can then be written in the form 


X=X;,a; Al 7) 
where x,;=(xa,*) ee (lad) 
and a second vector y written in the same form will be 

y=) 0; wey) 
Their scalar product will then be 

(XY)=XiVi8is i ants) 

where (a,a;)=2;; See Cis) 
If the second vector h is expressed in the form 

h=h,a;* Sate) 

where h,=(ha,) Paks GiSicn) 

then (hx)=h;x; yen) 


2.4.3.3. CARTESIAN BASE SYSTEMS 

If the three base vectors form a right-handed system 
and are chosen with unit magnitude and orthogonal to 
one another, such a system e; is referred to as a 


Cartesian or orthonormal base system. It has the 
properties 

(ee) =8,, me 1) 
and it is its own reciprocal base system. 

Any vector x is expandable in the form 
X=X,€; a eZ) 

with x;=(xe,) yO“ a) 
and the scalar product of any two vectors is 

(xy)=Xi)i palee(23) 


For the vector product of two vectors we use the result 


[e,e;,|=e,=—[e,e;] ... (24) 
and we have 


eB bens was en nite 


2.4.3.4. CYLINDRICAL AND POLAR CO-ORDINATES 
Cylindrical and polar co-ordinates are usually de- 
fined in terms of a Cartesian base system. 
The cylindrical co-ordinates s, 4, z of the point P 
are defined by the relations 


X78 COS © 
Xe=s Sine Pet 2O) 
Ng 
and the vector r may be written 
P=S COS ¢ €,+5 Sin p €2+ Z€3 yer) 


The scalar product of this vector with a second vector 
R whose co-ordinates are S, ®, Z will clearly be 


r.R=sS cos (®—¢)+2Z ee tock C49) 


and the lengths of these vectors will be obtained from 
r2=s2+z? and R?=S?+Z? respectively. The distance 


2.4. VECTOR AND TENSOR ANALYSIS 


between the two end points of r and R is obtained from 
(r—R)?=s?+ S*—2sS cos (®—¢)+(z—Z)?__.... .(29) 

while the volume element in these co-ordinates is 
dV=s ds d¢ dz sere L0)) 


The usual ranges for these variables are 0<s<o; 
O0< d< 27; —w<z<0, 

The polar co-ordinates r, 0, # of the point P are 
defined by the relations 


x,=r sin 6 cos ¢ 
X,=r sin 6 sind 
X3=r cos 8 


and the vector r may be written 


r=rsin 6cos ¢e,+rsin 6 sing e,+r cos 6 e, 
me eral) 


The scalar product of this vector with a second vector 
R whose polar co-ordinates are R, 0, ® will be 


rR=rKR{[cos 6 cos @+ sin @ sin O cos (®—¢4)] 
enol) 


The distance between the end points of r and R is 
obtained from 


(r—R)?=r?+ R*—2rR[cos 6 cos O 


+ sin @sin@cos(—¢)]_ ....(33) 
while the volume element is 
dV=r? sin 6 dr d6é dd .46e (84) 


The usual ranges for these variables are 0<r<o; 
0< <7; 0< d< 27. 


2.4.3.5. THE PHYSICAL DIMENSIONS ASSOCIATED WITH 
BASE SYSTEMS 


In setting up a Cartesian base system e, it is usual 
to choose the base vectors in a given set of orthogonal 
directions and to allot to each a unit numerical mag- 
nitude. In such a system the components of a vector 
have the same physical dimensions as the vector itself. 
Thus the components of a vector displacement will 
also be displacements and the components of a force 
will also have the dimensions of a force. 

In setting up a general system a; in crystallography 
it is customary to choose the vectors a; as possessing 
the dimensions of length (A or kX). If a vector x isa 
displacement, its components x; as given by (17a) will 
be pure numbers. Similarly if the vector h of (19) has 
dimensions of a reciprocal length, its components 
given by (19a) will again be pure numbers. 


2.4.4. Tensor Analysis 

The basic notion of tensor analysis is that any 
physical or geometrical quantity must have expression 
in a form which remains invariant under a change of 
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co-ordinate system. Thus a given vector x is expressed 
in terms of the base system a; in the form 


oaiwi(ha) 


while the same vector x is expressed in terms of the 
system 5; in the form 


x=x'a; 


ba aut TD) 


The co-ordinates x‘, y' in the two systems must be so 
related to the base vectors a;, b; as to make the two 
expressions (1a) and (1b) equivalent expressions for 
the same vector. 

In expression (1) we have used subscripts for the 
base vectors to indicate that they transform in the same 
way as base vectors. We shall use subscripts for all 
quantities which transform in this manner. These we 
call covariant quantities. The superscripts attached to 
the components x’, y' indicate that these quantities 
transform as do the reciprocal base vectors. Such 
quantities are said to be contravariant. 

Summation will always be implied for pairs of 
repeated indices, and these will now always occur with 
one member of a pair in the covariant and the other 
in the contravariant position. Such indices are called 
dummy indices. It is possible to change the letters used 
for dummy indices at will. 

Let us write 


x=y'b; 


. oe 2a) 
for the transformation from the base vector system a; 
to the base vector system b;. The inverse transforma- 
tion from the system b, to the system a; will then be 

a;,=B,'b; se(28) 
where the matrix 8, is the inverse matrix to «;* and is 
related to it by the equations (cf. 2.1.8.4) 


By = 8 (=0, 14); = 1 i=) oe Sele) 
B;*a;,7 =8,5 Staite (35) 
To make our notation clear it is worth while to 


write out the matrix expressions for (3a) and (3d) in 
full, i.e.: 


b,=«;*a;, 


and 


a) a? a8 By* B,? By? 100 
Oy) a? a3 By Bp” B,2| =|0 1 0]..(3a’) 
Og! a3” ax,° B;' Bs? B3° 001 

and 
By By? By? Oty? a? a? 100 
By* Bo? B,° Xp) a? a?! =1010 (8) 
B,' Bs” B,° | as) a3” a9 O01 


Thus in (3a) the subscript i is the first index of [a;*] 
and corresponds to the matrix row in (3a’). The super- 
script k is the second index, and this fact is indicated 
by the space which is left over the subscript i. The 
superscript k thus corresponds to the matrix column 
in the matrix [«,;*]. The order of the terms is chosen 
to correspond to the summation implied in matrix 
multiplication (cf. 2.1.8.2), which requires that the 
column index of the pre-factor corresponds to the row 
index of the post-factor. This ordering is not required 
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by the tensor notation but is used here to emphasize 
wherever possible the relationship of the tensor nota- 
tion to the matrix notation. 

We now write down (without proof) the correspond- 
ing transformations for the reciprocal triples, i.e. 


bi=a'*B, ....(4a) 
and its inverse 
a’ =bia,* ... (4b) 


The reader can easily verify that if the triple a* is 
reciprocal to a; then (4a) and (4b) imply that b‘ and 
5; must also be reciprocal to one another. Note that 
in (2a) and (2b) the covariant base vectors are repre- 
sented as column symbols in the matrix notation, since 
they appear as a post-multiplier, while in (4a) and (45) 
the contravariant or reciprocal base vectors appear as 
row symbols, since they appear as a pre-multiplier. 

Referring now to (1), it is clear that the contravariant 
designation for the components of x was justified, since 
if we write 

yi=x*B,! aer(5a) 
and the inverse 
#4en(Sb) 


we can verify that (1a) and (1d) are truly expressions 
for the same vector, i.e. 


x=x'a;=y*a,'Bb;=y"d,5b;=yb; 
We therefore call the quantities x‘ and y‘ the contra- 
variant components of the vector x in terms of the base 
systems a; and 5b; respectively. We can, however, 
express the same vector x in terms of the reciprocal 
base systems a‘ and 5‘ and obtain 


x=x,a' .... (6a) 
and also x=y,b' wscueys (OD) 


Here x; and y; are the covariant components of the 
vector x. They transform according to the expressionsf 


Se eal) 


Yi=ai*xy, 
and the inverse 
X,=B'Y; setni(7D) 
We notice that the tensor notation and its relation 
to the matrix notation gives a simple presentation to 
the transformation rules of Vol. J, 2.5. For covariant 
quantities the matrix which gives the new variables in 
terms of the old (2a) is [«,;*] and the vector is a post- 
factor. The inverse transformation uses the inverse 
matrix [8;,'] and the vector is again a post-factor. For 
contravariant quantities the role of the two matrices is 
interchanged and the vector becomes a pre-factor. 
Using the notion of transformation given above it 
is possible to define a set of more general quantities 
according to the way in which their components trans- 
form. A quantity A is defined as a second order tensor 
if it has n? components of a given variance in an n 
dimensional space and if its components transform as 
indicated below. The tensor,may be represented by 
its doubly covariant components A,; in the a; system and 
the corresponding B;; in the 6; system. By definition 
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such components must transform according to the 
rules 
By =0,;7%0;"Amn 


....(8a) 
and the inverse 

Amn=Bm' Bn? Bij nee . (85) 
if A is to be a second order tensor. The same quantity 
A may be expressed in terms of its doubly contra- 
variant components A and B¥ in the two systems. In 
this case the transformations will be 

Bi == AmB. 368 ae (9@) 
and its inverse , 

nee Bc .Pcc,P a8. .5(9D) 


We can also consider the mixed components A‘; and 
B', of the same tensor A. These will transform accord- 
ing to the rules 

Bi =a," Am Pn! ey2(10a) 
and the inverse 


m_ =B,d Bisoe;” ....(10b) 


There is also a second set of mixed components 4A,’ 
and B,/ with covariance in the first indices and con- 
travariance in the second. The reader can write down 
transformation equations for these components by 
analogy with (8), (9) and (10). 

Note that in writing expressions (8), (9) and (10) we 
have not attempted to maintain the order of transfor- 
mations in relation to matrix multiplication. This 
cannot be done without using transposed « and B 
matrices. Throughout the later parts of this Section 
we use the matrix order whenever it can be written 
without transposed matrices. In any case the summa- 
tions implied by the dummy indices must be carried 
out. 

The definition of higher order tensors follows 
directly. Thus a fourth order tensor has mixed com- 
ponents of the type A”, and B”,,, in the two systems, 
and these components transform according to the rule 


B" ,=B "Bgiaj’aj5At,5 aie d 1) 


In a tensor of order r there are 2” ways in which the 
components can be written as covariant or contra- 
variant. In n dimensions a tensor of order r has n’” 
components of each variant configuration. Thus a 
vector can be taken as a first order tensor, and a scalar 
or invariant is a zero order tensor. 


+ In physical literature, particularly on relativity theory, it is. 
customary to refer to a vector which is conveniently (for physical 
reasons) expressed in terms of its contravariant components as 
“a contravariant vector.’’ This is very misleading, since any 
vector can be expressed in terms of its contravariant components 
or its covariant components with equal validity. In crystallo- 
graphy, co-ordinates of atomis are expressed in contravariant 
components, since these numbers repeat periodically with period 
unity. This is not true for the covariant components of co- 
ordinate vectors. Similarly zone indices are also expressed in 
terms of their contravariant components, since these components 
obey the law of rational indices, while the covariant components 
do not. On the other hand, the indices of planes are rational in 
their covariant components. There is, however, no reason other 
than numerical simplicity for the preference of one set of com- 
ponents over the other. 
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There is no a priori reason why tensors should exist 
other than as mathematical entities. It is necessary in 
any physical application of tensor analysis to demon- 
strate that the physical nature of the set of quantities 
under discussion is such that they do transform as the 
components of a tensor. 

It is important to remember that the quantities «,/ 
and f,/ are not the components of a second order 
tensor. They express the transformation of tensors 
from one axial system to another. 

A tensor is said to be symmetric (cf. 2.1.8.1) with 
respect to a pair of indices if the interchange of these 
two indices leaves the tensor unchanged, i.e. if 


Ajj;=Aj; oho (12) 
A tensor is said to be skew symmetric (cf. 2.1.8.1) 


with respect to a pair of indices if the interchange of 
these indices changes the sign of the tensor, i.e. if 


A j;=— Aj; Ohone .(13a) 
For a skew symmetric tensor 
A;;=0 (no summation) sonekd 3b) 


The most important second order tensor is the 
metric tensor g, whose components are defined by the 
relations 

8ij=(aias) lel=lgul=ls” ete aon) 
g=(a'a’) gi=g',=(a'a,)=5', 
It is easy to verify that this tensor is symmetric and 
possesses the appropriate transformation properties. 
In terms of this tensor the length of any vector has the 
three expressions 


Mee (15) 


The cosine of the angle 6 between the two vectors x 
and X is given by 
cos 6=g; 5x! X)/|x||X|=g"x;,Xj/|x||X| 
=x'X,/|x||X| _ ete. 
It is often of value to be able to define a unit vector 
A in the direction of a vector x. Clearly 


|x/?=g,jx'x) =g9x,x;=x!x; 


r,=X;,/|x| pve if?) 
will be covariant, and its length 
|A|?=o 7D An =kmal AHA, = 1. (18) 


Similarly the angle between two such unit vectors A 
and p will be 


COs O=g""Amtn=Lmn HO eal pha SS h Bd) 


The metric tensor also provides the transformation 
expressing the base vectors in terms of the reciprocal 
vectors and vice versa, i.e. 


a;=g;;a/ and a'=g4a; Scars . (20) 
and similarly the two sets of components satisfy the 
relations i 

Xi:=8ijx/ and xi=giix, top) 
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There are similar relations between the different types 
of components of higher order tensors, e.g. 


Aijs=8 ix A" ;=8 jr Ai*=SiminA™  ....(22) 


and in particular 
42/*=8,* rar .(23) 


which establishes the matrix [g”] as the inverse matrix 
of [g,;] (cf. 2.1.8.4, page 12). Note also that if A,; is 
symmetric A,*=A’,. 

Any second order tensor Xm, Say, can be expressed 
as the sum of a symmetric tensor S,,, and a skew 
symmetric tensor Ap», given by 


Sinn SA pat Xim) 
Anne Aa) 


Any second order symmetric tensor in n dimensions 
has 4n(n+1) independent components (for n=3, six 
components), while a skew symmetric tensor has 
4n(n—1) independent components (for n=3, three 
components). 

Another second order tensor of importance is the 
general productf of two vectors X and Y. It is easy to 
prove that 


ween (04) 


Zi=Xiyi et} 


transforms as a contravariant second order tensor. 
The scalar product (XY) is then 


(XY) = nn X™Y"=2""X, ¥,=X"¥m, (26) 


Thus the scalar product depends only on the symmetric 
part of the tensor Z;;, since 2mn=Znm: 

The vector product [XY] in three dimensions corre- 
sponds to the antisymmetric part of Z according to 
the expression 


or ey r ihe Bb A sane) 
in which 
€rst— WAS eft I/+/g; 
rst cyclic permutation of 123 
Erst=— V8 e"'=—]/4/g; pen (28) 


rst cyclic permutation of 321 
€rst=O0: et=(); 


any two indices equal 


It is only in three dimensions that a vector product 
can be defined as a vector. In other spaces the skew 
symmetric part of the product tensor Z is referred to 
as the outer product of the two vectors. The symmetric 
part which defines the scalar product is called the 
inner product. 

For convenience of reference Table 2.4.4 summarizes 
the principal properties of the base vectors and their 
reciprocals, and of the corresponding metric tensors. 
Examples in which some of these results are applied 
are given in 2.4.7. 


+ Not to be confused with the dyad of 2.4.5. 


2.4. VECTOR AND TENSOR ANALYSIS 


TABLE 2.4.4 
Properties of Base and Reciprocal Systems 


A. Scalar Products (Definitions) 
(4,a;)=8:;; (a'a’)=g"; (a'a;)=8"; 


B. Transformations between Base and Reciprocal 
Vectors 


a;=2,;@' ; a’=g" a; 


C. Transformations between Base and Reciprocal 
Metric Tensors 


Norte. No summations are implied by double indices. 
884 = 8 8x3 Sunn 8" =SisSen—(Ssx)* 
Pe eee be ie ees (2!) 
D. Vector Products in Base and Reciprocal Systems 
[a,a;]=/(g)a*; [a'a’]=a;,/+/g (i, j, k in cyclic order) 


E. Mixed Vector Products 
Note that [a,a/]=—[a/a,]. 


Components 


Product 
ay a, a3 
[a,a"] 0 +813/V8 —£12/V8 0 mee VAS See aN 
[a,a*] —813/V 8 0 +8u/V8 0 ee ees S 
[a,a°] +832/V/2 — 81/2 0 0 Seo +g324/g 
[a,a"] 0 +£03/V/2 — 22/8 re Ve 0 “ae a 
[a,a*] —803/V 0 +8a/V8 ep 'A/ 2 0 oye 
[a,a*] + 809//8 — 8/78 0 +g? o4/g 0 alfa Vird 
[a,a"] 0 +833/~/g — 8390/8 —gi?a/g +gl4/g 0 
[a,a”] — 833/28 0 +8a1/V8 ee Ve Bene. 0 
[a3a*] +832/V8 —8a/V8 0 5 VE pe eve 0 


2.4.5 Dyadics 


A dyad is defined as a pair of vectors AB placed side 
by side without any sign of multiplication expressed or 
implied between them.t A dyadic ® is the sum of any 
number of dyads, i.e. 

@ = 4,B,+A,B,+ ...+A,B, weet) 
The first vector of any dyad is called the antecedent, 
the second vector the consequent of the dyad. The 
conjugate of ®, i.e. Bo, is defined as 

@®=B,A,+ B,A,+ ... B,An et) 

Multiplication of a dyad by a scalar k is defined as 
the multiplication of either factor by k. A dyadic is 
multiplied by k when all its dyads are multiplied by k. 

The product of the vector r with the dyadic ® 
defined by 

r.®=(rA,)B,+(rA,)Bot+ ...+(rA,)B,=r 
pond 3) 
is called the scalar product of r with the dyadic, with r 
as pre-factor and ® as post-factor. A second scalar 
product with ® as pre-factor and ras post-factor is also 
defined, i.e. 

® r=A,(rB,)+ A(rB,)+ ...+A,(rB,)=re ...-(4) 

It is now clear that 
r,=r.P=8cr eel) 
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and of course that 


ro=P.r=r.Pco eee (0) 
It can be shown that any dyadic in three-dimensional 
space can be reduced to a form consisting of three 
dyads, and in this form the antecedents (consequents) 
can be three arbitrarily chosen non-coplanar vectors. 
In such a case the consequents (antecedents) com- 
pletely determine the dyadic, i.e. the dyadic requires 
nine parameters for its specification. 

If the antecedents and the consequents of a dyadic 
are both non-coplanar sets, the dyadic is said to be 
complete. If either the antecedents or the consequents 
are coplanar sets, the dyadic is said to be planar and 
can be reduced to two dyads, and if either the ante- 
cedents or the consequents are collinear, the dyadic is 
said to be Jinear and can be reduced to a single dyad. 

In terms of any non-coplanar base triple a; and its 
reciprocal triplet a’ (for notation see 2.4.4, page 54) 
any dyadic can be expressed in what is called the 
nonion form as the sum of nine dyads with appropriate 
numerical coefficients as follows: 


@ =4,,a'a/ = a;a;=¢',a,a/=¢;Ja'a; ....(7) 


in which summation over dummy indices is implied. 


+ Not to be confused with the general product of 2.4.4 (25). 
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The numerical coefficients of a dyadic in the nonion 
form are thus the components of a second order 
tensor in the corresponding covariant, contravariant 
or mixed forms (see 2.4.4, page 54). 

The scalar of a dyadic is defined as 


@.=(A,B,)+(A2Bz)+ ... +(AnBn)=(Pc)s .. . .(8a) 
In terms of the coefficients of the nonion forms (7) the 
scalar can be written 


© 5=29¢,;=2:30" =$' = 9; se #480) 
in which g is the metric tensor. 
The vector of a dyadic is defined as 
@,=[A;B,]+[4,B]+ ...+[AnBil=—-(@c)y_ ... (a) 


Using 2.4.4 (27), ®, may be written in terms of the 
nonion coefficients as 
D y= ep pq ha" = eb 5, e796) 
The idemfactor I is the dyadic which transforms 
every vector into itself, i.e. 


r.J=Lr=r ... (10) 
The nonion forms for the idemfactor may be written 
I=a'‘a,=a,a'=ga,a;,=g,,;a'a/ are GX lig) 


The scalar product ®.Y of two dyadics is defined as 
follows. 
If s=r.® and t=s.¥, then t=r.(®.¥). With 


and it follows that 
L@=@ [=@ ett) 
and that (®.P) =F o.Bo ... (14) 


The vector product of a vector with a dyadic is 
defined by 


[rx s].P=r.[sx B] dana hoe) 
with 
sx @=[sx A,]B,+[sx A,]B.+ ...+[sx A,]B, 
res dl i) 
If a dyadic is expressed in the trinomial form 
&—A,B,+A,B,+ AB, 
then the quantity 
|| =(A,A,A,)(B,B,B;) ee . (16) 


is called the determinant of the dyadic. If |®|+0 the 
dyadic is complete (non-singular). If |®|=0 the dyadic 
is planar or linear (singular). It may be shown that 
|D.P| = |b] |P| ca gh ha) 
A dyadic is said to be symmetric if ®=®¢, and it 
follows that ®,=0. It is antisymmetric if P=—@®¢, 
and it follows that ®;=|®|=0 and also that 
b——-1@,x I=hIx , 
If ® is complete, the reciprocal ®— is defined by 


@.d1-h1G-] ... (18a) 
@— dA B: and be fe >CD; and it follows that 
i j 
OY) 129-12 eg: 
then }.\Y— 5 S(B,C))A,D; er) ; ( y Oe 
my One importance of dyadic notation for crystallography 
TABLE 2.4.5 


Dyadics for the Crystallographic Proper Rotations 


Note. The dyadics for the corresponding improper rotations are obtained by changing all signs, i.e. 


n=uu-+ (I—uu) cos 27/n—Ixu sin 27/n 
n=—wuu—(I—uu) cos 27/n+Ixu sin 27/n 


General Dyadic Nonion Form 


(n)s=1+2 cos 27/n 
(m)s=—(1+2 cos 27/n) 


(nm) p=2u sin 27/n 
(n)y=—2u sin 2x/n 


Sneed (queen oOo 


T=a'a,+a’a,+ aa, 


eS | | | | | 


2=a"a,—a°a,— aa, 


——— | eee eee LT 


3=a*a,—a*a,+aa.—a’a, 


3-1=a°a,—aa,—aa,+ aa, 


3=a'a,+a’a,+a%a, 
3*=a’a,+a°a,+a'a, 


4=a*a,+aa,—a*a, 
4-'=a°a,—aa,+ aa, 


| ——_ ——— |X | [LT 


6=a%a,+a'a,+aa,—a’a, 


6-1=a°a,+a*a,—a'a,4+a’a, 


Axial System (n)y 
Any axial system 0 
u=a,/|a2|; 212=823=0 0 
u=4;/|a3|; 2141=8225 /(3)us 
823=831=03 S12=—4 
U=(a,+,+@z)/|a,+a_+ as] ; 
£11 =822=833; £12=823=831 
u=a,/|a3|; 211= 8223 u 
812=823=831=0 
u=a;/|as| ; 811822; V/ (3) 


823=831=0; Sie=—4 
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lies in the simple expression for the dyadics for rota- 
tions (proper or improper). For such dyadics 


@=-G--1; |S|=|G,|=+1 e aEC19@) 
All such dyadics (post-factors) are of the form 
= + {uu+(I—uu) cos ¢—Ixu sin ¢} ....(19d) 
with 
@,=+(1+2cos¢) and ®,y=+2sindu ....(19c) 


If|®|=+1 the rotation is proper, if |®/=—1 the 
rotation is improper. 

Note that u.P=Pu=+u 

and that therefore the vector uw is invariant for a proper 
rotation and anti-invariant for an improper rotation. 
It is of course the rotation axis. 

A complete derivation of point-group and space- 
group theory in terms of dyadic notation has been 
given by Zachariasen [40]. For convenience of refer- 
ence his table for the five crystallographically possible 
rotations is reproduced (with slight modification to 


conform to the conventions of these tables) as part of 
Table 2.4.5. Also included in this table are the nonion 
forms for these dyadics in terms of crystallographically 
customary co-ordinate systems. 


2.4.6. Parallelism between Matrix, Tensor and Dyadic 
Notations for a Second Order Tensor 


The transformation of the vector r into a vector s 
by means of a tensor A as pre-factor is represented in 
the dyadic notation by 

S=A.r en Ch) 
The same tensor operating on r as a post-factor will 
produce a different vector 

t=r.A ren (2) 
These two expressions provide a very convenient 
shorthand for the more complicated expressions which 
they represent. These more complicated expressions 
must, however, be used if detailed calculations are to 


TABLE 2.4.6A 
Comparison between Tensor, Dyadic and Matrix Notations 


Note. In this table the parentheses do not denote scalar multiplication but merely group the terms of a vector 
or dyadic for clarity. The square brackets indicate matrices. 


Tensor Dyadic Matrix 
s=Ayr [s] =[A] [r] 

s= ATT s=(A¥ a; a;).(r;, a*) [s‘]=[A"] [;] 

si=Ai, ri s=(A', a; a’).(r* a,) [s‘]=[A‘,] [7] 

s,=Ajr, s=(A,) ai a,).(r;, a*) [s.]=[47'] [75] 

5;=A,;r s=(A,, a’ a’).(r* a,) [s:]=[Ai] [7] 
t=r.A [t] =[r] [A] 

=r, AX t=(r, a*).(A¥ a; a;) (#]=[r,] [A*] 

t=ri AJ t=(r* a,).(A,’ a’ a;) [?]=[r'] [47] 

G=r, A‘; t=(r, a*).(A'; a; a) (¢;]=[7s] [44s] 

L=ri Aj; t=(r* a,).(A;; a’ a’) (t;)=[7'] [Aus] 


TABLE 2.4.6B 
Matrix Transformations for Second Order Tensor 


Transformations are written in tensor notation, but the order of the terms is correct for matrix multiplication 
if the first index is taken as the row index of the matrix and the second index as the column index. 
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be carried out. The vector r must be expressed in 
terms of the base triple or its reciprocal triple as in 
equations 2.4.4 (la) or (6a) and the dyadic A in one 
of its four nonion forms (2.4.5 (7)). The expanded 
expressions are then those shown in column 2 of 
Table 2.4.6A. In column 1 of the same table the cor- 
responding tensor expressions are shown, and the 
equivalent matrix expressions are shown in column 3. 
If now we reduce the products of column 2 by means 
of the defining equations of the reciprocal triple 


(ci2.4:3,2), ie. 
(a'a;)=5'; Saat) 


we see that all three notations reduce to exactly the 
same calculation, a matrix multiplication. 

Table 2.4.6B shows the transformations which 
relate the four forms (cf. 2.4.4 (8) and (9)) in which the 
components of a second order tensor may be expressed. 
The one table serves for both the tensor and matrix 
notations. The reader may easily rewrite this table in 
dyadic form by accompanying each tensor by its 
nonion dyad (cf. 2.4.5 (7)) and applying dot multi- 
plication to the resulting expressions. 


2.4.7. Vector and Tensor Problems in Crystal Analysis 

In the present section several problems of impor- 
tance in crystal structure work are selected as examples 
of the methods described in the preceding sections of 


2.4. No attempt has been made to indicate all the 
problems which will be encountered, nor has any 
attempt been made to adhere exclusively to one nota- 
tion. In each case it should be apparent to the reader 
how a problem written out in tensor notation, for 
example, can be rewritten in dyadic or in matrix form. 


2.4.7.1. CALCULATIONS OF BOND LENGTHS AND BOND 
ANGLES 
An atom ,P is located in the cell by the contra- 
variant components ,x' of the vector from the origin 
to the atomic position. Here the prefixed subscript 
simply indicates the number of the atom, while the 
suffixed superscript indicates the number of the con- 
travariant component. The vector from the origin is 
f= X1a,4-.X7a,4+ x7 a, ee) 
These contravariant components are simply the frac- 
tional co-ordinates usually used in crystallography. 
In these terms, the distance 
sf ="r— ater (2) 
has a magnitude ,,, which may be calculated from 
2.4.4 (15), i.e. 
st? =8i; st0! 5107 nenae .(3) 


Oey See (4) 
The angle ¢,,,, at the atom ,P between the vectors 


in which 


TABLE 2.4.7A 
Metric Tensors for Crystal Lattices 


Lattices 4 Lu git gif 

Triclinic A,;A; COS a (a‘)* (see NOTE) aia) cos a* 

Monoclinic i= 2: =0 (a‘)? gii=gki-( 

a, unique 2 j~=AjAj, COS %; gik=aiak cos ai 

Orthorhombic 0 1/(a,)? 0 

Tetragonal 211=222=a" gii_g22—]/q? : 

a; unique Sago ge=lict 

Rhombohedral | g11=822=833=@" | 812=82s=8s1= 4" Cosa | gl=g??=g88— git=g2 gil 
1+ cos « — COs a 

a*(1— cos «)(1+2 cosa) | a*(1— cosa)(1+2 cos a) 

Hexagonal T= Fs giip24.4/3q" g%=¢g*!-0 

a, unique &33=C* got |G gi? = 2/30" 

Cubic .. 811=822=833=a" gia git g*3 | {2% 0 


Note. The contravariant components of the metric tensors are given in terms of the reciprocal lattice para- 
meters for the triclinic and monoclinic systems. They can be calculated in terms of the base system parameters 
by the formulae of Table 2.4.4C. The contravariant components for all other lattices are given in terms of the 


base system parameters. 
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joining it to the atoms ,P and ,P is then given by 
2.4.4 (16), i.e. 

stl sul’ COS Ptsu=fij 510° su0” celke .(5) 
The matrices g,;; needed for these calculations are given 
in Table 2.4.7A for the seven primitive lattices. 

It is clear that the detailed expansions of (3) and (5) 
are very cumbersome for the triclinic and the rhombo- 
hedral cases, and are only a little less difficult to 
handle for the cases in which there is only one general 
cell angle (monoclinic and hexagonal). It is only in 
the orthogonal systems that formulae (3) and (5) are 
practical if a large number of distances and angles are 
to be calculated. Of course, if only one or two dis- 
tances or angles are to be calculated these formulae 
probably offer the best method. 

If many such calculations are to be carried out there 
are two approaches. In the first, the covariant com- 
ponents of all vectors (e.g. ,x,;) are calculated by 
2.4.4 (21), ie. 


sXi=8is(sX’) ....(6) 
The formula (3) then takes the simple form 
stl = 519! 5193 a )) 
and (5) becomes 
stl sul’ COS Ptsu=st0' sudi : .(8) 


These formulae are much simpler than (3) and (5) for 
the non-orthogonal systems, and it may be that they 
will be of use for machine calculations. 

The second of the two approaches mentioned above 
involves the transformation of all quantities to an 
orthonormal system. For example, one might choose 
an axis A, of unit length in the direction of a,, a 
second axis A, perpendicular to a, and in the plane of 
a, and a,, and an axis A, perpendicular to that plane. 
Thus we set 


A,=Az x A, 

A,=a*/|a°| 
and by using the results of Table 2.4.4E and 2.4.4 (20) 
we may write [A,]=[«,/][a,] (cf. 2.4.4, page 54). 


A,=4,/V211 

A,=—8324)/\/(28118**)+ V(811/88**)ae ....(10) 
[a;,]=[8;][A5] 

a,=(V2)Ay | 


A,=a,/|a,| | 0) 


As=g?a/V/g%+ gay] e+ (V/9"9)a 
and its inverse 
4,=812Ay/V/ 811+ V/(2879/211) Ae 
43=83144/V/811— (V8) 897 Ae/V/(8118°*) + 43/8? 
mech) 


The corresponding transformations for the contra- 
variant components are then written down directly as 


[X*]=[x][B,*] (cf. 2.4.4 (5), etc.), ie. 
Xt = (4/841) X14+- 819X7/V/ 81 t 8a1X9/V 811 
a Wee eae Ay oe kV (818°) 
t= xafa/s* 
. (12) 
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and its inverse [x‘]=[X7][a,'], ie. 


X= X4// 88X41 (ees) +8" XV 8" 
x= V(Bu/98)X? +g°X*/y/g% 
2 (vex 
Wavy 


In the transformed system the usual methods of 
analytic geometry can then be applied. The numerical 
procedure for such a calculation is quite parallel to that 
given for the monoclinic case in the following Section. 


2.4.7.2. NUMERICAL EXAMPLE OF THE CALCULATION 
OF BOND LENGTHS AND BOND ANGLES 
The calculation for a monoclinic lattice is given here 
for the sake of brevity. It differs from that for a 
triclinic lattice only in its complication but not in 
principle. Unit vectors A and B are chosen parallel to 
a and b respectively, and the third vector C is per- 
pendicular to the first two. We have clearly 
a=aA 
b=bB 
c=ccosB A+csinBC 
This transformation may be written formally [a]= 
[B][A] (cf. 2.4.4 (2b)), since [a] and [A] are of course 
covariant. We then have 
0 0 
b 0 
ccosB 0 csinB 
The determinant of this matrix is equal to the volume 
of the cell V=abc sin 8B. The inverse of this matrix is 


l/a 0 O 
| 0 1/b 0 ....(14d) 
—lI/(atanB)0  1/(csin B) 


and in these two matrices (cf. 2.4.4) we have all the 
information necessary to effect transformations of 
vectors or tensors from one system to the other. 


...(14a) 


EXAMPLE 
In a particular case 

a=12:792 A b=5-627 A c=11-474 A and B=111-17° 
and we have sin B=0-932513 and cos B=—0-361136. 
The two matrices are thent 


12:79200 0O 0 
[B]=| 0 5:62700 0 (A) ....(15a) 
—4-14368 0 10-69965 
and its inverse 
0:0781739 O 0 
[a] 0-1777146 0O (A-1) . .(15d) 
0:0302746 0 0:0934610 


In this problem we are interested in calculating the 


+ We have calculated these matrices in A since we are almost 
exclusively concerned with the matrix [«]. It is usually pre- 
ferable to use millimicrons (1 mu=10 A) as units in such cal- 
culations in order that the coefficients of the two matrices are 
more nearly of the same magnitude. To avoid rounding errors 
in matrix calculations it is wise to carry several figures beyond 
the accuracy justified by the data. 
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bond lengths and bond angles in a carboxyl group in _into the Cartesian co-ordinates X, Y, Z by the contra- 
which C, is the carboxyl carbon and C, the carbon to variant transformation [X]=[x][®] (cf. 2.4.4 (5) and 
which it is joined. O; and O, are the carboxyl oxygens. 2.4.7.1 (11) and (12)). The two sets of co-ordinates are 
The fractional co-ordinates x, y, z are transformed __ tabulated as follows: 


x y 3 Xx Me Z 
(OF 0-0458 0-1332 0-1684 —0-11192 0-74952 1-80182 
0; 0-0142 0-2722 0-0682 —0-10095 1-53167 0-72972 
Oz —0-0113 —0-0249 0-1849 —0-91072 —0-14011 1-97837 
G 0-1627 0-1955 0-2616 0-99727 1-10008 2:°79903 


The vectors from C, to the other three atoms are then investigated (in terms of the Cartesian system) in the 
following table: 


Direction Cosines 


Co-ordinate Differences Bond Lengths 


AX ne 4 AZ r2 r I m n 


C.-O; 0-01097 | 0-78215 |—1-07210 1-76127 1-32713 0-008266 | 0:589354 
Cs-O, |—0°79880 | —0-88963 0-17655 1-46069 1-20859 |—0-660935 |—0-736089 
1-10919 | 0-35056 0-99721 2°34762 153219 0-723925 0-228797 


—0-807833 
0-146079 
0-650840 


From the direction cosines of the last three columns, the bond angles ¢ can be calculated directly from the 
scalar products of the pairs of vectors as follows: 


Bond Angles Direction Cosines of Vector Product 


cos ) l m n 
O.C.O; —0-557288 123-87° —0-612468 0-641581 0-461798 
OnC.C3 —0-551808 123-49° —0-614524 0-642600 0-457630 
—0-384944 —0-615860 0-639464 0-460219 


In the same table are included the direction cosines of | and one obtains the vector: —7-8579; 3-6081; 7-4660. 
the vector products of the three pairs of vectors. These — This is of course quite close to the (212) plane. 

are very close to parallel, as was suggested by the fact These are only a few of the calculations which can 
that the three angles added up to 360-00° (a fortuitous = readily be carried out in Cartesian space and for 
accuracy), indicating that all four atoms are very — which the results can immediately be reconverted to 
close to coplanar. An average of these three vectors the non-orthogonal system. 

(normalized) gives the vector: —0-614286; 0-641217; 

0-459884, which must be very close to the unitnormal 473. RoraTIONS 

to the plane most nearly containing all four atoms. In a Cartesian system (2.4.3.3, page 53) the point 
This vector is (HKL) for the plane in question, and if [y'] is rotated to the point [ Y‘] by the operation of the 


one is interested in the corresponding Miller indices matrix [e] on the row symbols as post-multiplier, i.e. 
one must use the corresponding transformation for 


covariant components, i.e. [h4]=[B][H] (cf. 2.4.4 (7)), [Y‘] = b‘][e] ... (16) 
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where 


cos «+/,2(1— cos a) 1,1,.(1— cos «)+/, sin « 

[e]=| 4/.(l1— cos «)—/, sinew cos «+/,2(1— cos «) 
1,1,(1— cos «)+/,sin«  1,/,(1— cos «)—/, sin « 
1,1,(1— cos «)—/, sin « 
I,1,.1— cos «)+/, sin « 

cos a+/,2(1— cos a) 


weet 7) 


in which /,/,/, are the Cartesian direction cosines of the 
rotation axis and a is the angle of rotation about that 
axis. The special forms of [e] for the crystallographic 
axes are listed in Table 2.4.7B. 

If we wish to calculate the rotation matrix [P] which 
describes the same rotation in an oblique system [x‘], 


Tx) 01.6. 
[X]=[x'][P] -++ (18) 
we make use of 2.4.4(5) and write 
[X‘]=[Y'lle] and [y‘]=[x‘][B] 
in (16) and obtain 
[M)=[Y]le]=[y'lelle]= IP lell«]=[<‘I[P] is 


We find that 
[P]=[B]le][e] oh m(20) 


If we wish to find the matrix [P] for hexagonal and 
trigonal axes in a hexagonal co-ordinate system [x'], 
we first recognize that 


€,=,/a, 


(cae 


€3=3/d3 


oft (21) 


is a unit vector system for the Cartesian co-ordinates 
[y‘] and thus by 2.4.4(2) we have 


0 0 


1/a, 
| ev 2/(a,/3) 9 | eepy (22a) 
0 0 I/a, 


and its inverse 


a 0 0 
[@]=| —4a, (4/3)a,/2 0 arab) 
0 0 as 


The rotation matrices [e] for the operations 3 and 6 


TABLE 2.4.7B 
Cartesian Rotation Matrices for the Crystallographic Axes 


Note that the inverses of these matrices are their transposes and that the matrices for m are obtained by changing 


the signs of all terms in the matrices for n. 


n cos «| sin a 


Matrix for [J,/,/5] 


Important special cases 


Z2uG 21,7— 1 OARS 


Oeil 0 8) | ht 2), 2,1, 
SRE TSAR 


2/,7— 1 


ee SS See 
| |] — $$$ $$ 


3 | _1| v3 | PaGht-1) 
Z 2 
sss 4(3/,2—1) 


B{3Igh+(V/3)lg} 3{3lals—(V3)A} 23ls?— I) 


BH3hln+(vV/3)l3} {31h — (V3) la} 
2{3lelgt(v/3)h} 


| «|S | | 


4 0 1 i? Ll,+1; Isl,—L, 
L1,—Is (Fe llg+], 
Ist, ls—l, Is? 
3(,+1) BAL+(V3)ls} dls —(W/3)la} 
Bhle—(vV/3)lg} (27+ 1) B{lalg+(V/3)h} 


NH 

1 i 

de 

WwW 
Se aL, 


Rsh+(V/3)l} Hels (WV 3a} 202+ 1) 
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about a Cartesian axis [001] can both be represented 
by the matrix 

0 

0 iL o(23) 
1 

in which s=—1 for the operation 3 and +1 for the 
operation 6. The corresponding matrices [P] are then 
given by (20). 


25 (/3)/2 
r+] (vo BS 
0 0 


H(st+1) 1 0 
[P]=[B}le]l«]— a ler 0 


eed) 
1 


and the matrices for the two operators are specifically 


Om td a ys, 
3=|-1 -1 O| and 6=|-1 0O OQ} ....(@5) 
REG) OT Oee at 
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with their inverses 


tess 0 ie Wea 
31=|/ 1 0 O|} and 6=!11 1 O] ....(26) 
0 01 OM eT 


It is well to remind the reader that covariant quan- 
tities are transformed as post-factors by the inverse 
matrix (cf. 2.4.4(5) and (7) and the related text). Thus, 
to be specific, the operation 3 transforms the co- 
ordinates x1, x?, x? into —x?, x!—x?, x3, while the same 
operation transforms the indices h,h,h, into —(h,+A,), 
hy, hg. 

For discussions of vector analysis see almost any 
textbook of theoretical physics and also [4], page 132 
et seq. For general references in relation to Section 2.4 
see [35]-[40]. 


2.5. Fourier Theory 


In the following discussion the need for brevity will 
not permit complete mathematical rigour in the state- 
ment of results. Mathematical limitations are included 
only when they are of importance in the understanding 
of the results or in the efficiency of their application 
to crystallographic theory. Almost every textbook 
of theoretical physics contains a brief treatment of 
Fourier analysis. 


2.5.1. Orthogonal Functions 
A set of functions ¥,,(x) of a real variable x is said 


to form an orthogonal set of functions for the range 
ax x<bif 


b 
[N,N(b—a)] | CO Wel See scat) 


where 46,,, is the Kronecker delta defined by 
dyin =U En) ;-=1(m=n) Ye 2) 


The functions #,,(x) are said to form an orthonormal 
set for the interval if for every n the normalization 
factor N,, defined by 


5 
[b—a]}} | ltn(x)[2dx=Np? ee) 


has the value unity. 

A function f(x) defined at every point within the 
specified range has a representation in terms of an 
orthonormal set in %, by the Fouriert series or 
orthonormal series. 


S(X) => antn(X) ....(4a) 


b 
hers mesh layia | Mc Wicoeeet Sm, 21745) 


The set of constants a, are called the Fourier constants 
of the function f(x) with respect to the set y,. These 
constants as defined by (4b) have the property of 
minimizing the mean square deviation of any number 
of terms of the series (4a) from the function f(x). 
This minimum deviation is 


5 
(ba) [I /(2)~ Danas) Rx 


b 
=[b-a]}" | Pel dx lan)... () 


The Fourier representation of a given function f(x) 
(i.e. the series 4a) is the closest approximation in the 
least squares sense which can be achieved by means of 
an arbitrarily selected set of the orthonormal functions 
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%,. This does not mean that the approximation is 
close’ in any sense other than that of the least squares 
theory. See for example the discussion of Gibbs 
phenomenon in [41]. Expression (5) is known as 
Bessel’s formula, and from (5) we clearly have Bessel’s 
inequality 


b 
S |anl?< [b—a]> | ide 6) 


If the equality sign in (6) is valid, this expression is 
known as Parseval’s equation. 

If Parseval’s equation is true for the expansions of 
all functions belonging to a certain class in terms of a 
certain set of orthonormal functions, that set of 
orthonormal functions is said to be complete with 
respect to that class of functions and the expansion (4) 
will be unique. 

A detailed discussion of the nature of the conver- 
gence of Fourier series is beyond our scope. It is 
sufficient to say that if the integral on the right of (6) 
is finite and if f(x) has a finite number of discontinui- 
ties, the Fourier series with respect to a complete 
set w, will converge to f(x) everywhere except at the 
discontinuities. At these points the series is not con- 
vergent in the usual sense but is summable to the value 


Lim 3{f(x+«)+f(x—-«)} Fo) 
«>0 


The most important orthogonal set from the crystal- 
lographer’s point of view is the set e?7'"*, where n is 
any integer, positive, negative or zero. The set is clearly 
orthonormal for the range 0<x<1, and complete, and 
expansions in terms of this set will be periodic with 
period unity. Such series are of course the Fourier 
series discussed in 2.5.4, page 73. 

The set of functions 4/2 cos 2mnx, »/2 sin 27nx, 
together with the constant | also forms an orthonormal 
set for the range 0<x<1I and leads to an alternative 
presentation of Fourier series. 

The detailed discussion of the orthogonality of the 
non-denumerable set e?7'“* where u is not restricted to 
integers in the range —o<u<oo is beyond our scope 
here. Reference must be made to texts on the Fourier 
integral theorem. 

A second orthogonal set of importance to the theory 
of Fourier transforms is provided by the set of Hermite 
functions ¢,(«x), where n is a positive integer or zero 
and « is an-arbitrary parameter. As is often the case 


+ Mathematicians are inclined to use the term Fourier Series 
for all expansions in terms of orthogonal or orthonormal 
functions. We shall confine the term Fourier Series in later 
sections to the usual usage in terms of e27inx or the corresponding 
cosine or sine series and use the terms orthonormal series or 
orthogonal series for expansions in terms of other functions, but 
for the present section it will be more convenient to continue 
the mathematician’s usage. 
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with orthogonal sets, these functions can be defined 
by a generating functiont 


Tt ae TSN i MONET ins ck) 
i)! 


Using this definition it is now easy to show that the 
functions ¢,(«x) form an orthonormal sett over the 
range —«o<x<o, This is done by integrating the 
product T(x, s)T(x, t) with respect to x over the doubly 
infinite range and expanding the resulting series in 
comparison with the integral of the double series 
representation of the product. It follows that the 
¢,(«x) are orthonormal over the range, provided that 


N= omn | nHOO) 


By calculating the Fourier transform of (8) with respect 
to x (see 2.5.3) it is easy to show that 

(i)"bniV (27) us = Soni (2m) xferdx ... (10) 
The first few Hermite functions are given explicitly by 
Nogo(ax)=e7 @ No? =(V7)/% 
N,¢ (ax) =2axe7 ***7/2 N,2=2(4/7)/a 
Nobo(ax)=2(202x2— je ****/2 N22=8(4/7)/a 
Nobhg(ax) =4(203x3—3ax)e~***7/2  N3?=48(4/7)/a 

wee GAS) 


or more generally 


Nnbr(&x)= le ne eel.) 


Note that ¢,(x) defined here differs from that defined 

by Campbell and Foster [63]. The latter is 
(—1)"(27)" Nadal s/ (27) x} 

in our notation. Our definition agrees with that of 

Courant-Hilbert, Wiener, Titchmarsh [SO], etc. 


2.5.2. The Delta Function 
Consider the function 


D(x, a) al en aetlat ada) 
a 


and its infinite integral 


ioe) 


ce a)dx=1 .. (1b) 


—2o 
Thus the area under the curve D plotted as a function 
of x has a constant value unity irrespective of the value 
of «. At x=0 the value of D tends to infinity as « 
tends to 0, while for x40, the value of D tends to zero 
as a tends to zero. 
Thus if we define 


5(x)= Lim te-=x"la* 2) 
~ «0 & 
we shall have Dirac’s de/ta function, for which 
d(x)=03 x40 r 
adler dart > [a xjdx=1 eve(3) 


==105) 


The important properties of 8(x) are as follows: 


[ fC) 8(x—xy)dx= fe) maths) 
and in Lah anpe 


co 


| Sey eaean eves piety i 


(0) 
ioe) 


and fest d(x—Xy)dx=e* 274% 22476) 
Note that in (3)-(6) the range of integration need not 
be doubly infinite, but need only include the value x, 
at which the delta function is non-zero. 

The delta function may be defined otherwise than 
above. Thus we may write 


Shei en 
N-> © 1X 
Here we cannot say that (at x40) 5,(x) equals zero in 
the limit. It oscillates with infinite frequency between 
+1/mx, and will thus make zero contribution to any 
integral of the types (3)-(6). 

The delta function is a special case S, of the singu- 
larity functions ,, defined by Campbell and Foster 
[63]. 

In n dimensions the delta function is defined by 
é oe 
8(x)= Lim Ang = . .(8) 

a0 & 
The results (3)-(6) then hold for the corresponding 
multiple integrals. 


2.5.3. Fourier Transforms 

Although historically the notion of Fourier trans- 
forms arose from the theory of Fourier series, it is 
profitable as far as crystallography is concerned to 
consider Fourier transforms first. 


2.5.3.1. BASIC MATHEMATICS 
The function F(u) defined by the integral equation 


I= |Fwe-?'#*du chev sa) 


is called the Fourier transform of f(x) and is given by 


Fu)= | flxjeriuidx ears 


+ Details of other orthogonal sets and of their generating 
functions and other properties are given in many places, for 
example [53]. 

t In working with an infinite range the factor [b—a]-1 must 
be replaced by unity in the above treatment of the orthonormal 
set. 
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Symbolically, we write 

F(u)=T[f(x)] - yeuec(2a) 
f(y)=T [FU] tema (20) 
By the operation T we mean multiplication by the 
kernel e?7'“* and integration with respect to the 


variable x or u contained in the operand; and by 7-1! 
we mean the same operation with the kernel e~?7'4* 


Thus 
TUf(x)J=f(-x)=T[F()], ete. i) 


The operator J forms a group of order four. Note that 
the formulae (1) are not completely symmetrical. They 
do exhibit many important symmetry properties which 
are of great value, but neglect of the change of sign in 
the kernel can lead to considerable trouble. 

The Fourier cosine transform Fu) of f(x) for the 
range 0< x<oo is defined by 


ice) 


and 


T(x)=2 | F(u) cos 27ux du ....(4a) 
0 
and F (u)=2]f (x) cos 27ux dx ste aD) 
0 


The Fourier sine transform F(u) of f(x) for the range 
0<x<oo is defined similarly by 


ioe) 


f ()=2 [Fo sin 27ux du MEN) 
0 
and Fu)=2 | F(x) sin 27ux dx OO) 
0 


We shail make no further use of the cosine and sine 
transforms except to note the useful fact that for even 
functions f(x) 


F(u)=F,(u) eG) 
and for odd functions f(x) 
F(u)=iF,(u) eNHOD) 


Thus the expressions (5) and (6) are often of help in 
evaluating Fourier transforms as defined by (1). 
If f(x) is a real function of x, it is clear that 


F(u)=F(-—u) CD 
and that the real part of F(u) is even and depends only 
on the even part of f(x), while the imaginary part of 
F(u) is odd and depends only on the odd part of f(x). 

The characteristic functions of the Fourier transform 
are those functions which are a constant multiple of 
their own Fourier transforms, i.e. %(u) is a charac- 
teristic function belonging to the characteristic value 
A if 


Y(u)=A | ui xe?" td x eas Os) 


There are infinitely many solutions to the integral 
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equation (8). A particular set of great importance are 
the Hermite functions ¢,(/27)x, which we have already 
indicated in equation 2.5.1 (10) to be characteristic 
functions of the operator T with characteristic values 
(i”). 

The fundamental mathematical operations as applied 
to Fourier transforms are listed in Table 2.5.3A, which 
is modelled on that given by Campbell and Foster; the 
notation of the tables in this section parallels theirs, 
f(x) corresponding to F(f) in their listing and F(u) to 
G(g). In using any tables of Fourier transforms care 
must be taken to observe the lack of full symmetry 
between the operations T and 7-1. Reference to the 
tables indicates that in some cases the symmetry is 
complete, while in others the relation Al4 (see Table 
2.5.3A) indicates the change which must be made in 
using a function which appears in the f(x) column as 
F(u) and vice versa. 

In addition to the basic formulae given in Table 
2.5.3A, the following results are of importance. These 
are all special cases of the important convolution 
formulae A8 and A9 given in Table 2.5.3A, and are 
related to Parseval’s equation 2.5.1(6). We have 


[fooeenax= [ FOGG et Ts 
( f(x)E(x)dx= | F(u)G(u)du 10) 

and in particular 
fircorae =[irera —...a0 


Note, however, that {f?(x)dx is not necessarily equal 
to {F?(u)du. 

In addition to the theoretical importance of the 
convolution formulae A8 and AQ, these results are of 
central practical importance in many phases of X-ray 
diffraction theory. Since these results are equally 
applicable both to Fourier series and to Fourier 
transforms, a separate section following those on 
Fourier series is devoted to their discussion (2.5.4.10, 


page 81). 


2.5.3.2. EVALUATION OF FOURIER TRANSFORMS 

It is beyond the scope of these tables to discuss the 
methods which are available for the evaluation of 
Fourier transforms. Such methods are discussed in 
detail in the references given in the bibliography. 

A brief table of Fourier transforms of special 
interest to crystallographers is given in Table 2.5.3B, 
and a list of the most important tabulations is 
appended. 

The Fourier transforms of three special types of func- 
tions are of particular importance in crystallography. 
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TABLE 2.5.3A 
Properties of Fourier Transforms 


f(x) 


l. f(~)= | FWwe-?27**du=T [F(u)] 


—o 


2, Cyfi)+CA@) C,F,(u)+ C,F,(u) 
3.1. f(ax) F(u/a)/a\ | - 
a is a positive real constant. 

3.2. f(x/a)/a F(au) | 

4... f(—x) F(—u) 

Sepeldejes | e3) F(u)+F(—u) 

6.1. f(x—Xp) ermiuxe F (1) 

Ola 60 ik) F(u—uo) 

Te f(x) F(¥u) 
8.1. f(x)g(x) [Fu—nG¢o)dn= [revcw—n)er 
182. [feneG—n)dn= [fo—ndetoder FWG(u) 
19.1. fOE~) [Ftw+n)Gendn= [FoyGen—wen 
19.2. [flrngendn= | seneer—vden FG) 

10.1. df/dx —27iuF(u) 
10.2. 2z7ixf(x) dF/du 

11. f(x, A/AA OF(u, A)/ Oa 

12. {r (x)dx —F(u)/27iu 

12.2. f(x)/2zix { F(u)du 

13. | f(x, AAA F(u, A)dr 

| | 
14. F(4x) S(¥u) 


+ The formulae given here are typical of the convolution formulae. A discussion of all the possible formulae of this type, derived 


F(u) 


F()= [rooetndx T1709] 


by successive application of A4 and A7, is given in 2.5.4.10 (page 81). 
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TABLE 2.5.3B 
Some Fourier Transforms 


f(x) 
dalease.. 73h 
‘1.2. 3(x—X9) 
2. bn v/(27)x} 
2.1. d(x) 


ioe) 


omse 2/Q2 1 3/92 
2.2 ada (,[erax=1) 


3. f(x)=a, |x|<b 
=0, |x|>b 

4. f(x)=a(1—|x/d)), |x| <b 
=0, |x|>5 

5. f(x)=a(1—3x?/b?), |x|<b/3 
=(3a/2)(1—2|x/b|+x?/b?), b/3<|x|<b 
=0, |x|>b 

6. f(x)=a[l1—6|x/b|?+6|x/b|*], |x|<b/2 
=2a(1—|x/b])*, b/2<|x|<b 
=0, |x|>b 

7. f(x)=a(1—x*/b%), |x|<b 
SOx 


8. f(x)=a[1—3(x/b)?+2|x/b|?], |x| <b 
=(0 |xi>b 


9. f(x)=a[l—6(x/b)?+8|x/b|8—3(x/b)4], |x| <b 
=0, |x|>b 


105) f(x) =0e77 "Ix <b 
=0, |x|>b 


10.1. f(x)=a cos 7x/2b, |x|<b 
=0 |x|>5 


11. 3 ae-l*l 


F(u) 
8(U— Up) 
e2miuxe 
i"h,{4/(27)u} Note A 
i", (27ru/«) Note a 
e77B*u* 
2ab sin 27ub/27ub Note B 
ab(sin mub/sub)? Note B 
(8ab/9)[sin (27ub/3)/(27ub/3)}? Note B 
(3ab/4)[sin (wub/2)/(mub/2)]4 Note B 


(4ab/3).3[sin 2nub—(2nub) cos 2nub]/(2nub)3 


Note B 
sin 7ub 3[sin wub—aub cos rub] 
ee Not 
caesar (rub)s oo 
(4ab/5).60[27ub(2+ cos 27ub)—3 sin 27ub]/(27ub)> 
Note B 
da sin 27b(ut1/A) 
7 (uA+ 1) 
Special cases (p integer): 
Aa sin 27ub 
1 
Xa sin 27ub 
a ND steers f 
i) 
Aa cos 27ub 


b=(4p+1)d/4; =— Gan) 


(4ab/7) cos 27ub/(1—16u?b?) 


(Qaox)oc?/(oc2-+ 4212) 


Note A. For the properties of ¢,(ax) see equations 2.5.1 (8)-(12). 
NoTE B. Fourier transforms of the types B 3-9 can be evaluated by the methods of 2.5.3.2(b). See examples 1-3 
of that section in connection with the transforms B 4, 7 and 6 respectively. 
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The Fourier transform of a periodic function is 
discussed in 2.5.4.2 (page 73). We now discuss the 
Fourier transforms of ‘‘atomic’”’ functions and of 
functions which can be specified in terms of their 
discontinuities. 


(a) Fourier Transforms of Atomic Functions 

By a single “atomic function” we mean a density 
distribution which has a single maximum and falls 
monotonically to a negligibly small value on either 
side of the maximum. Such an atomic distribution 
may or may not be symmetric. Consider now a 
function p(x) which is built up of a number of such 
atomic functions p,(x—a,) with their maxima or arbi- 
trarily specified origins at a;, 1.e. 

n 
p(x)=>'p(x—a) ee 
i=1 

The Fourier transform of such a distribution is then 
given by 


F(u)=> fue?7#2i SAS 
int 

where f,(u) is the Fourier transform of p(x). This 

result follows directly from AS and Aé6.1. 


(b) Fourier Transforms of Functions specified by their 
Discontinuities 


Consider a function f(x) which is zero outside a 
finite range,t and which is continuous with continuous 
derivatives except at a finite number of points «; at 
which the function and its derivatives may have dis- 
continuities. 


If ASO (x)= Lim (f (+6)—$ («-6)} 
a cela) 


is the discontinuity in the nth derivative f™ at «, it can 
be shown by integrating by parts that 


. (1) (, : 
F(u) =>- Af(a:) ermine 4 Af) (cc;) e2miua; 


2riu (27iu)? 
Af ®) («;) Qniua; Af®(«;) Qniue; 
————_ etninay, ee peming; = YS 
(Qriu)? ©" (Qmiu)* © ua 


Fourier transforms which can be written in the form 
(15) are clearly transforms of discontinuous functions, 
and thus (15) can be used to obtain the discontinuities 
of f(x) as indicated in the examples. 


EXAMPLE 1] 
Ix| <1 
|x|>1 


f(x)=1-|x| 
=0 


x=-1 Af®(-1)=1 


x=0 AfM(0) =-—2 No other discontinuities 
x=] Af@(l) =1 
1 sin 7u\ ? 
F(u)= —27iu_9 2miuy __ 
“) eae ia ( 7 
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EXAMPLE 2 
d 
flx)=1—x? |x]<1 aes 
2 
y 
=() |x|>1 ae D 
x=—1 AfM=2 Af®@)=—2 
x=1) “AfO=2 Af@)=2 
2 2 
Fi = y—2riu Qmiu) moni 2riu 
OCD «6 an 
4 
nee 27u—27u cos 27u] 


1 
Note that [a-xax=s and that 


=i 


ee Green 2ru—2ru'cos 27u]=1 
EXAMPLE 3. Consider F(u)=(sin zu/zu)* 
1 

~ (2ziu)! 

The discontinuities are clearly all in f®, and since F(u) 

is real, f(x) must have a centre of symmetry. There 


are clearly four segments in which f(x) will have dif- 
ferent forms, as follows: 


[e-47iu 4e-27iw 6— 4e2ming en) 


22<x<—) Bot Bixee eo 
—l1<x<0 Aot AyX+ Agx?+ A3x3 
We S| Ag—AyX+ Agx?— Ax? 
Lax<2 Bo— Byx+ Bx?— Bx? 


We know from the fact that f“=0 at all boundary 
points that coefficients of x* must be zero. It is then 
not difficult to show that the segments of f(x) are 


-2<x<-1  f(X)=40+x)? 

—1<x<0 =4[4—6x?—3x3] 
O<x<1 =4[4—6x?+3x3] 
lax<2 =}(2—x)8 


This function may of course be described more briefly 
as follows: 


f(x)=0 ee 
=4(2—|x))* eae 
=4(4-6x7+3|x/9) 1>|a| 


This function is the self-convolution of the triangular 
peak function whose Fourier transform is (sin zu/7u)?, 
which in its turn is the self-convolution of the step 
function whose Fourier transform is sin zu/zu. 


(c) Fourier Transforms of Empirical Functions 

Fourier transforms of empirical functions can be 
calculated by methods similar to those used for the 
Fourier analysis of empirical functions (2.5.4.5, page 


t This condition may be relaxed under special circumstances, 
but certain precautions must then be taken in applying the 
method (see [63]). 
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75). An alternative procedure consists in fitting the 
empirical function as well as possible in terms of the 
Hermite functions or other functions whose trans- 
forms are known. 


2.5.3.3. FKOOURIER TRANSFORMS IN TWO AND THREE 
DIMENSIONS 


The Fourier transform in three dimensions is ex- 
pressible in the form 


le) 
TO aXs) | [lF (UyUgug)e 2M F Maret Us) Ty dusdug 
=~ 00) 


ate lda@) 
and its inversion 


F(UjUgus) = Ilr (gra gje teat tear dx ax 3 
ape arias (OD) 


Such Fourier transforms may usually be evaluated by 
successive integrations with respect to the individual 
variables. The many-dimensional Fourier transform 
operation T forms a group of order 4 as in the one- 
dimensional case. 

Fourier sine and cosine transforms can also be 
defined in two or more dimensions, but they will not 
be discussed here. 

The mathematical properties of three-dimensional 
Fourier transforms are in every way analogous to 
those of the one-dimensional transforms, and every 
result of Table 2.5.3A can be generalized for three 
dimensions. In Table 2.5.3C some of the most impor- 
tant and less obvious generalizations of Table 2.5.3A 
are made explicitly. Others can easily be carried out 
by the reader. 

In our discussion of the Fourier transform we have 


set up our definitions in such a manner that the 
physical dimensions of f and of F shall be the same, 
that is to say we have chosen the co-ordinates xj, X9, X3, 
etC., U,, Up, U3, etc., to be dimensionless. Thus a dis- 
placement vector x is defined as 


x=) X,0; 
i 


where the base vectors a; have dimensions of length. 
Similarly the reciprocal vector u having the dimensions 
of reciprocal length is defined as 


u=>u,a;* 
i 


where the reciprocal base vectors a,* have dimensions 
of reciprocal length. 

In the physical problem of most interest to crystal- 
lographers the scattering in a direction s due to a plane 
parallel beam of wavelength A in the direction 5) is 
given by 


F(u)= | [ | pire *dy.=—V [ocnerateded, 


pee ia) 


osteih6a) 


.. (166) 


where u=(s—s,)/A, and dv, is an element of volume in x 
space. This latter is given by dv,=Vdx,dx,dx3, where 
V is the volume of an elementary cell of the triplet 
@,, 4), a;. Thus F(u) is the Fourier transform of Vp(x) 
and conversely 


p(x) -s | i [F (wer Pda | ( |F (Wea eX i, 
ag oars darcel EOD 


Note that the argument (u.x) of the kernels e+*7"* 
must always be dimensionless. 
If the triplet a; consists of orthogonal unit vectors, 


TABLE 2.5.3C 
Properties of Three-dimensional Transforms 
The numbering corresponds to that of Table 2.5.3A. For the other entries of Table 2.5.3A the generalizations 


are obvious. 


f(x) 


1. f(x)= fl [ F(u)e-*"™-*du,du,dug 


3.1.0 (ax) 

aes (XO) 
10.1. of(x)/ex; 
10.2. 27ix,f(x) 


F(u) 


F(u) ‘i | V(x ert dx .dx, 


F(ua-) 
F(aun) 
—2riu,;F(u) 
OF (u)/ Ou; 


Ja is any unitary matrix, i.e. |jaj=+1. 
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the Fourier transform can be expressed in cylindrical 
or in polar co-ordinates as follows: 


(a) Cylindrical Co-ordinates (see 2.4.3.4, page 53) 

If s, $, z are cylindrical co-ordinates in /-space 
referred to a given plane and -zero direction, and 
S,®,Z are corresponding co-ordinates in F-space, 
(15a) may be written 


© 27 0 
S(s, $, 2= | i | F(S,. ©, Z)e~ 27s 08 (@— 9) +221 Sg SdidZ 
. eer ts) 


with an obvious form for the inverse transform (15d). 
If f(s, $, z) is independent of ¢, (18) becomes 


0-a@ 


f(s, 2)=20 | t F(S, Z)Jo(2msS)e~2""2SdSdZ ... .(18a) 
0 —a@ 


with a similar expression for the inverse transform. 
In (18a) and (18d) below, J)(27sS) is the zero order 


Bessel function (see [1]). If f(s, ¢, z) depends only on 
s, (18) takes the form 

Yoe2s | F(S)Jy(QusS)SdS —....(188) 

0 
with an analogous inverse. Note that in this case the 
three-dimensional transform is given by 
F(S, ®, Z)=F(S)8(Z) 

where 6(Z) is the delta function. 


-. wel 18B") 


(b) Polar Co-ordinates (see 2.4.3.4, page 53) 

If r, 8, $ are polar co-ordinates in f-space referred 
to a given pole and zero meridian, and R, 0, ® are 
corresponding co-ordinates in F-space, then (15a) 
becomes 
f(r, 9, 4) 

o n 2a 
=| { fre 0, Dien tnenices 8 cos 8+ sin @sin 8 cos (®— ¢)] 
R* sin @dRdOd® ....(19) 


000 


TABLE 2.5.3D 
Some Three-dimensional Fourier Transforms 


Notation: s*=x,?/b,?+x,7/b3? 


r2=X1"/by?+X9"/by? + x37/b3" 


S?=u,7b,?+ Teal od 
R?=u,2b,2+ Up2b,?+ Ug*b,? 


let e@ 2m o.x 


1.2. 8(x—X) 
2. bm{V(27) x1} dnl V/(27) x2} bpfv/ (277) x3} 
2.1. Pm(O1X1) Pnl%2X2) Sp(O3X3) 


22: ae 
byb.bs 
3.1. f(x)=a, |x;|<b; 
=0, |x,|>5,; 


3.2. f(x)=a, |x;|<b, and s?<1 
=) le-D Or wsee | 


333, JAXHe r<l 
=0 Tol 
4. f(x)=a(1—-|r|) peal 
=0 rami 
3. f(x)=a(1—r?) p= 
=() r2>] 


5(u—up) 

e27iu.xo 

imtntPd {a/ (27) Uy} Palv/ (277) ua}  p{s/ (27) ug} 
imtn thd (Q7tty/01) bp(27Ug/a2) $p(27U3/«3) 


e~7R* 
sin 27u,b, sin 27u,b, sin 27u.b 
8 b b b hoes 22 3%3 
( 3 he 2) 27u,b, 27rUgb, 27ruzb, 
sin 27u,b, J,(27S) 
47€ab,050.) ——$—— 
Sabah aP alin eed a) 


4 3(sin 27R—27R cos 277R) 
(grt erga aa 


ma 12 : 
(FFosbebs jo pile cos 27R)—27R sin 27R] 


(8rabsbebal 5) > lL3~ On) aintoueR 
—3(27R) cos 27R} 
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with an obvious form for the inverse transform. If 
T(r, 9, $) is independent of ¢, (19) becomes 


SC, 6)= -2| fre O)J,(27rR sin 6 sin O)e~27irR cos 6 cos 8 


R? sin @dRdO . (19a) 


with an obvious inverse transformation from 1 (156). 
If f(r, 8, ¢) depends only on rs, then the transform 
becomes 


sin 27rR 


R2dR 
2nrR 


Ji) =4a [rw weeny) 
0 


with the obvious inverse transformation. 


2.5.3.4. EVALUATION OF THREE-DIMENSIONAL FOURIER 
TRANSFORMS 


The evaluation of Fourier transforms in two or three 
dimensions is usually carried out by successive evalua- 
tion of one-dimensional transforms. Fourier trans- 
forms for ‘‘atomic functions” have exactly the same 
properties as the one-dimensional transforms, and the 
details of the generalization need not be given here. 

No account seems to be available of a generalization 
of the method of discontinuities to several dimensions. 
However, von Laue (Ann. der Phys., 26, 55, 1936) made 
use of Gauss’s theorem to transform the volume 
Fourier integral into a surface integral for those cases 
in which the function f(x) is a constant within a closed 
surface and zero outside it. Reference must be made 
to the original paper for a discussion of this method. 

A detailed discussion of the relationship between 
three-, two- and one-dimensional transforms has been 
given by Waser and Schomaker [66] in a paper which 
includes a treatment of the relationship between in- 
tegral and series transforms and many applications of 
Fourier transform theory to diffraction problems. 

Some examples of three-dimensional Fourier trans- 
forms are given in Table 2.5.3D, and reference is made 
to further examples in [61], where some transforms are 
used as shape functions. See also Section 6.3 for some 
crystallographic applications of Fourier transforms. 


2.5.4. Fourier Series 
2.5.4.1. BASIC THEORY 


If f(x) is a periodic function of period unity, we write 
the Fourier series 


f(x)= > Flh)es2ath* . (la) 
h=—© 
with A integral; and the Fourier coefficients are 
1 
FUi)= [faerie . (1d) 
0 


The functions e?7'** in which h takes all positive and 
negative integral values form a complete orthonormal 
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set of functions for the periodically repeated range 
0<x<l. 

If in (1) we separate F(A) into its real and imaginary 
parts, i.e. 


F(h)=A(h)+iB(h) sere) 
and if f(x) is a real function 
A(h)=A(h) 
Aaa Sen (740) 


then the results (1) can be rewritten 


f(x)=A(0)+ 25 4(h) cos 2mhx+ 25 B(h) sin 2nhx 
h=1 h= 


bestoa) 
1 1 
with A0)= | fa: A= |f (x) cos 27hxdx 
oi 0 
B(i)=[f (x) sin 27hxdx Bei D) 


From the general theory of orthogonal functions we 
have a number of important results. Bessel’s formula 
pa a partial sum takes the ee 


jis SF et tax [sea Speer 
. (4) 


and the partial sum is the closest possible mean square 
approximation with the terms used. We also have 
Bessel’s inequality 


1 
& 
DIFaMles [ifc9|Pae (5) 
h=n ‘ 
The equality in (5) (Parseval’s equation) holds only 
for the complete set of Fourier coefficients. 

In Table 2.5.4A are listed the effects on the Fourier 
coefficients of the application of certain mathematical 
operations to f(x). Note the analogy between these 
results and those for Fourier transforms. Note too 
that there is even less reason to say that the relation 
between the periodic function and its coefficients is 
symmetrical than there is in the case of the more 
general function and its Fourier transform. 


2.5.4.2. FOURIER TRANSFORM OF A PERIODIC FUNCTION 
Consider the Fourier transform ._¥ (u) of 


fe)= > F(yet** 


h=—@ 


PLO) 
Since { | f(x)|#dx is infinite, we have first to consider the 


= 2.2} 


transform of the function f(x)e-™**". We now write 
[e) 


FH (u)= Lim [SFtthe-teitsereeetmiena (7) 
a—0 =—o 
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TABLE 2.5.4A 
Properties of Fourier Series 
Note. (a) f(x) is a real function. (b) The numbers correspond to those of Table 2.5.3A. 


f(x) 


1. f@=> Fijedt 


h=—o 
a CLA) oe Cf2(x) 
4. f(-x) 
5. fa f(—x) 
6.1. f(x—x,) 
8.1. f(xe(x) 
1 
8.2. | Anex—n)dy 
0 
1 
9.2. | fln)ecetn)dy 
0 
10.1. afldx 


F(h) 


1 
F(h)= { f(xjerrt*dx 
0 


CiF,(h)£ Cy Fa(h) 
F(-h) 
F(h)+F(-h) 
e2mihxe F( h) 


SF)Gh-b) 


k=—©@ 


F(A)G(A) 


F(A)G(h) 


—2nihF(h) 


Now the integral 


co 
Hu, a)= [eons dy 
— 2 
can be rewritten in the form 


eo 
—n(u—h)? eee _ i(u=h) x 1 —m(u—h)* 
Iu, «)=e = [e wlarts eae 2 at 
(04 


700) 


. (8) 
Now by 2.5.2 (2) (page 66): 
Lim I(u, «)=8(u—h) 
a—>0 
and (7) becomes 
F (u)= > F(A)3(u-h) ..(9) 


h=—o 
which is zero everywhere except at the whole numbered 
points u=h; and at each such point there is a delta 
function of weight F(h) (which may, of course, be 
complex). 


2.5.4.3. FOURIER SERIES FOR AN ARBITRARY PERIOD 


If the period of a Fourier series is not unity, but is 
a an arbitrary positive number, there are two pro- 
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cedures which may be adopted. If we let x be a 
fraction of the vector period a, such that a vector 
distance r along the axis is given by 


r=xXa 


* GB) 


the Fourier series will retain the form (la) and the 
coefficients the form (1b). In the case of the Fourier 
transform F | (u), the vector wis given by 2.5.3 (17) 
in the form 

~ecdh 


in which a.a*=1. That is to say, the delta function of 
weight F(h) will be located at the points ha* (i.e. h/a). 

In the second approach the distance r along the axis 
is used directly as a variable and the Fourier series 
(1a) takes the form 


u=ua* 


f(r)=> Feit meni: 
h=— 0 
while the Fourier coefficients are of the form 
1 a 
FUi)=_ [finer idr Be G4) 
0 


In this case the Fourier transform with respect to r 
as a variable will be a set of delta functions at u=h/a. 
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The first approach is the most usual in crystallo- 
graphy and is in general to be recommended. The 
second approach is of importance when the period 
must be kept in mind. 


2.5.4.4. CALCULATION OF FOURIER COEFFICIENTS 
(a) Fourier Series for the Periodic Repetition of an 
Arbitrary Function 

Let ¢)(x) be an arbitrary function with Fourier 
transform ®,(u), the variables x and u being scaled in 
terms of unit vectors reciprocal to one another. Now 
consider the periodic function 


$x) =S dy(x—na)=S ®(fjer Piha . (13a) 
Then ae pi 
tf > $o(x—na)e2nits! ede = [dy xdetrioied 
=+@,(h/a) . .(13) 
a 


and the Fourier coefficients are simply the sampling of 
the Fourier transform at the points u=h/a with the 
appropriate scale factor 1/a. Note that there is no 
restriction as to the non-zero range of ¢,(x) in this 
result: it may be entirely confined to the period or 
extend over the infinite range. 

The way in which this result is to be applied to the 
calculation of the Fourier coefficients of a set of atomic 
functions, i.e. of a set of structure factors, is discussed 
more clearly in terms of the three-dimensional series 
in 2.5.4.9 (page 80). 


(6b) The Fourier Series of a Function determined by its 
Discontinuities 
The result for the Fourier series of period unity is 


identical with that for the Fourier transform as given 
i110 215.3: (19): 


F(h)= Dio, aoe e2tiha; pe ONG) 3 Qniha; 


(Qnihy? 
Af (Hi) comina; AL (a2) aie, 
el ae ry a onl4) 


except that the co-ordinates of the discontinuities can 
now be limited to the range 0<a,;<1, and / is integral. 


(c) Tabulations of Fourier Coefficients for Various 
Functions 

Table 2.5.4B gives a brief list of the Fourier coeffi- 
cients for a few functions which may be of importance 
in crystal structure calculations. This list may be 
amplified by the use of (13) and Table 2.5.3B or any 
other table of Fourier transforms. Tables of Fourier 
series coefficients are also available in [63]. 
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2.5.4.5. NUMERICAL CALCULATIONS FOR FOURIER 
SERIES 
(a) Summation at N Equidistant Points 

The Fourier series f(x) of period a is to be summed 
at the N equidistant points ra/N, where N is an integer 
assumed to be divisible by 4.+ The Fourier series then 
takes the form 


f(ra|N) = F(aye-2imhs 
h=— 0 


=c,(ral[N)+c,(ra/N)+s,(ra/N)+s,(ra/N) 
wer) 


| 
| 
| ... (16) 
| 


J 
In these sums the coefficients C(h) and S(h) are 
related to the Fourier coefficients F(h)=A(h)+iB(A) by 
the expressions 


The four sums are 
N/4 
ce(raJN)= > C(2p) cos 2n2pr/N 
=) 
Ni4—1 
c(ralN) = > C(2p+1) cos 2n(2p+1)r/N 
p=0 
N/4—-1 


s(ra]N)= > S(2p) sin 2x2pr]N 
p=1 


N/4-1 


s(ra/N)=> S(2p+1) sin 2n(2p+1)r/N 
p=0 


ci=S [A (sN+h)+A(sN—hA)] 


s(t)=> [BGN+N)—B(N-1)] 
ae eral 
C(0)=> A(sN) 


(5) =D Al2s+)N12 | 


If, as is usually the case, the Fourier coefficients F(A) 
are negligibly small for h>N/2 and f(x) is real, the 
expressions (17) take the simpler forms: 
C(A)=24(h); CO)=AO); C(N/2)=2A(N/2); 
S(h)=2B(h) *(13) 

Note that the sine coefficients B(sN/2) make no con- 
tribution to the series at the points ra/N. 

It is only necessary to calculate the sums (16) for 
the range 0<r<WN/4, since we have 


Ff (ra/N)=c,+C,+5.4+5, 


| (F-r)anv | =C,—Cy—Se+So 
f(a) 


ba 17 anVi=c,-c,—S,—S, 


(19) 


Ce—Cot-Se—So 


+ This assumption is required by the usual strip methods of 
Fourier summation. For schemes using other values of N see 
[42]. 
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The principles indicated here are directly applicable to 
the summation of two- and three-dimensional series. 
For details see 2.5.4.7. 


(6) Calculation of Coefficients for a Periodic Function 
known at N Points 
If the function f(x) of period a is known at the N 
equidistant points x=ra/N, the coefficients C(h) and 
S(hA) defined by (17) and (18) can be directly calculated 
from the relations 
NC(h)=C,(h)+C,(A) 
NS(A)=S(h)+S,(h) 
The four sums are analogous to (16) and are 
} 


<nem(ey) 


N/4 
C.(h)= > ¢(2q) cos 222gh/N 
=0 

— 1 


C,(h) => c(2g+ 1) cos 27(2g+1)h/N 
q=0 


N/4-1 


S.(h)= > s(2q) sin 2n2gh/N 
q=1 


N/4-—1 
S.(h) => 5(2q+1) sin 2(2q+1)h/N 


q=0 


ae OO 


In these sums the coefficients c(r) and s(r) are given by 
ye fea oa 
s(r)=f(ra/N)—f(—ra]/N) 

Again we need only calculate the sums (21) for the 

range 0<h<WN/4, since we have 


gi lZe) 


NC|==h| Sanyo 
a h) C(h)—C,(h) 
ai i “1 =-S(H+S, ae 


Equations (18) tell us that C(A) and S(h) determine the 
Fourier coefficients for 0<h<N/2 (with the exception 
of B(N/2)) if the coefficients outside this range are 
negligible. Otherwise equations (17) establish relation- 
ships between the Fourier coefficients (other than 
B(sN/2)) through the quantities C(h) and S(h). 


2.5.4.6. FOURIER SERIES IN TWO DIMENSIONS 
The function 


ues Y=SY Fhe teitbsten ....(24a) 
h,k=—o 


is the most general form for the Fourier series in two 
dimensions. Here 


1 
F¢hk)= | [fe plertiti=tky)dydy ....(24b) 
0 


The Fourier coefficients are in general complex and 
may be written 


F(hk)=A(hk)+iB(hk) eS) 
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If f(x, y) is real we have 
F(hk)=F (hk) Bree ew) 
A(hk)=A(hk); and B(hk)=—B(hk) ....(27) 
The series (24a) can be written in the form 
Ie y)= 
>> [AK cos 2x(hx+ky)+ B(hk) sin 2n(hx-+ky)] 
h,k=— © 
oe Gehze) 


In almost all cases two-dimensional Fourier series 
are handled in terms of the component one-dimen- 
sional series. The application of Fourier transforms 
to the determination of the coefficients of a many- 
dimensional series will be illustrated in 2.5.4.9 (page 
80) in terms of the three-dimensional series. 


i.e. 


2.5.4.7. EXPANSION OF TWO-DIMENSIONAL SERIES IN 
TERMS OF ONE-DIMENSIONAL SERIES 

Following the suggestion of Beevers and Lipson, 
the series (28) can be further expanded as follows: 


Ie: y)=>. >. CC(hk) cos 27hx cos 2aky+ 
hik=0 
>>, SS(hk) sin 2ahx sin 2wky+ 
het 


> >.CS(hk) cos 2ahx sin 2xky+ 
h=0k=1 


>> SC(hk) sin 2zhx cos 2aky 
h=1k=0 
In this series the summations have been changed from 
the doubly infinite range to the singly infinite range, 
and the multiplicities are taken care of by the following 
expressions: 
CC(hk)=+ A(hk)+ Ahk) + A(hk) + A(hk) 
=2[+ A(hk) + A(hk)] 
SS(hk)=—A(hk)— Ahk) 4- A(hk) + A(hk) 
=2[—A(hk)+A(hk)] 
CS(hk)=+ B(hk)— B(hk) + B(hk)—Bhk) 


yarc(24) 


=2[+ B(hk)+ B(hk)] 
SC(hk)=+ B(hk)— B(hk) — B(hk) + B(hk) 
=2[+ B(hk)+B(hk)] 
CC(0k)=2A(0k) — CC(h0)=2.A(h0) 
SS(0k)=0 SS(h0)=0 
CS(0k)=2B(0k) CS(h0)=0 
SC(0k)=0 SC(h0)=2B(h0) 


CC(00)=A(00) SS(00)=CS(00)=SC(00)=0 


re 8) 


If the practice of separating odd and even terms is 
followed, each of the four sums of (29) will lead to 
four separate sums of different parity which are then 
combined with different signs to give function values 
for the sixteen cell ‘“‘quadrants” by rules which derive 
from (19). It is usual, however, to do the expansion 


2.5. FOURIER THEORY 


in two parts. If, for example, summation with respect 
to his carried out first, we shall have 


f(x, y)=>. C(x, k) cos 2aky+ > S(x, k) sin 2aky 
k=0 k=1 
pee) 


in which 


C(x, k)= > CC(hk) cos 2ahx+ > SC(hk) sin 2whx 
h=0 h=1 


=c,C(x, k)+c,C(x, k)+s,.C(x, k)+s,C(x, k) 
(32a) 
and 
S(x, k)=>'SS(hk) sin 2hx+- > CS(hk) cos 2nhx 
h=1 h=0 


=5,S(x, k)+s,S(x, k)+c,S(x, k)+c,S(x, k) 
bee (320) 


The expansion in range of x is then carried out by rules 
analogous to (19) before the summation (31) with 
respect to k is carried out. The rules for expansion are 


C(x,k) =c,C+c,C+s,C+s5,C 
C(4—x, k)=c,C—c,C—s,C+s,C 


C(4+x, k)=c,C—c,C+s,C—s,C | °"" (33a) 
C(1—x, k)=c,C+c,C—s,C—s,C 
and also 
S(x,k)  =c,S+c,S+s,S+5S 
EES = = Se. 
S(4—x, k)=c,S—c,S—s,S+5S _...(3b) 


S(44+x, k)=c,S—c,S+s,S—s,S 
S(1—x, k)=c,S+c,S—s,S—s,S 


After the summation (31) over k is completed, the 
expansion over the necessary range of y values is 
completed by an identical procedure. 


2.5.4.8. SYMMETRY OF THE BEEVERS-LIPSON 
EXPANSION 

There are in all sixteen different summations in- 
» volved in the complete expansion of a two-dimensional 
series outlined in 2.5.4.7, and it is only in the case of 
symmetry pl that all these terms are required. The 
sum CC(ee) possesses all possible centres, planes, and 
glide planes which can occur in any possible setting 
of any plane group of the plane point groups 1, 2, m, 
2mm. In addition this sum possesses all the possible 
half-translations (i.e. 30, 04, 44). The sum CC(ee) 
occurs in all Fourier series. In each of the other fifteen 
sums, half of the symmetry elements are replaced by 
antisymmetry elements (cf. Cochran, Acta, 5, 630, 
1952), and the combination of one such term with 
CC(ee) will remove those elements from CC(ee) which 
correspond to the antisymmetry elements in the added 
term. Table 2.5.4C lists the symmetry and antisym- 
metry elements of each of the sixteen types of terms in 
the Beevers-Lipson summation. The application of 
this permits a rapid decision as te the terms which will 
appear in the summation for any given plane group, in 


79 


that no term can appear which possesses an antisym- 
metry element to correspond to a symmetry element in 
the plane group of the summation. The process of 
elimination is best illustrated by examples. 


EXAMPLE 1 
Plane group p2mg with axes at +4. The symmetry 


elements are then: 2 at +4; m in Ov; g in u}. The 


elimination is then indicated by the square array 
CGY eGSs 


SC SS 


Remaining terms: CC(ee)}(00); CS(eo)(0e). 


EXAMPLE 2 


Plane group clml. The symmetry elements are: 
c; min Oy; g in 47; and the elimination table reads 


Remaining terms: CC(ee)(00); CS(ee)(00). 

It should be noticed that there is no inherent advan- 
tage to the location of the twofold axis at the origin 
in computing a two-dimensional series. The presence 
of the axis decides the number of terms which have to 
be computed whether or not the axis is at the origin. 

Symmetry operations of the plane group other than 
those listed in Table 2.5.4C do not affect the number 
of terms in the summation, but they may reduce the 
area of the region for which the function need be 
calculated as do the operations of Table 2.5.4C. In 
such plane groups one can only make use of ‘the 
symmetry of the classes 2, mand 2mm. This process is 
illustrated by an example. 


EXAMPLE 3 

Plane group p6mm referred to hexagonal axes with 
6 at 00. If the Fourier series in this plane group is 
calculated in terms of the hexagonal axes, the only 
effective symmetry element will be the 2 axis at 00 and 
the series will contain all the terms CC and all the 
terms SS. Calculation of one quarter-cell will not 
exhibit the full asymmetric unit of p6mm. However, 
calculation of the half-cell, which is logical for p2, will 
exhibit the asymmetric unit of p6mm six times. 
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TABLE 2.5.4C 
Symmetry and Antisymmetry Properties of Beevers-Lipson Summation 


+ indicates symmetry element 
— indicates antisymmetry element 


Translations Axes 
1 Z 

00 40 OF 44 00 40 0} 

CC ee + + + + + + + 
eo ale? Sl arate a mth ote ee 

oe 5 A ea at 

00 ee fees os seo 
CS ee vee up) oh =e os 
eo OE ed =) 

oe oe i a eae 

00 a eager <a emalaneer: 
SC ee er oe ae wo pees 
eo ails et a la: a er ats 

oe re = a8 

00 Ape ee ae ve ea 

SS ee pet ng ea re Ben See eam 
eo ES GOR Wise GU Sy Mass 

oe ee pee er 

00 a ols <i seaties FES ice Kn 


Mirror Planes Glide Planes 
m g& 

+4 Ov 4v uO ut} Ov tv uO ut 
” + + + 4+ + + + 

— + + + = —- -— + 

— + -— + + + - = = 
~ + -— + = - + -— + 
- + + -— = + + -— = 
= + + -— + - - = + 
- + -— = = + — + 4+ 
- + -— = + - + + - 
- - -— + + - -— + 

+ - - + = + + + - 
~ —- + + + - + - = 
- —- + 4+ - + -— = + 
a a ae pan cis = = ae 
- - - = + + + -— + 
— - + - = —- + + + 
+ - + - 4+ + -— + = 


If the group p6mm is referred to the orthohexagonal 
axes A=a,+4,, B=a,—a,, the applicable plane group 
will be c2mm, for which the elimination table reads 


There will be two terms to sum, and if the series is 
summed for one-eighth of the cell, as is usual for 
c2mm, three asymmetric units of the p6mm will be 
obtained. However, in this case the lattices for the 
three sub-units will not necessarily coincide with re- 
spect to the orthohexagonal cell. However, if data are 
combined from the three representations of the 
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hexagonal asymmetric unit, values can be obtained on 
some points of a mesh finer than that originally 
computed. 

M. J. Buerger (Am. Min., 34, 771-88, 1949) has 
suggested a different approach to the computation of 
plane groups having 3, 4 and 6 axes. He suggests 
making an asymmetric or centrosymmetric computa- 
tion for the whole or half-cell, using only the ‘“asym- 
metric unit” of the data in reciprocal space. He then 
develops the full symmetry by appropriate recombina- 
tion procedures. Further details must be obtained 
from the original paper. 


2.5.4.9. FOURIER SERIES IN THREE DIMENSIONS 


The most general Fourier series in three dimensions 
is of the form 


I(x y; D=S SD Fike mie ean ode) 
k 


h,k,l= — 


in which 


1 
F(h, k, p=|f | I(x, y, zjermthy+ Ddxdydz ....(34b) 
6 
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The Fourier coefficients are in general complex and 
may be written 


F(hkl)= A(hkl)+iB(hkl) sy) 
If f(x, y, Z) is real, we have 
F(hkl)=F(hki) part (a0) 


i.e. A(h, k, 1)=A(h, k, 1) and Bihkl)=—B(h, k, 1) 
ceo) 
The series (34a) can be written in the form 
f(x,y, 2=> > >{A(A, k, I) cos 2n(hx+ky+lz) 
h,k,l=— © 
+ Bchkl) sin 2x(hx+ky+lz)} ....(38) 


In general the Fourier coefficients can be evaluated by 
generalization of one-dimensional methods. For the 
expansion of a three-dimensional summation in terms 
of one-dimensional summations see Section 6.5.1. 
Unfortunately the method of discontinuities has not 
yet been generalized for the three-dimensional case (see 
2.5.4.4(b), page 75). The result of 2.5.4.4(a) can, how- 
ever, be directly generalized to two or three dimensions 
as follows: 

Consider the triplet a,, a, a, and its reciprocal 
triplet a,*, a,*, a,*. Let 4,(x) be an arbitrary function 
of x=x,a,+ x,a,+x,a, and ®, (u) be the transform of 
f(x), Where u=u,a,* +u,a,* +u,a,* (2.5.3.3 (page 71)). 
Now define the vector n=n,a,+-n,a,+n343, where the 


n, are integers, positive, negative or zero. Then 
consider 
B= DDD doe) 
LSS O(h, hahgye— 27a hexet hx) || (39) 


hj=— © 


It then follows thatt 


" 
P(hyhoh,) = > | i b(x)erdx,dxydx, 


1 “7 j bo(x)errih “dx ydxydx,=7 FH) 
. .(40) 


in which h=h,a,*+h,a,*+h,a,*. The Fourier coeffi- 
cients are thus given directly by sampling the transform 
®,(u) of ,(x) at the whole-numbered points u;=h;. 
A particularly important case arises in which 4, is 
a function only of the radius r=|x| given by |x|?= 
ZX(a,a;)x;x;. In this case P(h,hyh3)=O(h)=G(|h|) and 


|h|?=22h,h,(a;*a;*). We then have by 2.5.3.3 (198): 
(hI) = Ff ped... AD 


in which V is the unit oi volume of the triplet a;. 
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2.5.4.10. PROPERTIES OF CONVOLUTIONS 


The eight formulae represented by entries 8.1, 8.2, 
9.1, 9.2 of Table 2.5.3A are referred to as convolu- 
tions of the functions f(x) and g(x) with one another 
or of F(u) and G(u) with one another. The German 
word Faltung and its English equivalents ‘‘fold’’ or 
“folding” have also been used as synonyms for 
“convolution.” 

If it is assumed that f(x) and g(x) are complex func- 
tions of the real variable x, which may be assumed to 
be a real variable vector in one or more dimensions, 
there are sixty-four convolution formulae which may 
be derived from formulae 8.1 and 9.1 of Table 2.5.3A 
by successive application of formulae 4 and 7 of that 
table. Table 2.5.4D lists the sixteen essentially dif- 
ferent transforms which can be obtained from such 
formulae together with two possible forms for the 
integrand of the convolution. Two additional forms 
can be obtained by changing the sign of the running 
variable 7 in the integrands tabulated. The column 
headed ‘“‘Reduced Form” will be referred to below. 
The corresponding convolutions in transform space 
are identical in form with those in the base space and 
are readily obtained from the table as indicated in the 
notes to the table. Any entry in the table can be 
readily verified as follows. One of the integrands of 
the first entry of the second block of the table gives 
rise to 


[f(x +) &(n)dn= J [Fue 272+ $(m)dudn 
= fF(we 2miux fe(nje— 2niun dn du = fF(u) G(u)e- 2miux Jy 


which verifies the entry in the table. 

In dealing with real functions f and g it should be 
remembered that F(a#)=F(u). There are then only 
sixteen forms for the convolution instead of sixty-four. 

In many of the applications in X-ray crystallography 
the two functions f and g are equal. In such auto- 
convolutions there are clearly ten different transforms, 
which are listed in Table 2.5.4E. This table is also 
grouped to indicate the three different forms which are 
assumed by the auto-convolutions of real functions. 

The column of Table 2.5.4D headed ‘Reduced 
Form” indicates that all sixteen types of convolution 
can be interpreted in the same way as a correlation 
between the weights of the two functions at points 
separated by a distance x. In Figure 2.5.4 two identical 
infinitesimals dy (length, area or volume) are located at 
(n+4x) and (j—4x). The convolution then measures 
the product of the weights of two functions at the two 
infinitesimals multiplied by the common infinitesimal 
and summed over all values of 7. Both functions are 
referred to the same origin, but for a given convolution 
the function referred to that origin and a particular 
infinitesimal may be the function itself or its inverse 


+t Note that we have varied the technique from that of 
2.5.4.4(a) (page 75) by defining ¢)(x) and %,(u) in terms of 
the system a, and a,* instead of in terms of a unit system as 
before. Both procedures are equally valid. 
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TABLE 2.5.4D 


Forms for the Convolution Formulae 


Note 1. The first entry corresponds to 
JF(u)G(uje~?7"*du= [f (n)g(x—n)dn= [f(x—n)g(n)dn 


= [f(—n)g(x+n)dn = [f(x+n)g(—n) dn 
The third and fourth convolutions are obtained from those given in the table by changing the sign of 7. 


Note 2. An overrule indicates a negative quantity. 


NoTE 3. Convolutions in transform space are obtained by interchanging the variables x and u and interchanging 


capital and small letters. 


Transforms 


F(u)G(u) 
F(u)G(u) 
F(U)G(u) 
F(u)G(u) 


F(u)G(u) 
F(u)G(u) 
F@G(u) 
F@)G(u) 


Convolution Integrands 


F(n)g(x—n) 
f(n)g(x—n) 
S(n)g(x—n) 
F(n)g(x—=) 


f(n)&(x=7) 
S(g(x—n) 
S(n)&(x—n) 
f(n)&(x—n) 


S(x—n)g(n) 
f(x—n)g(n) 
f(x=n)g(n) 
f(x=n)g(n) 


f(x—n)&(n) 
f(x—n)£(n) 
S(x—n)&(n) 
Sf (x=) &(n) 


Reduced Form 


F(n+3x)8(n—3x) 
S(n+4x)8(n—-3x) 
S(n—3x)8( +3) 
S(n+3x)8(n-3x) 


S(n+3x)8(n—-3x) 
F(n+4x)8( 7-4) 
F(n+4x)8(n—4x) 
S(n-3x)8(+ 3x) 


F(u)G(u), etc. Interchange f and g in preceding block 


F(u)G(u) F()&(x—n) F(x=n)&(n) F(n+3x)8(-4x) 
F(u)G(a) F(n)&(x—n) F(x=n)&(n) F(n—3x) (+42) 
F(@)Gu) F(n)&(x=n) F(x-1)&(™) F(n+4x)&(n—4x) 
F(a)G(a) F()B(x—n) F(x—n)&(n) F(n+4x)8(q—4x) 


Note. The entries in each block reduce to the same form for real functions, in which case the first two blocks 
are inverses of one another. 


Transform 


F*(u) 
F(u)F (a) 
F(a) 


F*(u) 
F(a) F(u) 
F*(u) 


|F(u)|? 
F(u)F(i) 
F(u)F(a) 
|F(a)|? 


S(n)f(x—n) 
f(n)f(x—n) 
F(n)f(x—n) 


Sn) f&e—n) 
Si f(x—n) 
Fafx—n) 


f(n)f(x=n) 
f(n)f(%=n) 
F(a) f(x—n) 
f(n)f(x—n) 


TABLE 2.5.4E 


Forms for Auto-convolutions 


Convolution Integrands 


fn) f(x+n) 
f(m)f(x+n) 
Fn) f(x+n) 


Sa) f+) 
Sinfx+n) 
Fn fx+n) 


Sf@+n) 
f(m)f(x+n) 
F(n)f(x+n) 
f(n)f(x+n) 
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S(x—n) fn) 


S(x—af@) 


f(x—n) fn) 
S(x—n) f(a) 
fFa—nf) 
S(x+fn) 


S(x+n)f@) 


SS 


S(x+n)f(n) 


Oo leo, [LC EK | | 


S(x+f(n) 
f(x+n)f(a) 
F+mfa) 
S(x—nf@) 
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in the origin or its conjugate complex. It must be 
emphasized that this geometrical interpretation is only 
one of many possible. Still more generalized types of 
convolution may be set up (Patterson [58]) in which 
the correlation expressed by Fig. 2.5.4 is carried out 
between a function and those related to it by any of 
the crystallographic symmetry operations. 

In discussion of Fourier transforms all convolution 
integrals are doubly infinite, while for periodic func- 
tions the integrals are usually taken over a single cell. 

The most important applications of the convolution 
formulae to crystallography depend on the properties 
of ‘‘atomic functions” (2.5.3.2 (a), page 70). 


Fig. 2.5.4 


Assume that f(x), g(x) are of the form 
M N 

f(x)=> fdx—a;) and g(x)=>g(x—b,) ....(42) 
I I 


Then, by 2.5.3.2 (13) (p. 70), the transforms F(u) and 
G(u) are given by 
M 


F(u) => F,(u)e2"4i = and G(u) =SG4u) e2miub; 
es 


in which the functions F;,(u) are the transforms of the 
individual functions f,(x), etc. For such functions the 
convolutions can be written as the various possible 
products of the two functions (43) and their conjugates 
and inverses. Table 2.5.4F lists the expressions cor- 
responding to the first four entries of Table 2.5.4D. 
The products corresponding to the remaining twelve 
entries of Table 2.5.4D can be written down by inspec- 
tion. From Table 2.5.4F we can make the following 
statement. The convolution of two functions f and g 
which are the sum of M and WN atomic functions 
respectively will consist of MN atomic functions 
located at origins whose co-ordinates will be sums or 
differences of the co-ordinates of the origins in the 
original functions. The convolution atomic functions 
will be convolutions pairwise of the original atomic 
functions. 

In addition to the application of the convolution in 
the calculation of vector maps (Section 6.1, page 318) 
it has also proved of importance in the calculation of 
molecular transforms and in the calculation of diffrac- 
tion from small crystal particles (Section 6.3, page 322). 


TABLE 2.5.4F 
Convolutions of ‘‘Atomic Functions’’ 


M N 
Typical Case: F(u)Gu)=> > Fi(w)G,(we2nnai+ 4p 


i=l j=1 


The table lists transforms of convolution atomic 
functions (e.g. F,(u)G,(u)) and locations of the cor- 
responding convolution atomic functions (e.g. a;+5;). 


Transforms of Location of 
Convolution Convolution 
Atomic Functions | Atomic Functions 


Transforms 


F(u)G(u) F,(u)G,(u) a;+b; 
F(u)G(a) F,(u)G,(a) a;—b; 
F(a)G(u) F,(a)G,(u) —a;+b; 
F(u)G(u) F,(a)G;(@) =ay—D; 


2.6. Statistics 
By D. W. J. CRUICKSHANK 


2.6.1. Introduction 
2.6.1.1. GENERAL INTRODUCTION 


The assessment of the accuracy of a measurement 
or of quantities derived from measurements is a 
cardinal problem in every experimental science. No 
measurement is of any value unless one has at least 
some idea of its accuracy. 

A single measurement of the magnitude of a quantity 
differs by errors from its unknown true value A. The 
fundamental supposition usually made about the 
errors is that, for a given experimental procedure, the 
possible results of an experiment define the probability 
distribution of a random variable €. If, for instance, 
the random variable has a continuous range of values 
x, it is supposed that there is a probability density 
function f(x) such that f(x)dx is the probability of a 
single measurement lying in the range (x, x+dx). Both 
the true value A and the probability density f(x) are 
unknown. The problem of assessing the accuracy of a 
measurement is thus the double problem of estimating 
}(x) and of assuming a relation between f(x) and A. 

For many purposes the crudest of estimates of 
(x) may suffice—a mere glance at a measuring scale 
may be adequate to determine limits of error—but for 
work of precision more formal methods are needed. 
Fortunately the theory of probability shows that it is 
often unnecessary to estimate the complete form of 
f(x). It is commonly sufficient to estimate only the 
mean and the variance of the distribution. These 
estimates can be made in a straightforward manner 
from the results of a series of experiments. 

The problem of what relation to assume between 
J (x) and the true value A is a more subtle one, involving 
particularly the question of systematic errors. The 
usual procedure, after correction for known systematic 
errors, is to suppose that some typical value of f(x), 
ordinarily the mean, is the value of A. No repetition of 
an experiment will ever reveal the systematic errors, so 
that statistical estimates of accuracy take into account 
only the random errors. Empirically, systematic errors 
can be detected only by remeasuring the quantity with 
a different technique. 

In the preceding remarks the concepts of probability 
have been applied to the errors of measurements. This 
kind of application is frequently needed in the physical 
sciences. The situation in the biological sciences is 
rather different: here the errors in the measurements 
themselves are often negligible and the concepts of 
probability are applied to samples from populations 
of plants and animals, each individual in the popula- 
tion being regarded as giving a measure of the property 
of interest. In these applications the concept of a 
unique true value of a quantity has no place; the usual 
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conception is that of an ideal infinite population such 
that f(x)dx is the probability of a member of the 
population having the property with a value in the 
range (x, x+dx). Similar conceptions occur in the 
basic applications of probability in quantum mechanics. 

For definiteness the applications of the theory of 
probability in the following sections are described in 
terms of the assessment of the accuracy of measure- 
ments, but the methods are often applicable in popula- 
tion problems. 

In the hope that it will ease the task of any reader 
who wishes to study a point in more detail, an attempt 
has been made to follow, in a general way, the style of 
one of the standard texts. Accordingly the definitions, 
notation and sequence of the mathematical matter in 
these sections are rather similar to those used by 
Crameér in The Elements of Probability Theory [67] and 
Mathematical Methods of Statistics [68]. No blame is, 
of course, to be attached to Cramér for any mistakes 
made here; in any case the present treatment differs 
from his in a number of important respects. 


2.6.1.2. FUNDAMENTAL RULES FOR COMBINING 
PROBABILITIES 


(a) The probability that one of several mutually ex- 
clusive events will happen is the sum of the separate 
probabilities. 


(b) The probability of the combined occurrence of two 
events, S and 7, is the product of the probability of 
S and of the (conditional) probability of T on the 
assumption that S has happened; or alternatively 
it is the product of the probability of T and of the 
(conditional) probability of S on the assumption 
that T has happened. 


Hence, if the events are independent, the probability 
of the combined occurrence is the product of the 
probabilities of the separate events. 


2.6.2. One-dimensional Probability Distributions 
2.6.2.1. DISCRETE AND CONTINUOUS DISTRIBUTIONS 


The two simple types of one-dimensional probability 
distribution are the discrete, in which the random 
variable € takes only certain discrete values, and the 
continuous, in which both the range and the probability 
distribution of the random variable are continuous 
(though the range may be bounded). 

For a discrete probability distribution let p; be the 
probability that € will take the value x;. The normali- 
zation condition is 

dpa s-4f) 


where the summation is over all possible values of i. 


2.6. STATISTICS 


For a continuous probability distribution let f(x)dx 
be the probability that € will take a value between x 
and x+dx. The normalization condition is 


b 
[revar=1 aed) 
where a and b are the limiting values of €. By defining 
f(x)=0 outside the range a<x<b, this may alter- 
natively be written 


[revert am» 642d) 
The mean value, or the expected value, of a function 
g(&) of the random variable € is defined as 


ee) 


Ele ®}= Dados or faa soodx 


—1¢8) 


aA(e) 


for discrete and continuous distributions respectively. 
In particular, the mean m of a distribution is 


ice) 


m=E()=> x; DP; or | xf (x)dx ..(4) 
Also, if a and 6 are constant: a 
E(aé+b)=aE(é)+b Mere Cd) 
further, since E(€)=m: 
E(é—m)=0 ie aed) 


Theorem. If € and y are random variables, whether 
independent or not: 


E(E+n)=E()+E() . (6) 
If € and 7 are independent random 


me) 


Theorem. 
variables: 


E(&n)=E(£)E(n) 


2.6.2.2. MOMENTS 


If 7 is a non-negative integer, the moment of order r 
of the random variable € is 


ioe) 


a, =E(E")= > x/D; or [xreoar 
: — 00) 
a% = 1 is a consequence of the normalization condition, 
while «,=m, the mean. 
The central moments are the moments about the 
mean m and are 


-..(8) 


mesE(E—m}=Dlxi-m)'ps or [(x—my foo 
—"c 9) 


The relations between the moments about the origin 
and the central moments are 

Mo=tg=15 by=0; pe=a,—m? 
and generally 


r r 2 
Pp = hyp A Me, -4+ 7 m Ly —9— eens 


WS 7100) 


... (0b) 
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2.6.2.3. MEASURES OF LOCATION 
The three most important measures of a typical 
property of a distribution are the mean, the median and 
the mode, of which the mean has already been defined. 
The median of a continuous distribution is the value 
X, such that 


[rovara= [reas = da) 


For a discrete distribution let the possible values x; 
of € be arranged in ascending order. Then, if x; is a 
value such that 


jn 
> pix<t 
= 


x; is the median of the discrete distribution. If, how- 
ever, 


i=j 
and > p;>4 PencliD) 


i=] 


... (1 1c) 


the median is any value between x; and x;,,. 

The modes of a distribution are those values of x at 
which f(x) or p; have maxima. If there is only one 
mode, the distribution is unimodal. 


2.6.2.4. MEASURES OF DISPERSION 

The second moment about the origin «, is sometimes 
called the mean square deviation, and its square root 
the root mean square deviation. 

The second order central moment p, is the variance, 
and its positive square root is the standard deviation 
(s.d.) o. 

The lower quartile of a continuous distribution is 
that value x, for which 


x] 
i fodx=} tes 


while the upper quartile is that value x, for which 


[feoarat vr (l2b) 


The semi-interquartile range is 4(X,—X,); in a sym- 
metrical distribution this is sometimes (and somewhat 
misleadingly) called the probable error. 


2.6.2.5. MEASURES OF SKEWNESS 

A distribution is symmetric if it is symmetric about 
the mean. In a symmetric distribution all the central 
moments of odd order, pon4,, vanish. 

The third order central moment p, is one of the 
simplest measures of skewness. The dimensionless 
quantity s/c? is sometimes called the coefficient of 
skewness. 
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For unimodal continuous distributions of small 
skewness the relation 
Mean—mode=3(mean-— median) 
holds approximately. 
Karl Pearson’s definition of skewness is 
mean—mode 


EeyenclS) 


Skewness= 
oO 


The continuous distribution shown in Fig. 2.6.2.5 
exhibits positive skewness. 


mode 
median 
mean 


Fig. 2.6.2.5 


2.6.2.6. CHARACTERISTIC FUNCTIONS 
The mean value of the random variable e“* may be 
written 


fe 2) 


$(N=Elel#) => e't*ip, or Jeera J. 14) 
This function of the real variable ¢ is called the charac- 
teristic function of the distribution f(x). Apart from a 
factor 27 it is the Fourier transform of the distribution. 
The theoretical importance of characteristic func- 
tions arises as follows. The probability distribution 
/(x) of the sum of two independent random variables 
€ and 7 is the convolution of their respective distribu- 
tions f,(x) and /{(x), thus 


fe)= [Alo hledde= | Alea foee eweeCkS) 


Hence by the convolution theorem, Section 2.5.3.1, the 
characteristic function ¢(t) of (+7) is the product of 
the characteristic functions ¢,(t) of € and ¢,(f) of 7. 
More generally, the characteristic function of a sum of 
independent variables is equal to the product of the 
characteristic functions of the variables. 

The probability distribution of a sum of independent 
variables may thus be found by taking the Fourier 
transforms of the individual distributions, multiplying 
these transforms together and then taking the inverse 
Fourier transform to obtain the probability distribu- 
tion of the sum. 

Assuming the moments exist, the sum or integral 
defining the characteristic function may be expanded 
for small values of ¢ to give 


$(t)=1+ >it" 
7! 


where the a, are the moments. 


MeECTG) 
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The corresponding expansion of log ¢(t) defines the 
semi-invariants or cumulants x, 


co ey 
log b()=>— (ity erg} 
1 ° 
If (t) is the characteristic function of a sum of inde- 
pendent random variables with characteristic functions 
$,(t), $(2), . . -» dn(t) the convolution theorem gives 


log $(t)= log $,(2)+ log $,(1)+ ... + log $,,(2) me 


and hence the rth semi-invariant of the sum is the sum 
of the rth semi-invariants of the individual distributions 


140:(19) 


This relation is the chief reason for the introduction of 
semi-invariants; no corresponding relation holds in 
general for the central moments except for the first 
three: 


Kp=K,Y4K,94 ... +4, 


N= e at ny 
o?=0,7+057+ ... +0? 
Hg=H3) + pg)-+ 2. . +13”) 


(E710) 


The first few relations between the semi-invariants and 
the moments are 
K3=O3—3a4%+2a,3 


esha 


The first few relations between the semi-invariants and 
the central moments are 


Ky=m 
aS tat et a4 
Ket ts 
K4=Hg—3 p29” 
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2.6.3. Particular One-dimensional Distributions 
2.6.3.1. THE BINOMIAL DISTRIBUTION 


Let p be the constant chance of an event in a random 
experiment, and let g=1—p. The probability of the 
event occurring 7 times in 7 repetitions of the experi- 


ment is 
n ryn—r 
(*)p q 
3 


The corresponding probability distribution in which 
the variate takes the values 0, 1, 2,...,7,...,” with 
probabilities 


(1) 


n n—-1 n T7yn—r n 
q , nq PUSCH Eaa Sed ao oy)! 


is the binomial distribution; it is so called because these 
probabilities are the successive terms in the binomial 
expansion of (p+q)". 

The mean of the distribution is m=np; the variance 
o?=p.=npq, and w3=npq(q—p). 


2.6. STATISTICS 


2.6.3.2. POISSON’S DISTRIBUTION 
In Poisson’s distribution with parameter A the random 


variable takes the values 0, 1, 2, 3,...,7, ...() with 
probabilities 
r2 As vr 
Al SA AN ee pK 
PSA NGE rg 2s irl i a 


The distribution may be regarded as a limiting form of 
the binomial distribution in which no and p=A/n. 
It is thus applicable to problems involving a large 
number of experiments, in each of which there is a 
constant small chance of an event occurring, or to 
problems including a large number of individuals, to 
each of whom there is a constant small chance of some 
happening. 

All the semi-invariants of the distribution are equal 
to A, so that m=A, o7=A and p3=A. 

The sum of any finite number of independent 
Poissonian variables is itself a Poissonian variable, 
with parameter A equal to the sum of the parameters 
A, Ag, .. . of the separate variables. 


2.6.3.3(a). THE NORMAL DISTRIBUTION 


A random variable € is normally distributed if it has 
a probability distribution 


1 (x—m)? 
POI Sey AP ( 2a? we @) 
This distribution is symmetrical about its mean m and 
it has variance o?. The mean, median and mode of the 
distribution are coincident. 
The mean deviation, E(|§—m|), from the mean 
of a normal variate is 


of g7=0-797890 
cg 


The semi-interquartile range or probable error 
(Section 2.6.2.4) of a normal variate is 0-6745c. 

Theorem. If the set of random variables €; (i=1, 2, 

. ., ) are independent and normally distributed 
with means m, and variances o;”, the variable 


$= 0,8, 4+-G.f+ . 6. +anb, eG) 
is normally distributed with mean 
M=a4,M,+a,M,+ ... +AnMy, . (4) 
and with variance 
07 =0,7017+Ae72o97+ «2. +an20n” iO) 


Theorem. In particular, if the independent variables 
are normally distributed with a common mean m and 
a common variance o?, their arithmetic mean is also 
normally distributed about m with variance o?/n. 


2.6.3.3(5). THE CENTRAL LIMIT THEOREM 

The great theoretical importance of the normal 
distribution arises from the Central Limit Theorem, 
which may be stated as: 

Whatever the distribution of the independent 
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variables €;—subject to certain very general conditions 
—the distribution of the sum 


E=€,+ 85+ see oe : .(6) 
tends to the normal distribution, as n>, with mean 
M=M,+mMo+ ... +My apne Wi 


o*=0,"+057+ ... +0,” set se 

Discussion of these very general conditions will be 
found in Cramér, Mathematical Methods of Statistics ; 
Kendall, Advanced Theory of Statistics, etc., but, 
roughly speaking, the only requirements are that each 
€, must have a finite variance, and the probability of 
any €, making a relatively large contribution to the 
total value of € must be small. 

The Central Limit Theorem makes it plausible to 
suppose that if the experimental determination of the 
value of a quantity is subject to a large number of 
independent sources of small errors, the probability 
distribution of the quantity will be normal. This may 
be considered the explanation of the fact that observed 
distributions are often approximately normal. 


and variance 


2.6.3.4. THE x* DISTRIBUTION 

Let €,, €,..., €&, bem independent random variables, 
each normally distributed with mean 0 and variance 1. 
The distribution (for x>0) of 


n 
x=>é? 
1 


1 Gait es 
LOS ie 
2 me 
2 r( 5) 
This is known as the x? distribution with m degrees of 


freedom. 
The mean m=n and the variance o?=2n. 


_ 
NIX 
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2.6.3.5. THE t DISTRIBUTION, OR STUDENT’S 
DISTRIBUTION 

If € and €,,..., &, are n+1 independent random 
variables each normally distributed with mean 0 and 
variance 1, and if 


the variable 


et 2 g eee UL) 
A (Sean) 
I 
has the distribution 
dee) , 
Te ntl 
5) =— same a aa Mat) 


> af 


This is known as Student’s distribution with n degrees 
of freedom. As n-—>o the distribution tends to the 
normal distribution with mean 0 and variance 1. 
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2.6.3.6. THE F AND z DISTRIBUTIONS 


Let €,,..-, €m and 7, . . ., 7, be m+n independent 
random variables, each normally distributed with 
mean 0 and variance 1, and let 


g=Sé? and 1-3." 
1 1 


The variable 


oh gro 


in 2 Hebel) 
n/n 
daeln 
1 
has the distribution (for x>0) 
mn he) el 
f(x)=m?n? ETS) 


m n m+n 

LA ad be 2 
r( au (mx+n) 
The corresponding distribution of the variable z de- 
fined by exp (2z)=F is known as Fisher’s z distribution. 


As n->o the / distribution tends to the distribution 
of y?/m with m degrees of freedom. 


2.6.4. Miulti-dimensional Distributions 


2.6.4.1(a). TWO-DIMENSIONAL PROBABILITY 
DISTRIBUTIONS 


To avoid repetition we shall consider the pro- 
bability distribution of two one-dimensional random 
variables € and 7, the distribution for simplicity being 
continuous. 

Let f(x, y)dxdy be the joint probability that € and 7 
will take values in the ranges (x, x+dx) and (y, y+dy) 
respectively. The normalization condition is 


co 


| fv (x, y)dxdy=1 


The mean or expected value of a function g(€, 7) is 
defined as 


Pa) 


Exg(é, n)}= Sle, v) f(x, y)dxdy at) 
The moments of the distribution are 
otro =E(E", °)= J Jay f(x, y)dxdy A) 


The mean of the distribution has the co-ordinates 
(m,, m,) where 
M=%9=E(E) and m,=a,=E(n) . (4) 
The central moments are the moments about the 
mean and are 
brs =Et(E—my)"(n Mg) } et) 
In particular py9="9,=0 and poy=0,2, og=o02, where 
o,” and o,? are the variances of € and 7. 
[411 18 called the covariance of & and 7. 
The correlation coefficient of the variables é and 7 is 


mesa nett (6 


019% 
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The relations between the second order moments 
and the second order central moments are 

Hoo=%g9—y”, fy =%yy— My Mg, Myg=%g—My” ... ath) 

The bivariate form of the normal distribution has 
the probability density 


fe, y)= (e 


ere Shea 
_2es=mlo-m) ,(y-m)) 
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2.6.4.1(b). REGRESSION CURVES 


The regression curve of the mean of 7 on € is the 
locus of the point {x, m,(x)}, where m,(x) is the mean 
value of 7 when =x, i.e. 


ff (x, y)dy 


m,(x)=— = 


[ fe vay 


je) 


The regression curves of 7 on € and of é on 7 coincide 
only when the probability density is concentrated along 
a single line. 

It is sometimes desirable to fit the regression curves 
by approximate functions. Thus, we may propose to 
find the best linear estimate of 7 in terms of &, i.e. to 
find the linear function g(£)=a+bé, such that 


EAn— Bio )e 
is least. 
We obtain 
E(n—a—b&)? = pad? — 2415+ Hog t+ (mM2—a—bm,)? 
eats) 
which is a minimum for 
poh’? and \a=m,—bm, 20D) 


M20 
bis the regression coefficient of n on €. 
Thus the equation of the mean square regression 
line of 7 is 


OF 


alles 
O92 


pla pure) 


O7 
which passes through (m,, m,). Conversely, the mean 
square regression line of € is 

Yes Ulan Nis Mia 
ie 
and the regression coefficient of € on 7 is pyy/pHop. 


eet LS) 
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2.6.4.2. MULTI-DIMENSIONAL PROBABILITY 
DISTRIBUTIONS 

Space does not permit a full discussion of multi- 
variate probability distributions. We shall consider 
the probability distribution f(x, Xo, . . ., Xn) of n one- 
dimensional random variables €,, €, . . ., €n. 


2.6. STATISTICS 


The moments of the distribution are 
ir lee rm HEE" cee f,'n)= 


Ne ee ey er eX OX as.7 Ox, . .(04) 
where 7,+/7.+ ... +7, is the order of the moment. 
The first order moments are 
i, | WO eX aes «gk, Oa axe 7th. o(L5) 


The central moments are the moments about the 
mean m=(m,,..., M,). The following notation will be 
used for the second order central moments: 


Ay=o;°=E(E,—m,)? (16) 

Nij =p jij =E((E,—m,)(E;—m,)} oy 
where p,;; is the correlation coefficient of €; and &;. 
Accordingly 4;; is the variance of €; and A;; the 
covariance of €; and &;. 

The matrix whose elements are A,; is known as the 
variance matrix or moment matrix; it is symmetric and 
positive definite. The matrix with elements p,; (p,;;=1) 
is the correlation matrix. It is also symmetric and 
positive definite. 


If n=a,€,+dof.+ ... +a,€,, the variance of 7 is 


S Saas 


i=1 j=1 
The multivariate form of the normal distribution 
has the probability density 


et) 


hs 20%) =27)7*Xdet A) 
exp {—4> >AY(xi—m)(x;—m)}_- - - (18) 
i=l j=1 


where det / is the determinant of the moment matrix 
of the distribution and A¥ are the elements of the 
inverse matrix. 


2.6.5. Sampling Distributions 
2.6.5.1. LARGE SAMPLES 

Thus far probability distributions have been con- 
sidered only in the abstract. We must now return to 
the problem of the assessment of the accuracy of 
measurements introduced in Section 2.6.1.1 and to the 
problem of estimating the probability density appro- 
priate to a particular experiment. A single measure- 
ment tells us almost nothing: it is only by repeating 
the measurement a number of times that we can make 
some estimate of the distribution f(x). 

It is usual, of course, to attempt to neutralize the 
effects of unknown systematic errors in any appara- 
tus by making further measurements after altering 
details of the apparatus or, better still, by making 
additional measurements with other techniques. We 
shall postpone consideration of such methods until 
Section 2.6.6.3, as it is more convenient to discuss 
first the accuracy of results obtained from repeated 
measurements with the same apparatus. This first 
discussion necessarily excludes any allowance for 
systematic errors. 
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Suppose that the values of a one-dimensional ran- 
dom variable obtained in a sequence of measurements 
are 

sae a ee 
We shall regard these as a sample of 7 values from the 
distribution f(x) appropriate to the experiment. Even 
if m is rather large this sample will not be sufficient to 
obtain a reliable estimate of the whole form of f(x). 
Nevertheless, for large m some very remarkable and 
important results can be obtained by applying the 
Central Limit Theorem. In particular, although we 
know nothing of f(x) in advance, provided only that 
we can assume that it is a distribution satisfying the 
very general requirements of the Central Limit 
Theorem, we can say the distribution of the mean x of 
the sample is normal, with the same mean m as the 
parent random variable € and with variance o?/n. To 
determine the accuracy of the value x, which we obtain 
from the sequence of measurements, we require there- 
fore only to estimate o?. 

The variance s? of the n values in the sample is 


) Xn 


| 
— ,—*)? at 

sD (xi 3) (1) 
It may be shown that 

Ee ae ns) 

n 

accordingly 

n 1 i. 

Sai eee ..(3) 


may be taken as an estimate of o”. The estimated 
variance of the mean x of the sample is thus 

we 1 ae 

SURI ee .-4) 
For large n this is an adequately accurate estimate of 
the variance of X, so that we can easily derive from the 
sample all that we need for an assessment of the 
accuracy of the results. 

Analogous results hold for multi-dimensional dis- 
tributions. 
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2.6.5.2. SHEPPARD’S CORRECTIONS 


When 7 is large it is sometimes convenient to avoid 
the labour of computing the exact mean and variance 
of a one-dimensional distribution by grouping the 
data. In this method the range of the variable is 
divided into a number of intervals of equal length, and 
each observation is taken to have the value of the 
mid-point of the interval in which it lies. This simpli- 
fies the calculations at the price of a little inaccuracy. 
On the average the means of the grouped and un- 
grouped samples are the same, but on the average the 
variance p? of the grouped data is larger than the 
variance s? of the ungrouped data. If his the length of 
the intervals the corrected estimate of the sample 


variance is 
p?-7zh? FOC) 
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Corrections of this type, which may be made to any 
moments of grouped samples, are known as Sheppard’s 
corrections. 


2.6.5.3. SMALL SAMPLES 


When only a few measurements are made it is no 
longer possible to appeal to the Central Limit Theorem 
to decide the distribution of the mean of a sample. In 
such cases the distribution of the mean can be deter- 
mined only if the parent distribution f(x) is known. 
In principle, given f(x), the distribution of the mean 
can always be calculated by the method described in 
Section 2.6.2.6 for the distribution of a sum of inde- 
pendent variables. 

For certain parent distributions, the distribution of 
the mean is unusually simple. Thus if f(x) is a normal 
distribution with mean m and variance oc”, the distribu- 
tion of the sample mean is also normal with the same 
mean m and variance o2/n. If f(x) is a Poisson 
distribution with parameter 4, the sample mean <X also 
has a distribution of the Poisson type with 0, 1/n, 
2/n, ... as the possible values of X, the probability of 
(a!) 

Suppose that we may assume that f(x) is a normal 
distribution. In assessing the accuracy of the mean x 
of a small sample, we have to allow for the fact that 
the estimate S? of the variance o? of f(x) 


> i-%)? 


x=a/n being 


S?=- ...(6) 
is no longer, as it was with a large sample, a fairly 
precise estimate of o?. It can be shown that (n—1)S?2/o? 
is distributed in a x? distribution (Section 2.6.3.4) with 
n—1 degrees of freedom, and hence that the statistic 


n—1 


x-—m 


sect) 
S 


where s’=S/4/n is the estimate of the standard deviation 
of x, is distributed in Student’s distribution (Section 
2.6.3.5) with n—1 degrees of freedom. As ¢ does not 
involve the unknown c it can be used in discussing the 
accuracy of X. The use of ¢ is discussed further in 
Sections 2.6.6.1 and 2.6.6.2. 


ise 


2.6.6. Statistical Inference 
2.6.6.1. ONE-DIMENSIONAL CONFIDENCE INTERVALS 


An experiment may be undertaken either to deter- 
mine the value of some hitherto unmeasured quantity 
or to obtain a value for comparison with another 
estimate of the same or some similar quantity. 

In the first case, a typical statement of the results 
of the experiment will include an estimate of the mean 
value of the probability distribution of the quantity 
and an estimate of the accuracy of this determination. 
It is worth examining in more detail what can be said 
about the accuracy of the determination. The prin- 
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ciples involved can be adequately illustrated by suppos- 
ing that we are considering a mean x derived from a 
small sample of n values, the distribution of the mean 
being normal.f 

Repeated measurements with the same apparatus 
give no information about the systematic errors of a 
particular experiment, so that any estimate of the 
accuracy of x derived from the sample values neces- 
sarily allows only for the random errors. (The problem 
of accuracy when a quantity has been measured by 
several methods is discussed in Section 2.6.6.3.) 

The formal knowledge that the mean xX has variance 
o?/n is of little help in assessing its accuracy, since we 
do not know o exactly. However, we can consider the 
random variable t (Section 2.6.5.3) defined as 

coos aD 

S 

where s’=S//n=s/1/(n—1) is the estimated standard 
deviation of x. As has been mentioned, ¢ is distributed 
in Student’s distribution, s,_,(#), with n—1 degrees of 
freedom (Section 2.6.3.5). Since t involves only the 
unknown m and not the unknown o?, it may be used 
to discuss the accuracy of X as an estimate of m. 

The probability that the true mean m lies in the 
interval {X+1s’, X+(t+dt)s’} is s,_,(t)dt. [This state- 
ment does not imply that the true mean has a pro- 
bability distribution, for the mean is a fixed, even if 
unknown, quantity. Whereas usually we speak of the 
probability of a random variable taking a value in a 
fixed interval, here we are speaking of the probability 
of a fixed point being contained in a variable interval, 
the interval being specified by the sample values * and 
s’.] To specify a range of values within which m is 
likely to lie we may define confidence, or fiducial, 
ranges in the following way. For instance, we may 
define the 99% range as that interval (X+¢s’, x—ts’) 
which is such that there is a 99°% probability that it 
includes m. The value of ¢ defining this range satisfies 

+t 


0-:99= | Sn—1(t)dt 
=f, 
The points x+/s’ and x—ts’ are then called the 99% 
confidence limits. Confidence ranges for 95%, 99% 
and 99:9% probabilities for different values of n are 
readily obtainable from the 5%, 1% and 0-1 °% values 
of t, given in Table 2.6.6A (p. 94). 


y= 
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2.6.6.2. OONE-PARAMETER SIGNIFICANCE TESTS 


Suppose alternatively that we wish to compare the 
experimental mean X with a theoretical value &, so as 
to examine whether the theory is supported or 
opposed by experiment. Again, for simplicity, let us 


+ The sample mean will be normal if the parent distribution 
is normal. Whatever the parent distribution, we may also 
reasonably assume that the sample mean is normal if the sample 
. sufficiently large (Central Limit Theorem, Sections 2.6.3.3 and 

.6.5.1). 
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suppose that the distribution of ¥ is normal. On the 
tentative hypothesis that € is the true mean m, 


pa maci3) 
S 

is a random variable distributed in Student’s distri- 
bution with n—1 degrees of freedom. Let f, be the 
value of ¢ obtained from a particular experiment, and 
let P be the probability that |t|>|t)|. A very small 
value of P indicates that the occurrence of the results 
x and s’ is very surprising if the hypothesis is true, and 
we may therefore suspect, or even reject, the hypothesis 
that £) is the true mean m. On the other hand, if P is 
not small we conclude that the experimental data are 
consistent with the hypothesis, though they cannot 
provide evidence to prove that &, is the true value. 
When P is so small as to cast doubt on the hypothesis 
we may say that x is significantly different from &,; 
just how small P has to be for this is quite arbitrary, 
and is a compromise between the dangers of falsely 
rejecting a true hypothesis and of too frequently re- 
taining an incorrect hypothesis. Values of P=5°%,1% 
and 0-1% are commonly used in testing hypotheses, 
and are sometimes taken to denote possibly significant, 
significant and highly significant evidence against a 
hypothesis. However, it is perhaps wiser to refer to a 
result as being significant at the 0-1 °% level rather than 
as being highly significant. Values of ¢ at the various 
significance points are given in Table 2.6.6A. The 
large values of t when the number of degrees of freedom 
is small should be especially noticed. They reflect the 
low accuracy of s’ as an estimated standard deviation. 
In many problems the sample size n exceeds 30, 
and so to a high degree of approximation the ¢ 
distribution may be treated as normal. In any case, 
with large samples our treatment is no longer restricted 
to normal parent distributions, for we may then 
reasonably assume that, whatever the parent distribu- 
tion, the mean ¥ is normally distributed. In this case 

the probability P that |z|>7, is 


to 


apn(Z\' —}72 
P=1 (7) Jerr $t?)dt . (4) 


TT 
The values of ¢ at the various significance points are 
then 


P=5¥ t=1-960 
Pat’, t=2-576 
P=0:1% 1=3-291 
P=0-01% t=3-891 


It is possible to compare two experimentally deter- 
mined mean values and to test the hypothesis that the 
true means of each quantity are the same. Let the two 
means be X, and X,, with estimated standard deviations 
Ss,’ and s,’. When both samples are large the hypothesis 
may be tested on the normal law by taking 


__(%-%) 
© (S,'2-+59'2)t 


..(5) 
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When either or both of the samples are small the 
distribution of ¢ is more complicated, but the signifi- 
cance points have been tabulated (e.g. Fisher and 
Yates [73]). 


2.6.6.3. WEIGHTED MEAN VALUES AND THE DETECTION 
OF SYSTEMATIC ERRORS 


So far in our discussions of sampling and of statistical 
inference we have considered only the case in which 
the sample values were derived by repetitions of the 
same experiment. Suppose, however, that a quantity 
is measured by two methods, in one of which the 
random variable has the distribution f,(x) and in the 
other f,(x). If the means m, and m, of the distributions 
differ, either one or both of the methods is subject to 
systematic error. On the other hand, if the means 
coincide it does not imply that both methods are free 
from systematic error, for the error may be the same 
in both. 

Suppose first that neither method is subject to 
systematic error. Let x, be the mean of n, observa- 
tions by the first method and o,? be the variance of 
fa(x), and let X,, m) and o,? be similarly defined. Since 
both distributions have the same mean, the estimate 
of lowest variance of this common mean is 


= Ng - Ny — Ng No 
a(t | (25+ aed .(6) 
the variance of X is 
1/(Mq/oq2+Ny/o4”) mn?) 


In practice we do not know o, and o,, and we must 
replace o,?/n, and o,?/n, by the estimated variances 
Sq? and s,* of X, and x,. For large n, and n,, whatever 
F(x) and f(x), X will be normally distributed about 
the true mean with variance 1/(1/s,’?+1/s,'?). Confi- 
dence ranges and significance levels may be applied as 
in the earlier case. 

Formally, however, we may not assume that the two 
methods are free from systematic errors. There is no 
means of telling how far the systematic errors are 
common to both methods, but we can test whether 
the systematic errors of the two methods are different 
by the significance test for the difference of two means 
which uses fy defined by 2.6.6.2(5). If a difference of 
systematic errors is revealed, we must examine the 
experimental procedures in an effort to find the causes. 
Should this search fail, it will be no longer proper to 
use X as an estimate of the true value of the quantity, 
for the discovery of the systematic error implies that 
the difference |m,—m,| is much greater than the stan- 
dard deviation of the random variable X¥. Further, 
whether X is near m, or m, is determined by the now 
irrelevant o,, 05, M, and n,. The wisest course is 
probably to weight the two methods equally and to 
take 4(X,+x,) as an estimate of the true value. The 
ordinary confidence intervals and significance tests are 
not applicable to such an estimate. 
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The discussion of accuracy when a quantity is deter- ~ 


mined by more than two methods will be restricted 
to the following problem. Suppose a total of n 
measurements with values x,, X9,..., X, is made ona 
quantity by various methods, the ratios of whose 
variances, though not the absolute variances, are 
assumed known. Accordingly the variance of x; 


o;"=07/w,; . .(8) 
where o” is an unknown constant and the assumed w; 
is called the weight of the observation x,;. Assuming 
that there are no systematic errors, the estimate, of 


lowest variance, of the true mean m is 


md os ta Sono ees 9) 
Wich menos Wy: 
The variance of x is 
o2 
og 2@= batoiomd t (8)) 
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The estimated variance of X can be shown to be 
Wiest htt omit Shenk Glsl) 
Lw; a= 
and the statistic 
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has the Student distribution s,_,(t) (Section 2.6.3.5) 
with n—1 degrees of freedom. 

If there are systematic errors in the observations 
s’* will be an over-estimate of the variance of the 
random variable X (i.e. the spread of the values of X 
obtained in many repetitions of the whole set of 
measurements will be less than implied by s’”). Never- 
theless, though s’* is no longer the estimated variance 
of a random variable, its use through the statistic t 
will make some allowance for systematic as well as 
random errors. 

Finally, we may illustrate by an example the intimate 
connection between systematic errors and the true and 
estimated values of a quantity. Suppose a particular 
molecular bond length is measured both by the elec- 
tron diffraction method on the gas and by the X-ray 
method on a crystal. If the results of the two experi- 
ments differ by significantly more than their estimated 
random errors several explanations are possible: either 
there is a difference between the bond lengths in the 
solid and gas phases, or there are unsuspected syste- 
matic errors in one or both of the techniques. Further 
effort must then be directed towards discovering 
either a reasonable theoretical explanation of the 
difference in the solid and gas phases or the cause of 
the unsuspected systematic errors. 


2.6.6.4. THE METHOD OF LEAST SQUARES 


The method of least squares may be used when a 
number of parameters are to be determined from a 
larger number of observations. In this method the 
parameters are chosen to satisfy the criterion that a 
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weighted sum of the squares of certain residuals or 
deviations be a minimum.} The form of the residuals 
varies from problem to problem. In one case the 
residuals might be the differences between observed 
values and values calculated as a function of the para- 
meters. If the best plane through a number of points 
was being sought, the residuals would be the distances 
of the points from the plane. Formally, each residual 
is a function of one or more observations and of one 
or more parameters. 

Let 4; be a residual (i=1, . . ., n), w; its weight, and 
m, the true value of one of the parameters (r=1,..., k, 
andn>k). The least squares method consists in choos- 
ing estimates u, of m, so that 


R=) wA? Ras i) 
i=1 
is a minimum. 
R is a minimum when 
bea (7 =i jeoeuetho) sone de) 
Ou, 
that is 
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i=1 
When the 4; are linear functions of the u,, the k 
conditions (15) are a set of simultaneous linear 
equations determining the k unknowns u,. More 
generally, if the 4; are any known functions of the u, 
and if an approximate set u,’ of parameters is known, 
the 4, may be expanded to the first order of a multi- 
variate Taylor series. Equation (15) is then linear in 
the (u,—u,’). 

To save space we will consider only the strictly 
linear case. We may therefore write 


k 

A;=8;+> Girly 

r= 1 

where g; is independent of the u,, though possibly a 
function of one or more observations, and the 4a;, 
are either assumed constants or functions of the 
observations. If 4; is not a function of a particular 
parameter u,, a;,=0. 


vec 6) 


Accordingly ‘=4@,, bar era) 


so that the conditions (15) may be written 


k 
> brstls= Cr meee) 
s=1 

where b,s= > Widirdis ....(19a) 

i=1 

and Cr=— > Widin8i aes (19d) 


i=1 


+ When the errors of the observations are normally distri- 
buted, the method of least squares leads to the same estimates 
of the parameters as R. A. Fisher’s maximum likelihood method. 
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The linear equations (18) are known as the normal 
equations. Their solutions are 


k 
p= > Bc, 
s=1 


where b’ is an element of the matrix inverse to (0,,). 

To consider the accuracy of the u,, suppose first that 
there are no systematic errors in the observations or in 
the residuals. For simplicity, suppose further that the 
residuals, which are random variables when con- 
sidered as functions of the observations, are each 
normally distributed and that the weights have been 
so chosen that 


ABGE(20) 


w;=07/07(4;) Sra GA) 


where o” is an unknown constant, the same for each 
residual. It can then be shown that the estimates u, 
have a multivariate normal distribution (Section 
2.6.4.2) whose mean coincides with the true mean 


m=(m,, ..., m;,) and whose second order moments are 
E(u,—m,)?=b'"o? pari) 
E[(u,—m,)(us—m,) ]=b"s0 soe22b) 
The estimated value of o? is 
1 
2 A,? eae 25 
aaa ua" (23) 


where the 4; are calculated with the estimates u,. (b’’)#s 

is thus the estimated standard deviation of u, and the 
variable 

parr 

(b"")ts 


has Student’s ¢ distribution (Section 2.6.3.5) with n—k 
degrees of freedom. 

If there are systematic errors in the observations or 
in the residuals (as could occur if insufficient para- 
meters were being employed), b’’s? will be an over- 
estimate of the variance of the random variable u, 
(just as s’* was of the variance of X in Section 2.6.6.3 
when there were systematic errors). Nevertheless, 
though s? is no longer the estimated variance of a 
random variable, its use through the statistic ¢ will make 
some allowance for systematic as well as random 
errors. In cases where systematic errors are known to 
be present the weights ought to be chosen to reflect 
trends in the sizes of the residuals rather than being 
related to the variances of the residuals considered 
only as random variables. 

As an example of the application of the method of 
least squares in a case where each residual involves 
one observation and all the parameters, we may men- 
tion the application in X-ray crystallography, which is 
discussed fully in Section 6.4.1. 

As an example of a case where each residual in- 
volves several observations, we may mention the 
problem of determining the best plane to pass near a 
number of points. Here the observations are the three 
co-ordinates of each point (x;, y;, z;) and the object is 


hey 


- to minimize the weighted sum of the squares of the 
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distances from the plane. 
In orthogonal co-ordinates 


4,=lx,;+my,+nz;—p gees Pastas 
and /, m, n and p are the parameters of the plane 
Ix+my+nz—p=0 ¢ £75(256) 


which is to be determined. The parameters are not, 
however, independent, since /?+m?+n?=1, so that-4, 
is not linear in a set (/, m and p, say) of three indepen- 
dent parameters. Formally, therefore, the normal 
equations (18) can only be used to determine small 
changes to an initial approximate set of parameters, 
whose final values are obtained after several successive 
applications of the normal equations, as in structure 
refinement in crystallography. 

The general problem in which the points are not 
nearly coplanar can be more conveniently dealt with 
by a quite different approach. The best plane must 
pass through the weighted centre of gravity of the 
distribution of points. Relative to this origin, the 
matrix of the weighted second moments 


LW;X,;7 UW, «= DW XZ; 
LW;X;);, Uw, y; Uw,y,2; £20826) 
W,X;2Z;  UW.y.2Z, = wz, 


is calculated, and the required direction cosines are 
then given by the characteristic vector (2.1.8.5, p. 12) 
with the lowest characteristic value (which is the 
minimum second moment of the.distribution). 

If the points are nearly coplanar and if n, ‘say, is 
known to be the largest direction cosine, the problem 
can, however, be solved with a single set of normal 
equations by minimizing the weighted sum Xw,(4z),? 
of the squares of the distances parallel to the z axis 
from the points to the plane. These distances are 


(4z),=z,+Lx;+My,;—P ele. (20) 


where L, M and P are the parameters to be determined. 
The normal equations for L, M and P are 


Dael.tbyyM+b,P=Ccz 


b,,L+b,,M+b,P=c, eae) 
b,L+b,M+byP=cy 
where b,,=2W;X;); 
b,=— 2W,X; 
b = 2; mete . (285) 
Cy=—UW;X;Z; 
Co= 2W,Z; 


The required parameters /, m, n and p are then given 
by n=(L?+M?+1)-+?, 1=Ln, m=Mn, p=Pn. If the 
plane is to be constrained to pass through the origin, 
Land M are determined by omitting the last equation 
in (28a) and the terms in P in the first two equations. 
The condition for the equivalence of the minimization 
of Xw(4z),? with the minimization of the weighted sum 
of the squares of the orthogonal distances (2w,4;?) is 
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that Xw,4;? should be less than the value of the least 
significant figure in b,, or byy. 

The method of least squares and the normal equa- 
tions may also be applied in the fitting of approxima- 
tions to given functions. An example of this was given 
in Section 2.2.1.6.1. In such problems, however, the 
notions of probability are irrelevant. 


2.6.6.5. MULTI-PARAMETER CONFIDENCE REGIONS 
AND SIGNIFICANCE TESTS 

When an experiment results in the determination of 
several parameters, one-parameter significance tests 
can be applied to each parameter separately, but it 
may be difficult to interpret the experiment as a whole 
if some parameters show significant differences and 
some not. It is therefore preferable to use a test which 
considers all parameters simultaneously, taking into 
account their correlations. 

Suppose that the experiment provides estimates 
X1, Xo,» + +) Xn Of n quantities (each corresponding to a 
mean X in the one-parameter case) whose true values 
are M,, M2, ..., My. For simplicity, suppose that the 
joint probability distribution of x,, x2, ..., xX, is the 
multivariate normal distribution 2.6.4.2(18). 

As with o?/n in the one-parameter case, the variance 
matrix A is unknown, but we can estimate it by 
methods similar to those used in the one-dimensional 
case. Let a;; be an element of the estimated variance 
matrix of the x’s. If the number of measurements in 
the sample is large, the a;,’s will be adequately accurate 
estimates. The generalization of the statistic ¢ of 
Section 2.6.6.1 is the statistic T? given by 


T=) Daii(x;—m)(x;-m;) —....(29) 
i=| j=1 


where a‘ is an element of the matrix inverse to (a;;). 
With large samples, T? is distributed as y? with n 
degrees of freedom (Section 2.6.3.4), and the confidence 
regions of T? are those of y?. 

Similarly the hypothesis that the true values of the 
x’s are £51, E99, « . «5 Eon May be tested by calculating 


oe > 4oi4(X0i—Eos)(%os—Eos) - - - -(30) 
=1 j=1 


where the x; are the values obtained in a particular 
experiment. From the tables of y? (Table 2.6.6B) the 
probability that 7?>7,* may be found. If this is small, 
we may reject the hypothesis. 

We will mention the distribution of T? for small 
samples only in the case when p parameters have been 
determined from q independent observations by the 
method of least squares (as in the determination of 
X-ray structure parameters, Section 6.4a). Here T2/p 
is distributed like F (Section 2.6.3.6), with m=p and 
n=q—p. Tables of the significance points of the F 
distribution will be found in many statistical texts and 
tables. 
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2.6.6.6. x? AS A TEST OF GOODNESS OF FIT 

If we make a large number of observations we may 
use the x? distribution to test the hypothesis that the 
observations have been sampled from a distribution 
with probability density f(x). 

The range of the variable x is divided into 7 intervals 
such that each interval contains at least, say, 10 obser- 
vations. Let n be the total number of observations, 
v; the number of observations in each interval J,;, and 
P; the probability of an observation in the interval J; 
if f(x) is the probability density. Then, if the number 
of observations is large 


<= (vi=npi)? 
a Le 


is distributed like y? (Section 2.6.3.4), with r—1 degrees 
of freedom. The value of Q obtained from the sample 
values is used to test the hypothesis with the ordinary 
x? significance test (Table 2.6.6B). 

If it is necessary to determine s parameters of f(x) 
from the sample (say, to estimate the mean and 
variance of an assumed normal distribution), Q is 
distributed like y? with r—s—1 degrees of freedom. 
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TABLE 2.6.6A 
The Significance Points t, of the ¢ Distribution 


The P% value ¢, is such that the probability of || 
exceeding f, is P%. 


t, as a function of n and P 


Degrees of 
Freedom n 
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TABLE 2.6.6B 
The Significance Points xy,” of the y? Distribution 
The P% value x,” is such that the probability of x? exceeding x,” is P%. 


Xp” as a function of n and P 


Degrees of 
Freedom n 


Note: These Tables (2.6.6A and 2.6.6B) are based on R. A. Fisher’s Statistical Methods for Research Workers 
(Oliver and Boyd, Edinburgh), 8th Ed., 1941. Acknowledgment is due to the author and to the publishers 
for permission to use this material. 

Section 4 of Volume IV (to be published in 1972) of these International Tables entitled Statistical Significance 
Tests contains a discussion of the R-factor ratio, and of tests for consistency of weight assignment. 
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3.1. General Relations, valid for all Crystal Systems 


3.1.1. Definition of Terms 


Periodicity along m independent directions in n-dimensional space (m<n): 


Synonyms: 


Triperiodicity Diperiodicity 
(m=3, n=3) (m=2, n=2 or 3) 
Lattice Net 


Bravais lattice 
Space lattice 
3-dimensional 
lattice 
3-dimensional 


Lattice plane 
Plane lattice 
2-dimensional 
lattice 
2-dimensional 


translation translation 
group group 
Translation 
lattice 
Period in each case: 
Cell Mesh 
Synonyms: Unit cell Unit mesh 
Elementary Elementary 
parallelepiped parallelogram 


The terms /attice, net and row are used to designate 
periodic assemblages of points. The net plane is the 
plane that contains a net; the row line is the line that 
contains a row. The origin is always taken at a lattice 
point. Unless otherwise specified, nets and rows are 
considered to pass through the origin. For short, 
when there is no danger of confusion, net and row are 
used instead of net plane and row line. 


3.1.2. Direct and Reciprocal Lattices 
Direct vectorst: Reciprocal vectorst: 

a, b,c Ng AY cag 
Reciprocal vectors in Direct vectors in terms of 
terms of direct vectors: reciprocal vectors: 
bxe _ b*xc* 
a.bxc ~ a* b*xc*’ 
[where bxc is the vector product of b and c, and the 
dot denotes the scalar product (see Section 2.4.2)] 
with a.b*=a.c*=0, etc., and a.a*=1, etc. 
Volume of cell abc: Volume of cell a*b*c*: 
V=c.ax b=a.bxc=b.cxa yw=c*.a*<xb*=a*tb* xc* 

=b*:c* xa* 


etc. 


Relation between Cell Volumes: 
AAA | 
This relation holds provided the lattices are primi- 
tive (see Vol. I, p. 12, for non-primitive lattices). 


10] 


(No periodicity) 
(m=0, n=0, 1, 2, or 3) 


Monoperiodicity 
(m=1, n=1, 2, or 3) 


Row Point 
Lattice row Lattice point 
Line lattice Node 


1-dimensional (French = neud) 
lattice 

1-dimensional 
translation 


group 


Parameter 


Repeat distance 
Interval 
Translation distance 


3.1.3. The Row Line 


The row linet [wvw] passes through the origin 000 
and the lattice point uvw, where u, v, w are coprime 
integers.§ The parameter of the row is the length of 
the lattice vector L(uvw), which is given by the quad- 
ratic form 
|[L(uvw)|?=w?a?+ v2b?+ w2c?+ 2vwbe cos « 

+2wuca cos B+2uvab cos y 
The direction parameters of the row line are the co- 
ordinates of the lattice point uvw; in reciprocal space 
its direction cosines in terms of the interplanar distance 
d(uvw)* are (Fig. 3.1.3): ; 
d(uvw)* 


d(uvw)* d(uvw)* 
pee UE Wererete 


Applications. Parallel to a row in the direct lattice 
there may be an edge, a zone axis, or a co-ordinate 
axis; to central rows in the reciprocal lattice correspond 
face normals and straight lines of reflections on a 
Weissenberg pattern; and to non-central rows in the 
reciprocal lattice correspond row lines on a rotation 
pattern and festoons on a Weissenberg pattern. 


cos A*=u cos p*=v 


+ The symbols used are defined in Table 2.4.1, Vol. I, p. 12. 
K is here taken as 1. 

t A row line usually needs to be defined in direction only. In 
the reciprocal lattice, however, it is important to distinguish 
non-central row lines, which do not pass through the origin, from 
central row lines, which do. 

§ Integers having no common factor except unity.—Gen. Ed. 
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Fig. 3.1.3. Row [uvw] normal to reciprocal net (uvw)*. 
The black circlet indicates the origin; the empty 
circlets indicate the intersections of the plane and the 
lines. They are not necessarily lattice points. 


3.1.4. The Net Plane 


The net planet (hkl), h,k,] coprime integers}, has 
intercepts mn ne n on the co-ordinate axes. Its equa- 
tion is 

poke tien 
Oty wire 

The perpendicular distance between (hk/), and 
(hkl), 18 the interplanar distance d(hk1). It is inversely 
proportional to the area A(hk/) of the mesh of the net 
(hkl), as A(hkl).d(hkl)=V. Hence d(hkl)=1/|L*(hk))|. 
In direct space the direction cosines of the normal to 
the net plane (Fig. 3.1.4) are: 


cos =, cos pi, cos a A2) 
c 


N.B. If h,k,] are not coprime integers, (Ak/), is not 
a net plane. 


Applications. Parallel to a net in the direct lattice 
there may be a crystal face, a cleavage plane, or an 
X-ray “reflection” plane; to a net in the reciprocal 
lattice corresponds a plane normal to an edge of the 
crystal, a layer line on a rotation photograph, a 
Weissenberg layer or a precession layer. 


3.1.5. Fundamental Formula 


From the above definition of direction cosines (Fig. 
3.1.4) we obtain 
a:b:c= ‘ i : é 
cos A COS p COS v 


wee is 9) 
or 
h:k:l=acos X:b cos p:c¢ cos v 


wott(2) 
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Fig. 3.1.4. Net (hkl) and reciprocal row [hk/]* normal 
to it. The black circlet indicates the origin; the empty 
circlets indicate the intersections of the plane and the 
lines. They are not necessarily lattice points. 


Applications. From the direction angles of the 
normal to an indexed face (hk/) the axial ratios are 
obtained by (1). If this face is given the symbol (111), 
it is called unit face or parametral face. Two faces, 
each parallel to one co-ordinate axis, may be chosen 
and arbitrarily indexed, instead of a single face that 
intersects all three axes, e.g. (110) and (011) give 
respectively a:b and c:b. 

Once the axial ratios are known, the ratios of the 
indices for any face (hk/) can be obtained by (2) from 
the direction cosines of its normal. 


3.1.6. Relations between Nets and Rows in One and 
the Same Space 

A net (hkl) contains a row [uvw] if hut+-kv+lw=0 

Application. A face lying in a zone. 

Two nets (h,k,/,) and (h,k,/,) intersect in a row 
[uvw] if 


pert Se een 
Ay hl) |h hy} |m ky 
etl Nh ha eke 


Application. A zone axis defined by two faces. 
Three nets (h,k,/,), (Apkel2), (h3k3/3) intersect in a 
row if 
Aykyl, 
hakols 
Ask sl 


Application. Three faces lying in one zone. 


=0 


+ The subscript is used to designate one particular plane of 
the family of planes. It indicates the position of this plane with 
respect to the origin. Thus the plane (hk/), is the plane passing 
through the origin, (Ak/)n the nth plane away from the origin, 
etc. [1]. 

t Integers having no common factor except unity.—Gen. Ed. 


3.1. GENERAL RELATIONS, VALID FOR ALL CRYSTAL SYSTEMS 


A row [uvw] lies in a net (hk/) if uht+vk+wil=0. 
Application.. A zone containing a face. 


Two rows [u,¥,W,] and [u,v.w2] lie in a net (Ak/) if 


h 4 k ia I 
VEOW Tweedy leah vy 
Vo We We Us Ug Vo 


Application. A face belonging to two zones. 

Three rows [u,v], [Wev2Wel, [v3¥3W 3] lie in a net if 
U,V, 
U2VoWe 
U3V3W3 
Application. Three zones having a common face. 


=0 


Remark. The condition for a line [uvw] to be per- 
pendicular to a plane (hk/) is given for each crystal 
system under “Twinning” (see also 3.1.9.5, Twin 
Obliquity). 


3.1.7. Relations between Planes in Direct Space and 
Rows in Reciprocal Space, and vice versa 

The family of planes (nh.nk.nl), n=1, 2, 3, ..., in 
the direct lattice is represented by the lattice point 
nh.nk.nl,n=1, 2, 3,..., of the row [Ak/]* in the recipro- 
cal lattice. The row is normal to the planes; the length 
V/{Q(nh.nk.nl)} of the reciprocal-lattice vector, from 
the origin to the lattice point nh.nk.nl, is equal to 
1/d(nh.nk.nl). The calculation of d is based on this 
relation. It is given for each crystal system. 

The mesh area A(hkl) of the net (hk/) is equal to 
VY/{Q(AkKD}. 

A net plane (uyw),* containing the origin and lattice 
points hk/ with uh+ vk+wl=0 of the reciprocal lattice 
is represented by the row [uvw] in the direct lattice. 
The row [uvw] is normal to the net plane (uvw),* of 
the reciprocal lattice. The net planes (hk/) of the direct 
lattice lie in a zone; [uvw] is their zone axis. 

The angle % between two direct-lattice rows 

P=[U VW]: [Uavawe] 
is given by 
tan po 20M 
V * [Xu u.a*+ X(vyWet W,V2)bc cos «] 
LU U,a?+ X(V,WetW,1V2)bc cos « 
L(u,¥1W1) L(ugvewe) 
where L(uvw)=4/( Xu2a?+2 Xvwhe cos «). 


The angle ¢ between two reciprocal-lattice rows is 
given by similar formulae (see Section 3.2.5). 

The angle w between a direct-lattice row and a 
reciprocal-lattice row 


w=[uvw]: [Akl]* 


or by cos f= 


is given by 
_ uh+vk+wl 
~ L(uvw) L* (Akl) 
where L*(hkl)=4/(Zh2a*?+2Dklb*c* cos «*) (cf. Sec- 
tion 3.1.9.5). 


COS w 


W1V_)?a*?+ 23 (WyU.—UyWe)(UyVo— VU_)b*c* Cos a*} 
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3.1.8. Formulae of Miller 


Although given for tautozonal faces, the Miller 
formulae also hold for coplanar zone axes. 


3.1.8.1.- DirEcT SINE FORMULA 


Consider four tautozonal faces (h;k,/;), where i=1, 2, 
3, 4, in consecutive order. Let the angle between face 
normals be ¢;;. The following relation holds: 


h, k, hg k 
ted PRE KR 


3 . 


SIN Pio . SIN bgq | 
SIN do. SIN P44 


A 
q 


3 
in which / and k stand for any two of the three indices 
h, k, 1, provided they do not lead to indeterminacy. 

Application. Knowing all the angles and the indices 
of three of four tautozonal faces, to find the indices of 
the fourth face. 


44 


3.1.8.2. CONVERSE COTANGENT FORMULA 
The sine formula can be rewritten as follows [2, 3]: 


p cot $,.+q cot ¢4=(p+gq) cot $45 
Pardillo [4] has prepared charts} for the graphical 
determination of angles in crystal zones based on the 
general formula 


ncot 10:mn=m cot 10:11+(m—m) cot 10:01 


This is the converse cotangent formula given above, 
written in the Fedorov notation. The correspondence 
may be seen by writing p=m, q=n—m, ¢,;=angle 
10:mn, $,,.=angle 10:11, ¢,,=angle 10:01. 


Application. Knowing the indices of the four faces 
and the angles between one face and two of the other 
three, to find the angle between the first and the fourth 
faces. For accurate results one of the known angles 
should be as close to 90° as possible, while the other 
should not be too close to 0 or 180°. 


3.1.8.3. HARMONIC CASE 

Four faces are harmonic when a line 
drawn parallel to one of the face normals, 
say 1, intersects the others, 2, 3 and 4, in 
b, c and d, so that bc=cd. The indices of face 2 are 
the sums, and the indices of face 4 the differences, of 
corresponding indices of faces 3 and 1 (not necessarily 
coprime): h,=nh,+mhy,, ...; hy=nh3—mh,, ..., where 
m and nare integers, often 1. The cotangent formula 
then reduces to 


cot diet cot Pia 2 cot $43 


Application. Knowing two of the angles in any 
harmonic quartet, to find the third one. 


+ Available through the Spanish National Committee. 
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3.1.9. Twinning [5] 
3.1.9.1. INTRODUCTION 

The following treatment is geometrical. The rela- 
tions given permit the twin operation to be derived 
from experimental data independently of any theoreti- 
cal interpretation. Let I and II be two crystals of a 
twin. They are either congruent or enantiomorphous, 
so that a rotation will bring II to coincidence either 
with I or with the enantiomorph of I. In either case, 
as a lattice (translation group) is always centrosym- 
metric, the Jattice of IJ is congruent to that of I and 
can be brought to coincide with it by a rotation. There 
is only one such rotation in the triclinic case, whereas 
several rotations exist in the other cases. 

Let xyz be the co-ordinate axes of I, x’y’z’ those of 
II, chosen so that their positive senses correspond to 
each other. Any rotation that brings the lattice of I 
on to the lattice of I brings x’ on to x, y’ on to y, 
z’ on to z—an operation symbolized (x’x, yy, 2’z)— 
or brings x’y’z’ on to some equivalent octant of the 
xyz axial cross in the non-triclinic case, for instance 
(x’x, y’y, 2'Z). All possible rotations are tabulated 
under each system. 


3.1.9.2. GRAPHICAL DETERMINATION OF ROTATIONS 


Plot, on the stereographic net, the poles of the axes 
xyz and x’y’z’. To find the rotation axis T and the 
rotation angle 7 that will bring, for example, x’y’z’ on 
to xyz, draw the great circles that are the perpendicular 
bisectors of the arcs x’X, y’y, z’'Z. They have acommon 
intersection, which is T. The rotation angle 7 is given 
by any one of the three equal angles: x’Tx, y’Ty, 
z'Tz. All possible rotations must be determined before 
the appropriate rotation or rotations (see below) can 
be chosen to define the twin law. 


3.1.9.3. ANALYTICAL DETERMINATION OF ROTATIONS 


From the data calculate the direction cosines of the 
axes x’y’z’ with respect to the axes xyz. Letting uvyw 
be the indices of a straight line in the system xyz, and 
u'y’w' the indices of the same line in the system x’y’z’ 


yz, 
we have, if the coordinate system is orthogonal, 


u’a=ua cos xx’+vb cos yx’+we cos zx’ 
v'b=ua cos xy’+vb cos yy’+we cos zy’ 
w’c=ua Cos xz’+vb cos yz’+we cos 22’ 


The rotation axis corresponding to the operation 
(x'j, yx, z'z), for example, is obtained by letting 
u'=¥%, v’=u, w’=w in the above equations and solving 
for uvw, the indices of T, which need not be integers. 

If the coordinate system is not orthogonal, replace 
the direction cosines in the above equations by the 
corresponding absolute direction parameters. The 
absolute direction parameters of a line OP through the 
origin O are the coordinates of the point P that is 
at unit distance from O. (Cf. equations (7a) and (2a) 
in section 2.4.4, page 55.) 


The rotation angle 7 is obtained from the formulae 
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Goat A aiPicions OAs A 
2 
or, if the co-ordinate system xyz is orthogonal, from 


cos t=4(cos xx’+ cos yy’+ cos zz’—1) 
3.1.9.4. CHOICE OF TwIn LAw 

Of all the rotations obtained above, at least one is 
a rotation of 180°, 120°, 90° or 60° about a row, or a 
rotation of 180° about the normal to a net. In the 
first case the row is chosen as twin axis; in the second 
case the net is chosen as twin plane. (Some authors 
call the corresponding twins parallel twin and normal 
twin respectively.) 

When the indices uvw of one of the rotation axes are 
integers, this axis is twin axis. If uyw are not integers, 
one must find whether there is a net (Ak/) normal to 
[uvw] by applying the perpendicularity condition (see 
under the appropriate crystal system). If there is such 
a net (Ak/), this net is twin plane. If such a net does not 
exist, that is, if the indices hk] of the plane normal to 
[uvw] are not integers, the rotation under consideration 
must be discarded as a possible twin operation.f 


3.1.9.5. TWIN OBLIQUITY 

The obliquity is the angle w between the normal to 
the net (hk/) and the row [uvw] that is quasi-normal to 
(Akl), where (Ak/) is the twin plane or [uvw] the twin 
axis. 

Let u’v’w’ be the indices of the line that is normal to 
the net (Ak/) and h’k’l’ the indices of the plane that is 
normal to the row [uvw]. The unprimed indices are 
integers; the primed indices generally are not. The 
obliquity w is given by the following general formula, 
which simplifies in non-triclinic cases: 


Peeves tk uh+vk+wl di 
/(uh'+vk'+wl’) /(u'h+v’k+w'lal N' 

where N = au’ +by cos y+cw’ cos f) 

and 


N'="(au+by cos y+cw cos f) 


or corresponding expressions obtained by cyclic per- 
mutations. 
The following matrix gives h’/a, k’/b, I'/c as linear 
combinations of ua, vb, we: 
vb we 
h'/a cosy cosf 
k'/b | cos y Diy nicose 
I'/c |cosB cose 1 
Its inverse gives u’a, v’b, w’c in terms of h/a, k/b, I/c: 
hia k/b I/c 
u'a sin? a cosacosB—cosy cosycosa—cosB 
v’b\cosacosB—cosy sin? B cosBcos y—cosa 
w’clcosycosa—cosf cosBcosy—cosa sin? y 
(Cf. formula for cos w given in Section 3.1.7.) 


ft Cases where none of the rotations would lead to a twin 
operation, as defined here, have been reported in the literature 
(Heterozwillinge, complex twins, etc.). The evidence for their 
existence is not incontrovertible. 


ua 


3.1. GENERAL RELATIONS, VALID FOR ALL CRYSTAL SYSTEMS 


3.1.9.6. TWIN INDEX 


The index of the twin is the ratio of the total number 
of lattice points to the number of lattice points that 
are restored by twinning. If the index is 7, the fraction 
of lattice points restored by twinning is l/n. The 
restored lattice points, considered by themselves, form 
the “twin lattice,” which pervades the whole edifice but 
may suffer a slight deviation as it crosses the com- 
position surface. The cell of the twin lattice is either 
a primitive cell of the crystal lattice, in which case the 
index of the twin is 1, or a multiple cell of the crystal 
lattice. This cell, whose symmetry or pseudosymmetry 
governs the description of the twin, is defined: (1) in 
the case of a twin axis [uvw], by the parameter of the 
row that is the twin axis and by the smallest mesh of 
the net (hkl) that is normal or quasi-normal to it; 
(2) in the case of a twin plane (Ak/), by the smallest 
mesh of the net that is the twin plane and by the para- 
meter of the row [uvw] that is normal or quasi-normal 


to it. Let V be the volume of the cell of the twin 
lattice and y that of the smallest cell of the crystal 
lattice. The index of the twin is V/v or V/2v, according 
as the multiple cell does not carry any lattice point in 
the centre of its body or in the centre of any of its 
faces, or does carry such a lattice point. This depends 
on the mode of centring of the crystal lattice itself. 
The index of the twin is given for the various possible 
cases in Table 3.1.9. 

Donnay [6] has given examples of twinning cal- 
culations where the obliquity is calculated by the 
formula of Section 3.1.9.5. In any triclinic crystal that 
has (010) as twin plane the formula of Section 3.1.7 
gives the obliquity w=[010]:[010]* as follows: 


casnB A 
V sin B 
where A= sin «* sin 8 sin y= sin « sin B* sin y 
= Sin « sin f sin y*. 


cos w=1/bb*=1/b 


TABLE 3.1.9 
Twin Index in Terms of S=|hu+kv+/w| 


Twin plane (hk/) quasi-normal to row [uvw] 
or twin axis [uyw] quasi-normal to net (hk/) 


The crystal lattice is primitive (P): 


The crystal lattice is one-face-centred (say C): 
h+k odd 


u+y and w not both even 
h+k even 


u+y and w both even 


The crystal lattice is body-centred (J): 
h+k-+l odd 


u, v, w not all odd 
h+k-+l even 


u, v, w all odd 


The crystal lattice is all-face-centred (F): 
u+v+w odd 


h, k, | not all odd 
u+yv+w even 
h, k, l all odd 


S odd Ss 
S even S/2 
S 
S odd N) 
S even $/2 
S/2 odd $/2 
S/2 even S/4 
S) 
S odd N) 
S even S/2 
S/2 odd S/2 
S/2 even 8/4 
S 
S odd S 
S even $/2 


S/2 odd $/2 
S/2 even S/4 


3.2. Triclinic System 


3.2.1. Cellf 3.2.6. Quadratic Form Q and Interplanar Distance d 
a#b#c; a#B4y Onzr=h?a**+ k2b*?+ [2c*?2+ 2k1b*c* cos a* 
V=2abcr/{sin s . sin (s—a) sin (s—f) . sin (s—y)} + 2lhc*a* cos B*+2hka*b* cos y* 


Gija=l 
where 2s=a+f+y. nev=1// Qnet 


3.2.2. Direct Lattice 


i 3.2.7. Twinning 
P; symmetry 1. 


3.2.7.1. ONLY ONE POSSIBLE ROTATION 


(x'x, yy, 2'2) 
3.2.3. Reciprocal Lattice 


es pple fy easels 3.2.7.2. PERPENDICULARITY CONDITION 
by é Plane (Ak/) perpendicular to line [uvw] if 

cos «#098 Bcos y — cos « 4 

sin B sin y purus oy cos y+cw cos f) 
a pias y cos a — cos B b 

sin y sin « =F (au cos y+bv+cw cos a) 
Mr y= 208 a cos B — cos y , 

sin a sin B =(au cos B+by cos «+cw) 
V*=a*b*c* sin « sin B* sin y* or if 

=a*b*c* sin «* sin B sin y* ua 


=a*b*c* sin «* sin £* sin y he: .v xcke, (aki ie Ue Me nll oe eee 
; sin” a ACOs a cos 8 — cos v)+~{cos y cos « — cos f) 
3.2.4. Choice of Direct Cell 

The usual convention is to use a primitive cell. The peraee e dL  e e  lle le 
Delaunay reduction (Vol. I, p. 530), applied to any dee « cos B — cos et sin? patie Bos y — cosa) 
primitive cell, affords the easiest method of arriving at a b Cc 
a unique cell [7]. The edges of the reduced cell are the 
shortest three lattice translations a, b, c that permit wT A ocak Inna 
a, B, y to be all >90° and the direction cosines of [111] Hees y COS a— COS yee Bcos y— cos «)+-sin? y 
to be all positive or zero. Uniqueness of setting may be a b € 
ensured by additional conventions with regard to a, b 
and c. For determinative purposes the convention 
c<a<b has been adopted in Crystal Data [7], since no 
symmetry considerations are involved in the triclinic 3.2.7.3. TWINNING CONDITION 
system. In deciding finally on the axes and setting of The following ratios must approach rational 
the unit cell, structural considerations (atomic arrange- — nymbers: 
ments, isostructuralism, etc.) have priority. 


wc 


No net is necessarily perpendicular to a row. 


a*:b?:c?:bc cos «:ca cos B:ab cos y 
3.2.5. Interplanar Angle 
p=(hAkl):(h’k'l') in direct lattice, equal to inter-row 
angle ¢=[hAkl]*: [h’k'l']* in reciprocal lattice. 
nae pee ee ae cos «*+(lh'+hl')c*a* cos B*+(hk'+kh’)a*b* cos y* 
V (Onur One’) 
(For definition of Q see Section 3.2.6.) 


To obtain the inter-row angle ¥=[uvw]:[u viw'] in + the sign # reads “‘need not be equal to” (see Vol. I, Table 
the direct lattice, equal to the interplanar angle DEKE ET): 
b=(uvw)* :(u'y'w')* in the reciprocal lattice, replace in t Attention is drawn here to the fact that in some copies of 
the above formula ¢ by ¢%, Akl by uvw, h’k'l’ by u'v'w’, Vol. I, p. 534, the diagrams corresponding to the second and 


: sixth monoclinic reduced cells have been interchanged. The 
and starred elements by unstarred elements. This second should have the PQRPTR lettering, the sixth SQUOTO. 
holds for all crystal systems. —Gen. Ed. 
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3.3. Monoclinic System 


3.3.1. Cellt 
a#b#4c; «=y=90°; B>90°; V=abc sin B 


3.3.2. Direct Lattice 


Either primitive, P, or centred (C, A, J); symmetry 
2/m. 


3.3.3. Reciprocal Lattice 
a*=1/a sin B, b*=1/b, c*=1/c sin B 
a* = *=90°, B*=180°—f 


3.3.4. Choice of Direct Cellt 


The symmeiry direction is called b. Two lattice 
translations (generally the shortest two, in which case 
B<120°) in the net perpendicular to 5 are taken as c 
and a. 

In order to ensure a unique setting, the angle B 
between the positive senses of the c and a axes is 
generally chosen obtuse and one more convention is 
necessary: either c<a or c>a. The former choice has 
been adopted in Crystal Data for determinative pur- 
poses. Either choice may finally be necessary to 
comply with structural considerations.{ 


3.3.5. Interplanar Angle ¢=(hk/):(h’k'l’) (cf. 3.2.5) 
hh'a**+ kk'b*?+ Il’'c*?+ (th'+hl')c*a* cos B* 
WV (Onur Qnrver) 


cos $= 


3.3.6. Quadratic Form Q and Interplanar Distance d 
One=h?a**+ k2b*?+ [2c**+ 2hc*a* cos B* 
Fnxr=1/V Qner 


3.3.7. Twinning 
3.3.7.1. Two PossIBLE ROTATIONS 


ORV) OXY y,2 2) 


3.3.7.2. PERPENDICULARITY CONDITION 
Plane (hkl) perpendicular to line [uvw] if 


bay tc 
—y=- 


k jhau cos B+cw) 


“(aut cw cos f) 


or if 


val a cos B) = sin? B=we/ fe cos B) 


Only one net, (010), is perpendicular to a row, [010]. 


3.3.7.3. TWINNING CONDITION 


The following ratios must approach rational 
numbers: 
@-3b"3C*"Ca COS B 


Remark. If only 6b?:c?:cacos B are near rational 
numbers, only (40/) nets are quasi-perpendicular to 
rows. 


+ Standard setting, b axis unique (by decision of the Second International Congress of Crystallography, Stockholm, 1951). For 
special purposes, however, the setting c axis unique is permitted (see Vol. I).—Gen. Ed. 


t If the chosen setting differs from that used for descriptive purposes in Volume I (labelled “Standard” in Vol. I, Table 6.2.1), 
the data given there for equivalent positions, structure factor formulae, diagrams, etc., cannot be applied without an appropriate 


transformation. 
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3.4. Orthorhombic System 


3.4.1. Cell 
a#b4c; «=B=y=90°; V=abc 


3.4.2. Direct Lattice 
Primitive (P); one-face-centred (C, A or B); body- 
centred (J); all-face-centred (F); symmetry 2/m2/m2/m. 


3.4.3. Reciprocal Lattice 
a*=1/a, b¥=1/b, c¥=1/e 
Cr = BP ay * =O)” 


3.4.4. Choice of Direct Cell 

The three symmetry directions are taken as cell 
edges. To ensure uniqueness of setting for determina- 
tive purposes they are labelled in Crystal Data [7] so 
that c<a<b. 

The final choice of setting may be determined by 
structural considerations. f 


3.4.5. Interplanar Angle ¢=(hk/):(h’k'l') (cf. 3.2.5) 
hh’ a*?-+ kk’ b*24 Il’ c#2 
V(Qner- One’) 


cos ¢= 


3.4.6. Quadratic Form Q and Interplanar Distance d 
Onxy=h?a*?+k*b*?4 [2c*? 
igi 
/ (h?b2c?+ k2c?2a?+ [?a*b?) 
3.4.7. Twinning 
3.4.7.1. FOUR PossIBLE ROTATIONS 


x’y’z’ to coincide with xyz, xjZ, XyZ, Xpz 


3.4.7.2. PERPENDICULARITY CONDITION 
Plane (hk/) perpendicular to line [uvw] if 


Only three nets are perpendicular to rows, viz. 
(100), (010), (001) perpendicular to [100], [010], [001] 
respectively. 


3.4.7.3. TWINNING CONDITION 

The ratios a?:b?:c* must approach rational numbers. 
If only one of these ratios is near a rational number, 
only the nets in the corresponding zone are quasi- 
perpendicular to rows. 


} If the chosen setting differs from that used for descriptive purposes in Vol. I (labelled “Standard” in Vol. I, Table 6.2.1), the 
data given there for equivalent positions, structure factor formulae, diagrams, etc., cannot be applied without an appropriate 


transformation. 
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3.5. Tetragonal System 


3.5.1. Cell 
a=b#c; a=B=y=90°; V=a"c 
3.5.2. Direct Lattice 
P (or C), I (or F); symmetry 4/m 2/m 2/m 


3.5.3. Reciprocal Lattice 
a*=h*=1/a,,c*=1/c 


3.5.4. Choice of Direct Cell 


The smallest cell with full lattice symmetry is chosen: 
either P (not C) or / (not F). 


3.5.5. Interplanar Angle ¢=(hkl):(h’k'l’) (cf. 3.2.5) 
(hh'+kk’)a*?-+ Il'c*¥? 

V (Qnxr- One’) 

Given a plane (hk0), find the angle =¢ arc tan (h/k) 
which it makes with (010) (see Table 3.5.5). 


cos ¢= 


3.5.6. Quadratic Form Q and Interplanar Distance d 
Onxr=(A?+k?)a* 24 [2c%2 
ac 

Given h?+k?, find h and k (see Table 3.5.6). 
3.5.7. Twinning 
3.5.7.1. EIGHT POssIBLE ROTATIONS 

x'y’z' to coincide with xyz, xpZ, XyZ, Xz, Jxz, yxXz, 
YXZ, PXZ. 


Dna= 


3.5.7.2. PERPENDICULARITY CONDITION 
Plane (hk!) perpendicular .to line [uvw] if 


(001) is perpendicular to [001] and (hkO) to [hk0]. 


3.5.7.3. TWINNING CONDITION 
The ratio c?:a* must approach a rational number. 


TABLE 3.5.5 
Interplanar Angles ¢ in the Tetragonal Zone 
¢=(010):(hkO), with h<k 


Case 1. No condition 


Case 2. (h+k) even 
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3.5. TETRAGONAL SYSTEM 


TABLE 3.5.6 
Tetragonal Quadratic Forms. Given h?+k?, to find A and k 


h?+k? hk 
193 | ey | 
194 Pores 
196 14 0 
197 14 1 
200 14 2 
10 10 
202 lie 
205 14 3 
13°76 
208 | ee 
ie 14 4 
218 1S 
221 14 5 
11D 10 
220 Toueo 
Pa) 
226 STs 
peas) ee 
232 14 6 
233 | Bee ss 
234 eis) 
241 15 
242 1 
244 12 10 
245 14 7 
250 | iss 
ieee} 
256 16 0 
251 16 1 
260 Los = 2 
14 8 
261 156 
265 16°38 
12 11 
269 13 10 
212 16 4 
274 15 
Ps ff 14 9 
281 oye) 
288 12.2 
289 170 
bOmES 
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hk? 


290 


202 
293 
296 
298 


hk 


h+k? 


488 


h 


k 


WiONnreN OS 


h+k? 


490 
493 


500 


h 


k 


hoe ke 


S92 
593 
596 


601 
605 


610 


h 


k 


3.5. TETRAGONAL SYSTEM 


TABLE 3.5.6 (continued) 


n+ k? 


692 
697 


698 


111 


h 


k 


h2+k? 


800 


h 


k 


W+k* h k 
900 7eesOar0 
24 18 

901 3041 
26015 

904 30 2 
O05 29:5 
28411 

909 S073 
OI a 25 17 
916 30 4 
2 2ieel29'¢ 9 
925 30 €5 
27 14 

2221 

928 Dot 
929 23-20 
932 26.16 
9862 © 3076 
931, 24 19 
941 29 10 
2 be) | 
Z 16 

953 28 13 
93445 21 15 
961 3b 0 
96 2 ees es 
2oRit 

964 30 8 
965 et ey 
26 17 

708. §22, 22 
OS ae 
Zone! 

976 24 20 
OFF ae Sdn 4 
980 28 14 
981 Belo 
ene) ea 2 
27 16 

OSGin eS 
pesw Ake) 
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3.6. Hexagonal System 
(Sensu lato, including trigonal) 


Hexagonal Axes xyuz and Bravais-Miller 4-index 3.6.4. Choice of Direct Cell 
Symbolst hkil, with i=—(h+k) The smallest cell with edges parallel to symmetry 
directions is chosen. It is always P (not H) or R. If 
3.6.1. Cell an R-lattice is referred to hexagonal axes, the obverse 
a=b#c; a=B=90°; y=120°; V=abc sin y. orientation (Vol. I, p. 20, (a) and (b)) is adopted as 


; standard. 
3.6.2. Direct Lattice ot 
P, symmetry 6/m2/m 2/m; or R, symmetry 3 2/m. 3.6.5. Interplanar Angle $=(hk.1): (h k' I’) 
eae op AUS EK Ah 


3.6.3. Reciprocal Lattice Om One) 
q*=pb*t= 2 : ae at =p*=90°, y*=60°. Given a plane (hk.0), find the angle 

a . g=arc tan le en 

V/3h+k 


t Following usage, the superfluous is subsequently replaced 
t. 


by a do which it makes with (11.0) (see Table 3.6.5). 


TABLE 3.6.5 
Interplanar Angles ¢ in the Hexagonal Zone 
¢=(11.0):(hk.0), with h>k 


S- 


Case 1. No condition Case 2. (—h+k) divisible by 3 


° 
2 


11.0 11.0 

33 Bots mh = s ae ae 76.0 

0 ee "EY ‘ape -. 65.0 

40 ae za 238 54.0 

43 dens = 43 43.0 

ahs oy as Ane 75.0 

a5 a 32.0 aoe — sai ais eye 96.0 
SP) ee Saf ae ae 85.0 nate ier. Gs Nas 85.0 
13 "a ee 53.0 
aM ses Tr =e 74.0 sate dey. es 74.0 
22 Sai “He ae — 95.0 

10 54 21.0 diss ae 63.0 

| eS | ae see eae 94.0 

13 0 ee oe 13:0 

13. 54 ee 52.0 are 52.0 

14 42 as ae 83.0 

Ligh 0 31.0 er ‘és 93.0 

Lie 16 Sere sea 10) 3:0 

17 47 coe 72.0 

19 6 41.0 41.0 

20 10 Ses 92.0 


OmWWAANNA RW WN O 
Ww 
So 


21 47 er any 6 PS) sco) pile 
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3.6. HEXAGONAL SYSTEM 


TABLE 3.6.6 
Hexagonal Quadratic Forms. Given h?+k?+hk, to find h and k 


Rokk he k 


—hN NAAN OS whe AAN © 


NO WwW 
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h?+k?t+hk h k 
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h?+k*+hk h k 


361 


127 ul 


13 10 


_— 
\o 
coon © 


3.6. HEXAGONAL SYSTEM 


TABLE 3.6.6 (continued) 


h?+k*?+hk h k h?+k*?+hk h k h?+k*+hk h k h?+k?+hk h k 
48] 1 i 613 oa 741 25 4 871 Pi 
16,9 GlO sen ae ZOOS LE age) 
484 22 0 S757 249 
AS] eet Le od 624 20 8 751 215 LO 876 =. 20:«14 
489 Vio 8 C254) Zee 136 246 S77" 200 eS 
—— 628 24 2 1OUt atc 
496 20 4 883 /). 2h 413 
499 [3a 7 631 15 14 103. > 26553 S59 ¢ arlene 
633 16 13 229 2 
SO 225i 637 23 4 768 16 16 
[3213 ie 769 1 ed S92 e712 
508 14 12 Lipl2 
Uda 18 14 900 30 0 
511 19° 6 643 18eu 1 Ot Waa AD 903 Pst2) 3 2 
Beh Id) een yay 
=) Pe 651 2) el ih 907 = 26a 
516 16 10 19 10 
652. 225 6 784 28 0 912 284 
a5 Leo 657 24 3 20 12 916 24 10 
52) ZU 1S)! Sizdae o19 LSeiy 
529 23 0 661 20.59 
6692395 Tie hese 8 ae 921 19 16 
BE IPR Pe Zieh 92) ZU 
18 8 Gi3¥0 eZ 1s 796 26 4 927° Zio 
675 [3°15 
541 21 4 676 26 0 804 22 10 we! 30) 1 
543 1b ws 16 14 PE) 
547 14 13 679-6 25082 811 2, 6 21 14 
549 L5md2 i PG I} S135 ae 252 O31 a tacons 
S17 <a 9395s 22 
Soo 2s, 684 18 12 17 16 
Lowa 6S" 22057 S19 «oe Zi aS 948 26 8 
556 = 20s8.6 688 24 4 18 15 949 28 5 
OPS aie I 2) 2 
17 10 691 19311 823 19 14 
329 7 20,13 961 Sra 
567 18 9 700 #20 10 24 11 
103) 2081 831 26,95 964" 30R 2 
ey 94 OS 5) 20 6 832 24 8 907" Salas. 
576 =6.24:*O LOD coe S37) e2zlei2 
577 LOS O72 18 18 
mY bead PRE 7! ul 219 841 29, 0 973 25404 
844 28 2 a7 
588 22 4 (04 24 5 847 = 22:11 975° ~~ 2010 
14 14 16 15 849 25 7 976 ~~ 20716 
569° 27 723 17 14 
od) 724 22 8 53° eZ) oa 981 74 Ne he} 
1 P| 18 13 S09) 2510 988 28 6 
592 16 12 122 © [2a 22 14 
597 ieee 8 867 i aS 
Ton 20 868 26 6 991 26 9 
601 24 1 is | IP 18 16 993 1 | 
GUS" = <2. 6 ik ear a! 997) 23 R es 
604 18 10 999 30 3 
607, 7235.3 
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3.6. HEXAGONAL SYSTEM 


3.6.6. Quadratic Form Q and Interplanar Distance d 
One.r=(h? +k? +hk)a*?4+/2c*? 
acv/3 
V{4(h? +k? +hk)c?+ 31a} 
Given h?+k?+hk, find h and k (see Table 3.6.6). 


Ahea= 


3.6.7. Twinning 
3.6.7.1. TWELVE POSSIBLE ROTATIONS 

x'y’z’ to coincide with xyz, xuZ, juz, PXZ, uxz, uyZ, 
XYZ, XUZ, yuz, yXZ, UXz, UyZ. 


3.6.7.2. PERPENDICULARITY CONDITIONT 
Plane (hk./) perpendicular to line [uvOw] if 


Spee oe (aul) a 
h\ 2) k\ 2) T a 


2 
i (e+5) (+5) gulp 


v 


(00.1) is perpendicular to [0001] and (hk.0) to 
[2h+k,h+2k,0,0]. 


or if 


3.6.7.3. TWINNING CONDITION 
The ratio c?:a? must approach a rational number. 


t The symbol [uw] is not the Weber 4-index symbol [UVJW], where U=u—(u+v)/3, V=v—(u+v)/3, J=—(ut+ v)/3=—(U+V), 
=w, [8]. This means that in effect only three of the four hexagonal axes are used for calculations, namely xyz. With the Weber 


symbolism the perpendicularity condition reads 


——— 


and (Aki0) is perpendicular to !hki0]. Note that, in a Weber symbol,*the index J is not superfluous. 
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3.7. Rhombohedral System 


(Sensu stricto, trigonal crystals with rhombohedral lattice) 


Rhombohedral Axes and Miller 3-index Symbols 


3.7.1. Cell 
a=b=c; 120°>a=B=y#90°; 
V=a*,/(1—3 cos? «+2 cos? a). 


3.7.2. Direct Lattice 
Primitive, but designated R; symmetry 3 2/m. 


3.7.3. Reciprocal Latticet 


id 1 1 
a 
cos — ¥ = 


asin « sin «* 


2 & 
cos 5 


3.7.4. Choice of Direct Cell 
The smallest rhombohedron is chosen, the lower 


culminating edges being labelled x,, y,, z,, so as to 
form a right-handed system (Vol. I, p. 20, (a) and (6)). 


3.7.5. Interplanar Angle ¢=(hk!):(h'k'l') 


cos 


V(Qnit- Onx't ) 


3.7.6. Quadratic Form Q and Interplanar Distance d 
Qna=[(h? +k? +1?) +2(kl+lh+hk) cos «*]a*? 
Dh = V/V Qnet 


t For alternate formulae cf. Vol. I, Table 2.4.1, p. 13. 


ga (ih thk’ AW aR’ AUY ER +H) +10! +k) 608 oa"? 
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Given h?+k?+/?, find h,k,] and kl+/h+hk (see Table 
3.70): 


3.7.7. Twinning 
3.7.7.1. S1x POssIBLE ROTATIONS 


x'y'z’ to coincide with xyz, yzx, zxy, XPZ, PZX, ZXp. 


3.7.7.2. PERPENDICULARITY CONDITION 
Plane (hk/) perpendicular to line [uvw] if 


jf ueo+w) cos “| =;| vHw+u COs “| 
=7| w+ +9) cos “| 


or if 


"ue + cos «)—(k-+1) cos “| 
=>] k( + cos «)—(/+h) cos «| 


=| 10 + cos «)—(h+k) cos “| 


(111) is perpendicular to [111] and every 
net containing the row [111] is perpendicular 
to a row contained in the net (111). 
3.7.7.3. TWINNING CONDITION 
cos a must approach a rational number. 


3.7. RHOMBOHEDRAL SYSTEM 


TABLE 3.7.6 
Rhombohedral Quadratic Forms. Given h?+k?+/2, to find hkl and kl+Jh+hk 


kl+lh+hk 


kl+lh+hk 


++4/—-+4]/4+-4]4+4- 


W+k?+l hk Il|—-—--|+—--|}-—-+-]--+ AA+kK*42P hkl 

1 1-0h0 4 #00 0 30 jo Sn, 3 
2 ion ae | =r 1 32 ee el amt 16 0h. 6 16 
3 it = =| 33 7 oa rn ee | 
4 OO BLO 0 BAM Ne) 6216 216 8 
34 Ci culls Le Sia 5 Ce 15 
5) OG 

5 SEING Le iD bee ore fueey > 
6 eet east it Geos mn Fa 35 soni 3 17) 813 7 
8 Sea caten ce AR be eae: 4 36 600m, 0 0 0 0 
? yeaiie 2 0 0 0 AO re), a ee 0 
EE Sie er 7 sarees 4 0 37 COG 6G 6 
38 eres weit = te) 1 
‘0 gether ie we ; LO ae Ch | it 

11 Saat een te Smee soll SNE. ani they 
12 Dry 12 =A aA ey | 40 620 12 —12 —12 12 
13 aa) 6 = =—6 6 41 62 1 20 —16 — 8 4 
14 Bet 11 7 eek 1 540 20 —20 —20 20 
Weemeedo) 16! 16 8 
42 541m) 21" * 219 11 
16 400 0 0 0 0 43 533 39 Sy ye es 
17 410 4 —4 —4 4 44 600%" 28 Sy ea 

C20 Ma =’ aa | 
NE Oe a DeeeCr O re eg 13) F218 3 
aati tS « hits 2 9 Bie) BBE) 8200 18 2 
we ey tas be has oo 3 46 6 aaa) eee Se es 9 
eeepc ae A Sal 48 awa aiieds £2168 16 9 3f6 
My coe OA ae ae ae eee ee ee 08 FD 
Pie eEA14 2-105 6 = h02 me tt gee 

22 OMI Ofeto | 3 7 

24 Ape 0 12 =4 A 50 UY Df A ptr ag heal) f) 
Resim 5 e905.) os" B55 
Rear ay e938 17 7 
25 500.0 Min 0 0 0 0 51 sali spi Ih aks 9 ae 
des 'OMESID BE= 12% 6-312 12 See n§ S05 15 
26 Sh OleukSs Ob 51 25 5 52 CIAnO MEd ede 4 ed 
Ze) 1G! 00-134 8411 5 53 le) OMGaI4 BP=142 8-214 14 
27 Simei Be on wey 12 3 bed 1 asd | 296: ¢ 6-222 14 
Babee ke 20k -S.9... 209 54 (ais ee 19 Lk .-9 5 
29 5a 0 the lO, ub 1040-510 10 (eee SO 9 
Ra bai 6 utd 108 ox 2 yy 5 
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3.7. RHOMBOHEDRAL SYSTEM 


TABLE 3.7.6 (continued ) 


kl+lh+hk 


kl+lh+hk 


hea sie 

56a". (EGCaON b Ate aS 200 4 B01 SiR"SIghgul gee base 
57 N79 Bla Ws © Gen eee 81 SrosoOwitty 0 0 0 
544 Gi=56° L340 Big OSs 8411-44 J 36 0 1ebRe Mo 
58 Pes OO OT ee eT 744127) toad 1 (a6 eee 
50 pe M31 Mes ip Ss ee OTE 6630 7) 0-36 wes 0 
515.3) 755 Cl205 8 bis Es B2\0t Og a0 mere 19-1 we ee Ones 9 
$33.57 530 ce 
61 650 0. * 308 ae Ome 3) 2th ee ae 
RAG asd 30" et eee P33) 5 ee 
Meee bh ans | uae aati) Cha fd th 

Gis ait pens 3p NURS Ue Big 
Ss nga annoed ack ©: 1420 2a) engine 859-2.) -——- | Sus td See 
760, 42 ~) 42) epee 
65, latency Angin PoE LS g 86 921, 20 7 
7430) 8158 i298 ee tog tek 76.0, 55 eA) 
652 a5 52 Wa eEes g 6'5 5 Meggutienigsi Tbs ana 
Sa te PP pe pe ee 88 6 64.4 t8d 36, a ee 
A ee ee 3 aes Te ame 
Or 4 1 e8) 25 ee Fal 850 40  -40 —40 40 
61 dhs MASS Cage 51 gs 3) oe 2 OCC gars yes a Po 
68 0 enlo) ge omenC mn 7626-68 b—446 ps0 ee 

ad ele 3) Gane 

69 Sol opeee 2) = aeie 6 
AE Dt Vie eine) ped 6 00. 693.05. 27) 9-2) ale 2 ene 
$ 51g. 53 pp-43 pen 
70 6.5.3 91.63 3-334 R327 eR | iia oa ee nn 
tse Ot gee ee ae 91 S31 39a 
a a eee 93 852% -66 #460 0-84 eee 
73 830 24 -24 -24 24 i epimeb re : 
6.6. ly 48 Ser 36 un 86 24 TS a ee : 

LPO Te PEL Peppy 
! ; ; et Ee ¥ ae 96 $44. 80 48 = 16 eee 
$y 09400 36 0-360 0336 meee 
Sg eee 6-6 521496" Sh=36 OE tae eee 
7S. MES ibn) A370 ee) ees 98 9:4 18 49 Bical @ Feat ee 
5-5 Shh r75 . BL 25 R425 eos 95 301-79 @h49 1 Bet 
76 6-6 29h-60 4-361 BO ee 7-700 49 tf=49'1 F249 as 
17 €83 201-46 16-4 pee 2 99 09.338 .63. i=450e e oneeeno 
6:5 406.74. BMG BSc es 7719-63 Ol-490 S240 was 
18 PRIS) FOL 5G, ek hoe es a 15 5-95 B0-455 6405 ues 
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3.8. Cubic System 


3.8.1. Cell of the angles becomes zero; this trivial value is omitted 
a=b=c, «=B=y=90°; V=a’. from the table. 

Given a plane (hkl), what are the numerically dis- 

3.8.2. Direct Lattice tinct angles which it makes with the other faces of the 


form to which it belongs and with the faces of other 
forms? The answer to this question is given in Table 
3.8.5B. In it fifteen forms are considered. They are 
listed in the order of increasing s=h?+k?+/? and 


P, I, F; symmetry 4/m 3 2/m. 


3.8.3. Reciprocal Lattice 


ater ae =p = 90 include the nine forms with the largest effective inter- 

planar spacings d in each cubic lattice (multiple indices 

3.8.4. Choice of Direct Cell being used when necessary to express the lattice 
The smallest cube is chosen. criterion: J, “‘sum even’’; F, “‘all odd or all even’’). 
The numbers appearing in the rows labelled P, J, F at 

3.8.5. Interplanar Angle ¢=(hk1): (h’k'l’) (cf. 3.2.5) the head of Table 3.8.5B indicate the order of decreas- 
Given any plane (hk/), how many numerically dis- | 198 ¢ spacings in the appropriate lattice. The list of 


tinct angles does it make with the faces of a givenform angles under each form symbol contains as many 
{h’k'l'}? The answer to this question is givenin Table  Mtries as are required by Table 3.8.5A. 

3.8.5A. Let the given pole (Ak/) be placed at the centre Table 3.8.5B is based on the formula 

of the stereographic projection. It is sufficient to 4 hh'+kk’ +ll' 

consider half the poles of {h’k’l’}, namely those of the ois dasa TIE 12) \/(h'2+k'241'2) 

upper hemisphere, since this restriction excludes only _— where ¢ is the interplanar angle (hk/): (A’k'l').t 

the obtuse supplementary angles. The number of 


aver ; + Table 3.8.5B was constructed with the help of an extended 
angles to be ee ected is given in the last column of table, compiled by Dr. L. W. McKeehan (private communica- 
Table 3.8.5A; it is equal to one-half the multiplicity tion), giving angles for the J and F lattices. Additional angles 
of the form {h’k'l’}. This number, however, isin many were found in an extension of Bozorth’s table [9] fubmitted by 
: : Dr. K. W. Andrews (private communication). Mrs. Beula 
cases reduced by SEA If the pie lane ie ca Decker computed the remaining angles, checked the whole table, 
of the faces, say (h’k'l'), of the given form {h’k’l’}, one and rearranged it in its present form. 


TABLE 3.8.5A 
Number of Distinct Interplanar Angles between any Given Plane and all the Faces of a Given Form 


angles expected 
in hemisphere * 


Number of 


h'k'l’ 
110 hkO oe 
Given Wk'l 
plane 
100 “od 


) 
110 px a2) 6 
111 1 2 ml “ 
hkO 3 a Z £0; 8 12 
hkk 2 4 3 6’ 6 i) 6 W 12 
(Azk) 
hkl 3 6 4 |: 12 11 11 12 =16 23 24 24 


Obtuse angles and zero angles are not counted. A primed number means that one of the angles is equal to 90°. 
The asterisk (*) indicates that the number of expected angles (given in the last column) must be decreased by 1. 
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3.8. CUBIC SYSTEM 
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3.8. CUBIC SYSTEM 
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3.8. CUBIC SYSTEM 
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3.8. CUBIC SYSTEM 


3.8.6. Quadratic Form Q and Interplanar Distance d 
Onxr=(h? +k? +P)a*? 
Any =alV/(h? +k? +1?) 

Given h?+k?+/?, find h, k, 1. It is useful to consider 
s=h*+k?+/? as a number congruent to p (mod 8), i.e. 
s=8n+p, n=0, 1, 2,... Table 3.8.6A is divided into 
125 rows, n=0 to 124, and 7 columns, p=0 to 6. The 
only values which s cannot assume are of the form 
a7 mod’ 4" <8). m=O, 1, 2,...... [10]. For m=0 
this expression reduces to 7 (mod 8) and column p=7 
is accordingly omitted from the table; for m=1 the 
expression reduces to 28 (mod 32), so that s cannot 
havesvalues 28, 60, 92, .. ., etc. 

The only reflections permitted by the F-lattice are 
those for which s=p (mod 8), p=0, 3 and 4. The 
I-lattice allows reflections for which s=p (mod 8), 
p even. 

In simple structure types the structure factor expres- 
sion is the same or varies periodically for reflections 
whose s values appear in the same column. If observed 
intensities are recorded in a table arranged like the 
table of s values, simple structure types can easily be 
identified [11]. 

Table 3.8.6A is arranged on two pages facing each 
other. The values of s will be found on the left-hand 
page. Below each s value are given 1/s and mantissa of 


log s. The possible (Ak/) triplets appear on the right- 
hand page, near the corresponding s value. An asterisk 
(*) on an s value indicates that the preceding integer is 
not equal to the sum of three squares. 

Table 3.8.6C lists the reflections permitted by the 17 
cubic aspects shown in Table 3.8.6B.+ It is used in 
conjunction with Table 3.8.6A, e.g. for indexing a 
powder pattern. 


3.8.7. Twinning 
3.8.7.1. TWENTY-FOUR POSSIBLE ROTATIONS 

xy 2ato coincide with xyz, x72, XyzZ, Xyz, zyX, xzp, 
Vice Cage og AX eX eX, VXZy ZVX, XZVy XZ), 
PAV ENV eA LRY, ZY, VXZ, LX, ZX. 


3.8.7.2. PERPENDICULARITY CONDITION 
Plane (Ak/) perpendicular to line [uvw] if 
uv w 
heke 7 
Every net (Ak/) is perpendicular to a row which has 
the same indices [hk/]. 


3.8.7.3. TWINNING CONDITION 
None. 


+ An aspect is a set of systematic absences required by one or by several space groups in a given crystal system (see Vol. I, p. 348, 


Table 4.4.2). 
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TABLE 3.8.6A 
Cubic Quadratic Forms 


s=h?+k?+/?, 4/s and mantissa of log s, for s=8n+p#4™".7 (mod 4”.8), m=0, 1, 2,... 


0 ] 2 %) 4 a) 6 
0 1 2 3 <. = 6 
1-00000 1-41421 [-73205 200000 2:23607 2°44949 
000 000 301 030 477 121 602 060 698 970 778 151 
8 9 10 11 | 2 13 14 
2:82843 3-00000 3°16228 3-31662 3°46410 3-60555 374166 
903 090 954 243 000 000 041 393 079 181 113 943 146 128 
16 17 18 19 20 21 22 
4-00000 4-12311 424264 4-35890 4-47214 458258 4-69042 
204 120 230 449 20a 278 754 301 030 322219 342 423 
24 m5) 26 24 29 30 
489898 5-00000 5-09902 19615 5°38516 5:47723 
380 211 397 940 414 973 431 364 462 398 477 121 
32 33 34 Bye) 36 37 38 
5-65685 5:74456 5°83095 5-91608 6-00000 6:08276 616441 
505 150 518 514 531 479 544 068 556 303 568 202 579 784 
40 41 42 43 44 45 46 
6°32456 640312 6:48074 655744 6:63325 6-70820 6:78233 
602 060 612 784 623 249 633 468 643 453 653 213 662 758 
48 49 50 a O2 53 54 
6:92820 700000 7:07107 714143 T2110 728011 7:34847 
681 241 690 196 698 970 707 570 716 003 724 276 732 394 
56 =y/ 58 2) 61 62 
7:48331 754983 61577 7-68115 781025 787401 
748 188 WSS 815 763 428 770 852 785 330 92392 
64 65 66 67 68 69 70 
800000 806226 8-12404 8°18535 8-24621 830662 8-36660 
806 180 812 913 819 544 826 075 832 509 838 849 845 098 
72 a3 74 75 76 77 78 
8-48528 854400 8-60233 866025 8-71780 877496 8-83176 
857 332 863 323 869 232 875 061 880 814 886 491 892 095 
80 8] 82 83 84 85 86 
894427 9-00000 9:05539 9-11043 9-16515 9-21954 9-27362 
903 090 908 485 913 814 919 078 924 279 929 419 934 498 
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TABLE 3.8.6A 
An asterisk (*) indicates that the preceding number is not a sum of three squared numbers; a double asterisk 


signifies the same for the preceding two numbers. 


Every s followed by all possible (Ak/) triplets 
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TABLE 3.8.6A (continued) 
s=h?+k*+i?, »/s and mantissa of log s, for s=8n+p#4”.7 (mod 47.8), m=0, 1, 2,... 


: 0 1 2 8) 4 5 6 

11 88 89 90 91 93 94 
9-38083 9-43398 9-48683 9:53939 9-64365 9-69536 
944 483 949 390 954 243 959 041 968 483 973 128 

12 96 oF 98 99 100 101 102 
9-79796 9-84886 989949 9-94987 10-0000 10-0499 10-0995 
982 271 986 772 991 226 995 635 000 000 004 321 008 600 

13 104 105 106 107 108 109 110 
10-1980 10-2470 10-2956 10-3441 10-3923 10-4403 10-4881 
017 033 021 189 025 306 029 384 033 424 037 426 041 393 

14 113 114 115 116 117 118 
10-6301 10-6771 10-7238 10-7703 10-8167 10-8628 
053 078 056 905 060 698 064 458 068 186 071 882 

|) 120 12 122 123 £25 126 
10-9545 11-0000 11-0454 11-0905 11-1803 11-2250 
079 181 082 785 086 360 089 905 096 910 100 371 

16 128 129 130 131 132 133 134 
11-3137 11-3578 11-4018 11-4455 11-4891 1N5326 11-5758 
107 210 110 590 113 943 |B roa A | 120 574 123 852 127-103 

b/ 136 137 138 139 140 141 142 
11-6619 11-7047 11-7473 11-7898 11-3322 11-8743 11-9164 
1532555 136 721 139 879 143 O15 146 128 149 219 152 288 

18 144 145 146 147 148 149 150 
12-0000 12-0416 12-0830 12-1244 12-1655 12-2066 12-2474 
158 362 161 368 164 353 167 317 170 262 173 186 176 091 

19 152 153 154 155 ipo 158 
12-3288 12-3693 12-4097 12-4499 12-5300 12-5698 
181 844 184 691 Ree y4 | 190 332 195 900 198 657 

20 160 161 162 163 164 165 166 
12-6491 12-6886 12-7279 12-7671 12-8062 12-8452 12-8841 
204 120 206 826 209 515 212 188 214 844 217 484 220 108 

21 168 169 170 171 172 173 174 
12:9615 13-0000 13-0384 13-0767 13-1149 lgyi529 13-1909 
225 309 227 887 230 449 232 996 235 528 238 046 240 549 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (Ak/) triplets 


. oko nas aa ay ae at ae very ay ae Ss ake 
196 14 0 0 221* 14 5 0 244 1210 0 26oa0 16. 3, | 280F lua0- a0 
12--6--4 14 4 3 12 8 6 ih 5~—4 158-0 
i J4 1 0 13 6 4 5 lbpeas 2 139 4 Pell 
i ih 2 11410, 0 14 7: 0 12011, 1 1, S08 
10 9 4 11) 1:85 \6 {2,10 Al bie 8 
Sinai4 Lb 1 2 aes 10 9 8 1 aaa 7 
13! 52 i Hag SS Geld oul ith 5 ora ui / e 
fOr ee relort 145 5 8 14 6 6 is 8] 
9 9 6 AS TGR EN i112 Omelcuss. 2 15 7 4 
Sr bok, | O EEO) 55 Ebel o 3? 1h O 
[4s 82 * 13 
200* 14 2 0 io) 0 ; 19 10 ; 13° 8> 6 1 Fe i 
1010 0 Tigl0g2 Or 14 i 2 Par 2 Bll 
10 8 6 10 10 5 13 8 4 ig 5 W167 
1 142 1 6 15908" 6 11 8 8 a 16 660 
i : e 9 } 10 10 7 1212 2 
9 
ES) sie aS ta a ees ee i 
ae ae eg Fee 1310 1 ate: 
11 9 0 19 5 a EO 1110 7 149 4 
oleae nee amme 8 14 4 4 tye 2 2* 16 4 0 1210 7 
iy 10 8 8 a ae ee 8 ale ee a 
aret4 2 2 9. 158-90t0 2S id a Bee i 1477 
10 10 2 29 2 ates ae ai ig > aries 
pe 8 177. 6 ie ae Aevige 3 13.10 5 
ign6, 1111 3 aes 
Por 230 155 | i ory cre ae err ok 
eeri4 3 I 14°°5\3 3* 1210 3 ee 2 ena 
136 1 13486585 Awetis 5 © g. eee Se 
11 9 2 1110 3 (ae NS ie te eae 
11.47 6 109 7 13 9 2 ee Pie: 
10 9 5 2* 14 6 0 in es6 SEO AEA. 3 pois, 
exR12 8-0 Cs Gages 6* 16 0 0 ae Bee 
O14 3 2 46° 1 Jonelo 1 30 7 mene | ies 
13.6 2 13 8 0 15.4.4 aed 4 geet peas 
ee hae a pee oeee Sirs 3 15 8 3 
io 7 4 aS es 0 12 8 F Mees. eee 
10 10 3 1388) «1 1110 6 ae a 
O45. 8 (inva s4 ees mes Nes | 
nots is, & 5 ye 6 eee 
ies 7 Li tte 4 
210 13 5 4 ea ara RIE "aja See 
lt 8 5 6: 1406 2 13, 9 3 280* 1210 6 300 1410 2 
ieeil 9 3 10 10 6 1. FIGS: 0 10 10 10 
9 79 4 7 Yaa stig 16 «4; 3 ie 16 6 3 
2) 14 4-0 133.8 2 149 2 12 11 6 
i208 2 1110 4 260 16 2 0 147 6 eae? 
3 14 4 1 2 [Saue D 14 8 0 1211 4 14 9 5 
IONS 119 6 1210 4 10 10 9 1110 9 
geet 3. 3 Merlo of se | 4* 1212 4 
13 6 3 241** 15 4 0 15 6 0 1308-7 Si a0 
Grridad 2 14 6 3 14 al Sfeelo 3 [67-0 
12 6 6 13 6 6 147 4 11 9 9 15 8 4 
10 10 4 12 9 4 12 9 6 5* 160e5 2 1410 3 
meti2 & 3 DPI Saal Pes ol 148 5 13 10 6 
10 9 6 i383 10 9 9 1310 4 6m 17 A 1 
Suuig.ag. 0 eae Ae 1G 32) 2 1110 8 leet 
ia lit e-0 14 8 2 GO wilsenG |S l6ney 5 
1hie-9: 4 3 153. 3 10 10 8 14 9 3 15 9 0 
Reels? lated Snrl6, 3 139 6 1311 4 
5S Tal yal 6 2 8* 16 4 4 age ae 
ye ee 9 9 9 1211 0 Da? 0 iP tikes 


TABLE 3.8.6A (continued) 
s=h*+k?+]?, 4/s and mantissa of log s, for s=8n+p44".7 (mod 4.8), m=0, 1, 2,... 


~ 0 1 v4 3 4 5 6 

22 176 La 178 179 180 181 182 
13-2665 13-3041 13-3417 133791 13-4164 13-4536 13-4907 
245 513 247 973 250 420 252 853 255 275 257 679 260 071 

23 184 185 186 187 189 190 
13-5647 13-6015 13-6382 13-6748 13-7477 13-7840 
264 818 267 172 269 513 271 842 276 462 278 754 

24 192 193 194 195 196 197 198 
13-8564 13-8924 13-9284 13-9642 14-0000 14-0357 14-0712 
283 301 285 557 287 802 290 035 292 256 294 466 296 665 

25 200 201 202 203 204 205 206 
14-1421 14-1774 14-2127 14-2478 14-2829 14-3178 14-3527 
301 030 303 196 305 351 307 496 309 630 311 754 313 867 

26 208 209 210 211 a2 213 214 
14-4222 14-4568 14-4914 14-5258 14-5602 14-5945 14-6287 
318 063 320 146 322219 324 282 326 336 328 380 330 414 

2h 216 217 218 219 221 222 
14-6969 14-7309 14-7648 14-7986 14-8661 14-8997 
334 454 336 460 338 456 340 444 344 392 346 353 

28 224 225 226 Leh 228 229 230 
14-9666 15-0000 15:0333 15-0665 15-0997 15-1327 15-1658 
350 248 352 183 354 108 356 026 35-935 359 835 361 728 

29 232 233 234 23) 236 237 238 
15-2315 15-2643 15-2971 15°3297 15-3623 15-3948 15-4272 
365 488 367 356 369 216 371 068 372 912 374 748 376 577 

30 241 242 243 244 245 246 
15-5242 15-5563 15-5885 15-6205 15-6525 15-6844 
382 017 383 815 385 606 387 390 389 166 390 935 

31 248 249 250 251 253 254 
15-7480 15-7797 15-8114 15-8430 15-9060 15-9374 
394 452 396 199 397 940 399 674 403 121 404 834 

32 256 Zi, 258 259 260 261 262 
16-0000 16-0312 16-0624 16-0935 16-1245 16-1555 15-1864 
408 240 409 933 411 620 413 300 414 973 416 641 418 301 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


cs kk I So We iS. Pi Me FL Sits aK OT e nme of 
a ge 33 a00 18: > ff 349* 18 5 0 369** 19 2 2 387 «19 584 
is—9~-4 io 18 4 3 ie—6>3 jag —7 
$) 1166 <4 16 8 3 ae 3 as 4 15 9 9 
0 8 1510 2 13.12% 16 8 7 6 7 
may i4 2 Ito! 4 15 12 0 gi. 18: 8 fo 
ie 7 2 12% WS Mee (2 12.19 10 
148 7 13 10 10 9 18 8 4 
350 “ 3 : 2710-9 iN ema ee 
1710 0 
foe 15 9 2 ae A itl 2 17 8 6 
156 17-6 15 10 5 iseip -s 
Pam io. a iP ouswaoe 5 ion 370) phones. 0 ee 
ioe hs 17 9 0 
5 149° 6 2* 1212 8 
Paes ty Rae. iy ea 
(3:12. 0 Ven hae ae SISO irene 
12.12 5 is 8 390 19° 2 
ORee steer awe eck Syme 
aeanl7? 15.10 16 9 4 10 4 
1411 4 9) 1 
eae aes 15 13 ots 1413 5 
13 10 8 1511 5 
16. 7 3 14 11 6 i341 10 
Te Ma tae el Bat 9 - 
15 8 5 40 7 8 a 2* 18 8 2 
iy 673 2 1640 4 
ida wig 2 16 10 6 
15 10 3 a ge 7 0 
ig 9° 8 P 167 7 1414 0 
6* 16 8 4 16 9 6 
iu 9 13 13 4 Bf 1974 4 
ier eki ty ow isa 2 
saia7 5 4 13 11 8 1710.2 
16 9 0 es Cie, 
is © 3 Sth eS 16 11 4 
Di. [Sar 
Bit 5 Seis ee i5e0 87 1h eee 1414 1 
7% 16.65 ‘emg mae ae 4 15 13° °0 
16 9 1 fo 2 
1411 0 16 10 0 is. 12 5 
Shs 4 ea? 6 
sole, 2 16 8 6 i312 -9 
Ineo 15Ml0 7 
Cet 5. 2 1412 4 5 1105 3 
i102. % id ie 3 
i441 A es Ses iyo 
Neate [321846 
13:10 447 1610 1 , 15 13, 4 
eS 6* 18 6 4 
oo ae ae iseiny 7 
is 13°04] [Asie » 6 
2 149 9 Seca ee 6 18 6 6 
320% 086.8 0 13 y 1414 2 
i iy 4 4 By) 2 14 10 10 
Pere oo al 16: aid» 0 7 19 60 
log A 340 18 4 0 360* 18 6 O a gl0. 2 ig 8 3 
abe 2 dein a 16 10 2 13 12 8 ey 106 1 
14.10 5 i cloud | 14.10 8 Sava « 187 5 
11 10 10 a en tT #49' 0 “0 17 8 5 1710 3 
ye ls 4d 4 evo) 1346 41 16 11 1 1513 2 
(evs Bae) ome oO 17 6 6 15 12 3 Ce 
oh 75 3 1510 4 15 10 6 7: Ves. 3 
iS gag 14014 Tu TY Bo ier. 3 
ini 9 149 8 17 a5 400* 20 0 0 
fs 0 0 Da ais 16 9 5 16 12 0 
foyer 2 lao is 4 381* 19 4-2 1) 90 SEO 
14 8 8 1500 6 bio a 16H 2 19 6 2 
Dab lAcldes 5 Bas 19 1] oi 16 10 5 [eso 4 
seo te ane ev N ENS, 17 7 a5 1413 4 16 9 8 
igh eae neds va (71325 1411 8 1414 3 
15 10 0 4* 18 4 2 11 11 11 2, Wie 47 B 1413 6 
1521836 i410 9 Ay ais 15.11 6 Dale 
1210 9 12 10 10 S98) fC 4* 16 8 8 19 5 4 
eens 1 4 5) Hog h's 18 5 4 5 iets 5 igs 7 
176 4 1410 7 16103 15°12 4 16 11 5 
15 104 6 469 3 14 13 0 6 19 5 0 3413.8 
i413 is 1t) 0 1412 5 19 4 3 35S 13. 3 
149° 7 ii 9 12 11 10 ino 4 ATL 0 
ist. 6 1 4949 8 eit 19 298 lot 3 [Sead 
Stats 2 0 a1 4 i413 169 7 16 12.2 
16 6 6 hs 3 ait en 11 1412 8 


TABLE 3.8.6A (continued) 
s=h?+k?+/?, ./s and mantissa of log s, for s=8n+p44”.7 (mod 4.8), m=0, 1, 2,... 


3 0 1 2 5 “ > 6 
20 264 265 266 267 268 269 270 
16-2481 16-2788 16-3095 16-3401 16-3707 16-4012 16-4317 
421 604 423 246 424 882 426 511 428 135 429 752 431 364 
34 zie Zia 274 27) 276 Zi] 278 
16-4924 16-5227 16-5529 16-5831 16-6132 16-6433 16-6733 
434 569 436 163 437 751 439 333 440 909 442 480 444 045 
3D 280 281 282 283 285 286 
16-7332 16-7631 16-7929 16°8226 16-8819 16-9115 
447 158 448 706 450 249 451 786 454 845 456 366 
36 288 289 290 291 292 293 294 
16-9706 17-0000 17-0294 17-0587 17-0880 1731172 17-1464 
459 392 460 898 462 398 463 893 465 383 466 868 468 347 
S] 296 29) 298 209 300 301 302 
17-2047 1732337 17-2627 17-2916 17-3205 17-3494 L#:3781 
471 292 472 756 474 216 475 671 477 121 478 566 480 007 
38 304 305 306 307 308 309 310 
17-4356 17-4642 17-4929 17:5214 17-5499 17:5784 17-6068 
482 874 484 300 485 721 487 138 488 551 489 958 491 362 
39 S12 3h3 314 315 SLT. 318 
17-6635 17-6918 17-7200 17-7482 17-8045 17-8326 
494 155 495 544 496 930 498 311 501 059 502 427 
40 320 321 322 S23 324 325 326 
17-8885 17-9165 17-9444 79722 18-0000 18-0278 18-0555 
505 150 506 505 507 856 509 203 510 545 511 883 513 218 
41 328 S29 330 331 332 333 334 
18-1108 18-1384 18-1659 18-1934 18-2209 18-2483 18-2757 
515 874 SE e196 518 514 519 828 521 138 522 444 523 746 
42 336 S31, 338 339 340 341 342 
18-3303 18-3576 18-3848 18-4120 18-439] 18-4662 18-4932 
526 339 527 630 528 917 530 200 531 479 532 754 534 026 
43 344 345 346 347 349 350 
18.5472 18-5742 18-6011 18-6279 18-6815 18-7083 
536 558 537 819 539 076 540 329 542 825 544 068 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


Ss At ke ol Ky hkl Ss jie hee of Ky hkl Ss Wek iI 
405: 20: 2 1 425 20 5 0 Aa” 319 Ph OO 459) 21) 33 3 477* 21 6 0 
18 9 0 20-43 19 9 0 (9e-7°-7 1910 4 
1710 4 19 8 0 into 3 [7is? 1 18122 3 
1610 7 18310) 1 BE) Dip 0 1 war 7 1614 5 
1512 6 1710 6 192 Ota 1515 3 16 11 10 
Genslol 6) 3 16 13 0 15a (oheg 13 13 11 Rai 219 Ge 
18 9 1 16112) 5 LS 8 ae a 0 19 9! 6 
17 9 6 [sj14t 2 20 6 3 
1510 9 15 10 10 18 11 0 
St 0) DO). 2 65 200-52, 4 Gul® OF 1 460 1810 6 450* 203-82 4 
1414 4 19°"8%' 1 197.07) 1 wie 4, 2 PS 21 101 22 
oPF20. 3) 0 193 ‘7-4 19° 7° %6 20°62 5 203 9: 0 
18307 2 7aiie4 [eeit2 1 19 10 0 18 11 6 
189 7) 6 loti3s 1 17 11 6 198 30 16515" 0 
1612 3 1611 7 15*142 5 18 11 4 los126 9 
12712711 7 “15801809 15711710 16 14 3 252i de 4 
eee ee 8 
1414 6 9** 21 2 2 
eae 9 20 5 2 7 70 2. 198109 1 1s 27 
17 11 0 19a 84 2 1ezite 2 , Wales 2 losise.t 
15°13) 4 1601302 18°10' 5 4m 4205 88 0 Tsa15el2 
1501108 1451368 1Fe122.4 T6gi23 8 Soi 2) OE ge 
ee eet YS 
195.5 430’ [889° 5 7 ee ae 
i711 1 Lyla 3 14 13 10 14 12 12 
Waaiteli set 2,6 
6 SOLE 0 cy eel Gat 
On 37 oF (9a 4 a ha aon 
19 6 4 Oa ad Os 450 21 3 0 ‘Catan Be 
[ea 22 3 OF olan O20 200.75 I 5 ee 17 14 0 
1611 6 18 10 3 0 5 5 hy Ge ice 
13 12 10 e : 199 845 Pie 3 Isuia 8 
: a ; : rune : legge 151011 6. 20) 1 1 
LOgtS gO ge SO ree 2 Diya 3 
Peel, 2 195 8.3 157126 9 18 12 0 19 11 2 
(7410, 5 eal 1 231 aaa ee 
Iglsg 7 Lee 8 19 9 3 9 1812 1 18 9 9 
6* 20 4 0 Gal ed 179 9 aoe e eae 
1612 4 (alo 11 18 15] Cae are: 
eT ean | Sel age 2 20 6 4 15 12 10 i413 
Weal [abe 6 20 6 O 161440 18 10 8 
PEO 3/,3 Te 20G65 1 17 10 8 470° Dip se" 2 hae BL 
Tee ee 1898.7 16 14 1 19 10 3 D0 ge 5 
15 12 7 17 12 2 A 272 1S) a5 19 8 8 
op gig? 16 10 9 1811s 3 1710 9 17 1402 
il lem 15nl4 4 4 1S O87 15 14 7 17 10 10 
he ar Nell | 8 ig ook (a 1541 5d 82 06m 6 16 13 8 
ihe et BB ie beth Tak 6* 16 14 2 hemipus? 
13.139 13 13 10 16 10 10 31 21g 4 ane oe 
1414 8 20m 8563 
420 20 4 2 440* 20 6 2 7. Drang 18810197 20 Oe 3 
1610 8 18 10 4 15 14 6 1414 9 1601593 
PUMIS> 944 14 12 10 13°12 12 4 0m 5 1581211 
151440 1 SAOeF0 Genoa 4 et 19m 857 ae Die 7is1 
1412 9 20 5 4 208 7Tie3 i7eane4 DiS SAS 
21 '19e 6.55 {9m Sand 19 9 4 17a bes ion 3 
(Sets 7 18 9 6 1 7seN 0 1613 7 19.697 
1514.1 1613 4 171) eS 5 e2ipae 3 17711 469 
4* 1810 0 16 11 8 L641 ti 49 1515 5 ie 2 
18 8 6 1414 7 15 13 8 1513 9 14 14 10 


45 


46 


47 


48 


49 


50 


Dt 


ays 


53 


54 


352 
18-7617 
546 543 


360 
1S:9737 
556 303 


376 
19-3907 
575 188 


384 
19-5959 
584 331 


392 
19-7990 
593 286 


400 
20-0000 
602 060 


408 
20-1990 
610 660 


416 
20-3961 
619 093 


424 
20-5913 
627 366 


432 
20-7846 
635 484 


353 
18-7883 
547 775 


361 
19-0000 
557 507 


369 
19-2094 
567 026 


377 
19-4165 
576 341 


385 
19-6214 
585 461 


393 
19-8242 
594 393 


401 
20-0250 
603 144 


409 
20-223) 
611 723 


417 
20-4206 
620 136 


425 
20-6155 
628 389 


433 
20-8087 
636 488 


TABLE 3.8.6A (continued) 
s=h?+k?+]?, ./s and mantissa of log s, for s=8n+p#44”.7 (mod 4.8), m=0, 1, 2,... 


354 
18-8149 
549 003 


362 
19-0263 
558 709 


370 
19-2354 
568 202 


378 
19-4422 
577 492 


386 
19-6469 
586 587 


394 
19-8494 
595 496 


402 
20-0499 
604 226 


410 
20-2485 
612 784 


418 
20-4450 
621 176 


426 
20°6398 
629 410 


434 
20-8327 
637 490 


355 
18-8414 
550 228 


363 
19-0526 
559 907 


371 
19-2614 
569 374 


3n9 
19-4679 
578 639 


387 
19-6723 
587 711 


395 
19-8746 
596 597 


403 
20-0749 
605 305 


411 
20-2731 
613 842 


419 
20-4695 
622 214 


427 
20-6640 
630 428 


435 
20-8567 
638 489 


haz 


356 
18-8680 
551 450 


364 
19-0788 
561 101 


87 2 
192343 
570 543 


388 
19-6977 
588 832 


396 
19-8997 
597 695 


404 
20-0998 
606 381 


420 
20-4939 
623 249 


428 
20-6882 
631 444 


436 
20-8806 
639 486 


357 
18-8944 
552 668 


365 
19-1050 
562 293 


313 
19-3132 
571 709 


381 
19-5192 
580 925 


389 
19-7231 
589 950 


397 
19-9249 
598 791 


405 
20-1246 
607 455 


413 
20-3224 
615 950 


421 
20-5183 
624 282 


429 
20-7123 
632 457 


437 
20-9045 
640 481 


358 
18-9209 
553 883 


366 
19-1511 
563 481 


374 
19-3391 
572 872 


382 
19-5448 
582 063 


390 
19-7484 
591 065 


398 
19-9499 
599 883 


406 
20-1494 
608 526 


414 
20-3470 
617 000 


422 
20:5426 
625 312 


430 
20-7364 
633 468 


438 
20-9284 
641 474 


TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


5 hkl s hkl s hak tl s hkl s h tk il 
493 22 3 0 BIO. 99 45 41 528* 20 8 8 545 593 14 0 56] 403.44 "4 
BT 46° k4 1910 7 1616 4 22 6 5 19 14 2 
13313 0 Wald 35 9 923410) 10 B1etOy 2 19 10 10 
18312 <5 790110 22416 3 DO412 41 17 16 4 
46159) 153 2* 1616 O 18.14.88 20 9 8 16 16 7 
Bisa? 3° 9225 5 12 1813 6 18 14 5 14 14 13 
18 13 1 O1as6 6 18 11 10 2 ial 2 
1S kt <7 DO 38: 47 17 16 O 200 9 9 
b7si4 43 1616 1 530 5223451 £0 1615 8 1615 9 
17 13 6 1S.) 12 2) Wes eS) 6 ad3ac4 1 3. 9238 65'S 
15 13 10 14 14 11 20 Et) 3 MOLT i5 DAV 9 v1 
ee) 3. 9 A Pn *e3 20859 =e) 19 13 4 19 11 9 
20 9 4 19112 23 tis 70 19311 48 17115 37 
19 10 6 Liits 19412. Ghar 15 13 13 
[had eee 172 +9 ae 16 13 11 4) 922158) <4 
i712 1SRISS:8 1621S ai 1 ©3383 20 10 8 
fon iS) 4 5) Dat 7s bag23 jal ml D1 G9. 25 be 037976 0 
a ie mies] L7s1S” il 21709 53 $38 0) 229 0 
1911 4 154913 Ul 19 M3 yal DOWD 18415 <4 
load 41 6 Wu 4 19 11 7 16 16 6 Blidge 
Do ey es 20 10 4 Det At 9: 388A, 2 6 23 6 1 
TSO nS wae) 1616 2 PSj15 79 DES. ul | 
1614 8 Ze iiS 12: 95 7] A pA We yy 
T 20-49 %6 39223 192, £0 20 10 7 D110 €5 
1S 12 47 a i a 18 15 0 19 14 : 
1615 6 18 12 9 19 13 

500-22 4 0 85 409915 GB 16 14 9 mie 2 18 11 11 
2010 0 19 11 6 4 23 2 1 imeay 8 7e4as9 
20ie® 20 18 13. 5 22 057431 8* 18 12 10 
16 12 10 1715 2 29095 65 93956. 92 
fee 4 fl 19 13 2 550) BigiO: 3 2 9 2 
20 10 1 ae et Sei S iil eT 6 
P74 4 14 13 13 1715 6 1 8 8 
16 14 7 6*° 22 6 4 15 15 10 20 13 «0 
2.8223. 3 520* 322° 86 60 20 10 6 Se aae: 2012 5 
PAN 18 14 0 18 14 4 16 14 10 19 12 8 
Poel: 43 1 3 222566. Gl 14 14 12 3, om2 3 190147 
F714) 59 21 8 4 7C23 62 Gd ISS: 2 16713442 

7. 5 i 9 Je EE 9) 20 11 O 99 447 4. 8037S. 40 

20 10 2 1912 4 D1. v4 ae wy es 

18 12 6 18 14 1 1616 5 ies a7 

5) #2198 +0 17 14 6 8 8935535 10 19:12 7 
19 12 O 16 16 3 219 4 re 16 3 570° 23. 524 
18 10 9 16 12 11 L5elget2 17512 11 MUI EES | 
6001» <8: “4 15 14 10 omens ei 5 3a) | DOaT ey 
D1 7 4 2 12177910 1 ey 07 19 13 5 916.5 
20 9 § 20 11 ~#1 1093 33 6 22 6 6 1s lenis 
P9202. th L/S 38 ets: 85 18 14 6 21a oar] 
19 9 8 3 P9897 tl 1731360 4 MD DEAS 23 es Seal Les eo | 
16°15. <5 1970: 49 2110 4 Be 2) tS 55 
16 13 9 1715 3 50 41 66 2013. 2 
7 #19 11 5 4922916 541* 2110 0 19 14 0 19 14 4 
17913. #7 isa W2 21 8 6 18913 8 16 14 11 
1971313 18 10 10 19 12 6 oo) ae sse 2 A 36) 3 
OF ee) 25 115 5 BIG Puen PRE SBD 07) 5 ee 3 
De dvnes 21 2187 33 DMO. 6 ig*1s 
1) 08 32 20510. 55 D180 41 1914 1 18213. °9 
20 10 3 19 10 8 19 10 9 18anS 3 6* 24 0 0 
9112 16 13 10 fS-13 67 17 13 10 1616 8 
18113 % 6 pieos2 15 14 11 me 24.100 
18 118 21.406 TS OVI |) i a 2110 6 
4°18:42 18/11 “9 1611212 560* 2012 4 (72 a2 


TABLE 3.8.6A (continued) 
s=h?+k?+/?, ,/s and mantissa of log s, for s=8n+p#4™.7 (mod 4”.8), m=0, 1,2,... 


i 0 1 2 3 4 5 6 

55 440 441 442 443 445 446 
20:9762 21-0000 21-0238 21-0476 21-0950 21-1187 
643 453 644 439 645 422 646 404 648 360 649 335 

56 449 450 45] 452 453 454 
21-1896 21-2132 21-2368 21-2603 21-2838 21-3073 
652 246 653 213 654.177 655 138 656 098 657 056 

57 456 457 458 459 460 461 462 
21-3542 21-3776 21-4009 21-4243 21-4476 21-4709 21-4942 
658 965 659 916 660 865 661 813 662 758 663 701 664 642 

58 464 465 466 467 468 469 470 
21-5407 21-5639 21-5870 21-6102 21-6333 21-6564 21-6795 
666 518 667 453 668 386 669 317 670 246 671 173 672 098 

59 472 473 474 475 477 478 
21-7256 21-7486 21:7715 21-7945 21-8403 21-8632 
673 942 674 861 675 778 676 694 678 518 679 428 

60 480 481 482 483 484 485 486 
21-9089 21-9317 21-9545 21-9773 22-0000 22-0227 22-0454 
681 241 682 145 683 047 683 947 684 845 685 742 686 636 

61 488 489 490 491 492 493 494 
22-0907 22-1133 22-1359 22-1585 22-1811 22:2036 22:2261 
688 420 689 309 690 196 691 081 691 965 692 847 693 727 

62 497 498 499 500 501 502 
22:2935 22:3159 22:3383 22:3607 22:3830 22-4054 
696 356 697 229 698 100 698 970 699 838 700 704 

63 504 505 506 507 509 510 
22:4499 22-4722 22-4944 22:5167 22-5610 22-5832 
702 431 703 291 704 151 705 008 706 718 707 570 

64 512 513 514 515 516 517 518 
22-6274 22:6495 22:6716 22-6936 22:7156 22:7376 22:7596 
709 270 710 117 710 963 711 807 712 650 713 491 714 330 

65 520 521 522 523 524 525 526 
22-8035 22:8254 22:8473 22-8692 22-8910 22:9129 22:9347 
716 003 716 838 717 671 718 502 719 331 720 159 720 986 
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580 24 2 


4* 24 2 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


hk F ay ay ae s 
DA 4 609 23 8 4 626 
2 ie 0 2 ped 
2210 3 22 107 
Lg Oma! 17 16 8 
19 14 6 
18 13 10 G10) 24 5 33 
1616 9 23 9 90 
py ee eae YA Ns NS Baa 8 
Sieh em | 2 is 
Die eae heels 29 gl 
2112 3 2113 1 sl 
20°13. 5 2111 7 
19 13 8 19 15 5 
Gul 4 9 13 3 
hod (coe) 2 24 6 0 8 
16°13 413 22 8 8 
15°15" 12 20 14 ae 9 
19 15 3 ioe 1 ey P 
i 15.9 16 16 10 
Dames 2 Bo 24 6 | 
20 14 0 18 17 0 
18 16 4 18 15 8 
16 14 12 A ae 42 46 
23. °8 2 23 7 6 
ole ae ae Za. 3 
2014.1 229 7 
aT tl =6 2113 2 
1815 7 LS 17 
13°13. 11 630 
1 17 6 
WtS 210 
22-10. °4 6* 24 6 2 
20° 14 #2 18 16 6 
20 10 10 ye DA aS SA 2* 
2435 0 19 16 0 
ae Leal 1813 2 3 
236 6 15 14 14 
22 9 6 Sree23 18 & 
2b 2a04 90-13. 
18 14 9 19.16 1 
2445 1 90> 23) 98 
23068 3 21s) Ss 4 
20 ,U0. «9 15 15.18 
1915 4 
P7113" 12 62002210 F6 
16°15 11 18 14 10 5 
oa Me 1 24 6 3 
21a 9 22 14 4 
19 11 11 21 1236 
Lat Fee 5 20 14:5 
DA aS 82 20 11 10 7% 
22°11 .0 19 16 2 
2110 8 19 14 8 
20 14 3 16 14 13 
20 13 6 2) 10" 9 g 
19 12 10 19 15 6 
18 16 5 18 17 3 
oe ae | 5st 5 GO 40 
19 14 7 DA wd 10 
17 14 11 2015 0 
Qdg dowd 20 12 9 
20 12 8 16 15 12 640* 
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TABLE 3.8.6A (continued) 
s=h?+k?+]?, 4/s and mantissa of log s, for s=8n+p#4”.7 (mod 4.8), m=0, 1, 2,... 


0 1 2 3 4 5 6 
66 528 529 530 531 D352 m6) 534 
22:9783 23-0000 23-0201 23-0434 23-0651 23-0868 23-1084 
722 634 723 456 724 276 NZIS 25;9 12 1203127 727 541 
67 536 537 538 539 541 542 
231517 2311733 23-1948 23-2164 23-2594 23-2809 
129100 729.974 730 782 731 589 . ESOT 1391999 
68 544 545 546 547 548 549 550 
23-3238 23-3452 23-3666 23-3880 23-4094 23-4307 23-4521 
T5099 736 397 737 193 737 987 738 781 (39512 740 363 
6S S22 553 554 S50 556 Doi. 558 
23°4947 23-5160 IRE Y 23-5584 23'S 191 23-6008 23-6220 
741 939 742 725 743 510 744 293 745 075 745 855 746 634 
70 560 561 562 563 564 565 566 
23-6643 23-6854 23-7065 231216 23-7487 2327697 23-7908 
748 188 748 963 749 736 750 508 ISD 752 048 752 816 
71 568 569 570 571 S73 574 
23-8328 2310537 23-8747 23-8956 23-9374 23-9583 
754 348 foo TZ IS 1815 756 636 758 155 758 912 
12 576 S77 578 S19 580 581 582 
24-0000 24-0208 24-0416 24-0624 24-0832 24-1039 24-1247 
760 422 761 176 761 928 762 679 763 428 764 176 764 923 
73 584 585 586 587 588 589 590 
24:1661 24-1868 24-2074 24-2281 24-2487 24-2693 24-2899 
766 413 767 156 767 898 768 638 769 377 ETOMIS 770 852 
74 592 593 594 595 596 597 598 
24-3311 24-3516 24-3721 24-3926 24-4131 24-4336 24-4540 
Ti2B22 773 055 773 786 774 517 775 246 775 974 776 701 
75 600 601 602 603 605 606 
24-4949 24-5153 24-5357 245561 24-5967 24-6171 
TISA51 778 874 779 596 780 317 781 755 782 473 
76 608 609 610 611 612 613 614 
24:6577 24-6779 24-6982 24-7184 24-7386 24-7588 24-7790 
783 904 784 617 785 330 786 041 786 751 787 460 788 168 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


5 PK mid s Divckmel 5 hkl s hkl s 1s ae 
65407552 670 25 6 3 685 26 3 0 699 25 7 5 714. 258,85 
21 2 2h 1502 2410 3 23-13 1 18 4 
Oa 10. <5 18-15 11 21 12 10 ih 7 poNehit ety 
SE ae 2* 2016 4 19 18 0 197 7 20 17 5 
21 3 948194 6h 26 3°01 19 13 13 1Ovige 48 
1917 2 DItio* 0 25 6 85 ier 11 in 16.13 
17 14 13 21 14 6 23 11 6 5s Oe 
6* 24 8 4 18 18 5 22 th 9 Diels a7 
20 16 O 4 95eeq7 0) Die t4 67 TOT "20m (0 6p oobee 
16 16 12 DAsnie 7, 19. 18. sul 26 4 3 22 14 6 
Goaos 4 4 a ho | 19 17 6 Za, 4t 2 18 14 14 
242.97°0 22 49 8 19 15 10 2410 (5 Lee 
2318 8 21 13 8 g* 30 12 12 21 16 2 13-78 
22313° 2 20s. 7, Oy 26) 3 2 2114 8 Dy laa 
20 16 1 1913 12 25 8 0 19 18 4 19 16 10 
19 14 10 Sy 5 aay 34 8 87 19 14 12 Se 22153 
18 18 3 25755 5 231084 18 16 11 2114 9 
$7.24 19 4 Deh ee 20.143 Anas 18 15 13 
17 15 12 Pits 3 203526 Zo el oe 92 
Dm 25 '5 13 1947 5 20117...0 ZOE a) 
2311 8 15 15 15 2015 &8 Ziel) 6 
23-99 Ff 6 268 Om 19 18 yo A eae 8 720* 2412 0 
oT 13° 9 2410 O 18 14 13 Di 20g), 2 70 16 8 
iS 17 3 D4 18) <6 1% 16012 25. 8 4 i) 6 6 3 
Leg 9 J) “26upl’ 6 22 14 5 2412 1 
2410 1 2017 4 1918 6 
660 2016 2 312 2 20 16 7 ee 45 1 2 
1 25 6 O 0 14.9 D547 4 2411 3 ay 
1) 207 <1 249 °7 
iSM7 8 51, 16) <5 
24 7 6 20213: 44 P1s1G 3 
16 15 14 1919 O 
20 15 6 1 239 9 Dino 11 
8. 262 408 1 Lifel Jee 2 
18 16 9 5 7 2 LASS: <> 20 15 9 R95 707 
22°13 43 2+ 6 20 (ey sa | 
22s 5 1919 1 
21 14 5 19 14 1] 2410 4 23-13 3 dn D1 2 
21 11 10 17 17 10 22 12 8 19 15 11 20 18 0 
SED Wy eet 20 16 6 8 BGgera 4 18 16 12 
18 13 13 3 26) <4] 16 16 14 5 2070 
ar) 12° 66 25 48 2 Q 3312 6 25 10 0 
18 18 4 24 9 6 245 0 15 8 6 
18 14 12 680* 26 2 0 221028 2212 9 aid. 7 
Seas 6 ‘2 pax iOe 2 20 17 a2 ie oO 
24 8 5 22 14 0 | I 1s 4 
23 10 6 18 16 10 4 26°93. 3 Gi0 26-558 3 Fee 
210 9 lee Gunes al [Sots 23 25 19 2 aOhicn 
20 16 3 ata | 1817 9 Bay 6 Shs 10 
26 12 11 20 16 5 6* 26 4 2 210. 9 ae ate 
6905 5 4 19 16 8 2214 4 ars it Mais 
D4.*9 *3 17 14-14 20 14 10 2113-10 ae | 
ot 4 16 16 13 i a Pos 199185 ai 4 
2115 0 2) Jamo 5 2411, 0 Laas 14 ran ee 
2112. ‘9 Poni 20 3 2116 O 2* 26 6 O i919 2 
19:47, A Die 1Se 4 1s 1S aa 2410 6 19 14 13 
19 16 7 ce eet Mas! g 95 18 3 18 18 8 gt 58 6 
17 16 11 Pritt 24 11 al Sopot >) 12 10 
a ONES ye 8 17 15 13 23 13 O Tei 4 a ime 2 
95 9 AIG =>.) D512 55 aes 
oF) 13 4 D2 14.9 2116 1 2116 4 
D2 11 .8 22 10 10 20 178 20013 12 
20 13 10 is 18 6 19 16 9 18 17 10 


TABLE 3.8.6A (continued) 
s=h?+k?+/?, 4/s and mantissa of log s, for s=8n-+p#4™.7 (mod 4" 8) -ma0: de 2e-ecces 


i 0 1 2 3 4 S 6 
n 

77 616 617 618 619 620 621 622 
24-8193 24-8395 24-8596 24-8797 24-8998 24:9199 24-9399 
789 581 790 285 790 988 791 691 7192;392 793 092 793 790 

78 625 626 627 628 629 630 
25-0000 25-0200 25-0400 25-0599 25-0799 25-0998 
795 880 796 574 797 268 797 960 798 651 799 341 

719 632 633 634 635 637 638 
25°1396 25-1595 25:°1794 25-1992 25-2389 25-2587 
800 717 801 404 802 089 802 774 804 139 804 821 

80 640 641 642 643 644 645 646 
25-2982 25-3180 eee) if| 25-3574 23772 25-3969 25-4165 
806 180 806 858 807 535 808 211 808 886 809 560 810 233 

81 648 649 650 651 652 653 654 
25-4558 25-4755 25-4951 25-5147 25-5343 255559 25-5734 
811 575 812 245 812 913 813 581 814 248 814 913 815 578 

82 656 657 658 659 660 661 662 
25°6125 25-6320 25-6515 25-6710 25-6905 25-7099 25-7294 
816 904 817 565 818 226 818 885 819 544 820 201 820 858 

83 664 665 666 667 669 670 
25-7682 25-7876 25-8070 25-8263 25-8650 25-8844 
822 168 822 822 823 474 824 126 825 426 826 075 

84 672 673 674 675 676 677 678 
25-9230 25-9422 25-9615 25-9808 26-0000 26-0192 26:0384 
827 369 828 015 828 660 829 304 829 947 830 589 831 230 

85 680 681 682 683 684 685 686 
26-0768 26-0960 261151 26°1343 26:1534 26-1725 26°1916 
832 509 833 147 833 784 834 421 835 056 835 691 836 324 

86 688 689 690 691 692 693 694 
26-2298 26-2488 26-2679 26-2869 26-3059 26:3249 26-3439 
837 588 838 219 838 849 839 478 840 106 840 733 841 359 

87 696 697 698 699 701 702 
26°3818 26-4008 26°4197 264386 26°4764 26-4953 
842 609 843 233 843 855 844 477 845 718 846 337 


sont rn rare Smee eee 
138 


TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


5 hak vl s hoe a 5 hak Ti 5 hkl 5 ake ae 
qo 47-0, 0 741 26 8 al 755 2715 4 IO. 327 35 34 I8)° DT 7 #2 
069-2 96-a7-—~A D5 rbihnned D5410-t) 26 9 5 
D5al0 o. 25.10) 4 599 37 O54i0 48 O51 06 
1 Nomar 23 14 4 03 65 at DAs. 65 O2 11943 
eg D2 Alovenl D117 5 Daas. 4 19 15 14 
Da atO s10 17 16 14 19 15 13 20 19, 3 18-17 13 
2 aA aay 2 ST ye ie 6 26 8 4 POT v9 4* 82080 
aia 1 259 16 2412 6 17 16 15 24 12 18 
18 18 9 4* 26 8 2 2216 4 OS SS Ce Ge) 
290162 20 16 10 23611 11 2610 3 
pgci4)~8 7 0n6 159 RO 1919 7 9512 4 
5, 27eeno 2410 9 1977 11 23 16 O 
PoOered tO 24 13 0 a7 12 > Dada 19 18 10 
ATES is 94.10% COT pS | 3) oo 2 12 6) 28 tel 14) 
PANS Re: Das- % 2649 fi 8 Bowo *4 23 16 1 
bd tag 1Sab5c14 93315 O52h2- “2 20119 
Lea al i | 6. Biaaed D215 al pasa, || 191978 
ie ge Hea sal 0 Dla hy 23 12 10 19 16 13 
i I 2413.4 19 19 6 DO TO 1 Dist B 
2 | OA IN. a Dats 88 ey OS) 
i i ut 2 a7 4 90°18 7 21 15 11 
2146 7 4. HOPG. 3 Se 3082-10 
1917 9 20 15 11 760* 20 18 6 Te Teed 2414 4 
Bxeey 42, -0 a 74 6 i Sa 50 7 20 18 8 
24 11 6 oats ae fo? ie aia 7 5 Bee i 
2116 6 23013 7 oo te Dont 26 moh 
20 18 3 Del se 9 a 22) 13 1 2510 8 
ape! 2 1 1919 5 i a 2118 3 2316 2 
2001 3 i Bs 18 15 15 2314 8 
2510 3 2 26 6 6 oy 17.17 14 Dy ha 
23143 18 18 10 gee 6* 2610 0 2216 7 
23 13 6 pb Oren 2 Bs 26 8 6 20 17 10 
ee 15 5 266s > 3 20:19 0 2414 2 
22 13 9 Dats 82 vous 24 10 10 
2117 2 2 16:%3 Sap 22 16 6 
19 18 7 22 12 1 ee 18 16 14 eee 
18 17 11 2018 5 2019 | 7 260 4 ree 
* See OF 52S DOS: 
OFm24 12 4 19 18 8 520.4 ee 
Tome 2 2 18 16 13 23.15 3 2019 4 21 18 5 
26 6 § So” 27 G6 0 90 16 11 2* BS a2. 2 
23 12 8 26 8 5 g 91g eG Ma 26 10 4 
21 14 10 22:16 5 9512 3 20 14 14 
270 16 9 (ee ee) 21 18 O 411 9 18 18 12 
16 16 15 25 11 » 20 19 2 ph| 16 9 3 28 3 0 
39o7 3 6 25.10' +5 20 14 13 Ty bees | 27 28 0 
DSR esi, ge 1d 5 6 21 6. le Me to 26) 9° 6 
24 9 9 23 11 10 26 9 3 23 15 5 4 28 3 1 
20 iy q/ 19 / 10 Dill 18 ] 5 ite) 9 Da) 8 1 
90 13 13 Bee Dye Se 5 21 17 wo 11177 27.27 4 
19 19 4 De 13 10 Di 1 10 21 13 13 25 13 0 
19 16 11 Z0CTT...8 19°13) >2 Doe le) D> 
0 97 3 | 19 14 14 8* 16 16 16 DA18° 7 
Seriy = a 2h ss 0 9-21 46.52 23°16 3 
i ae ae Zivae 13 25° 125-0 780 2610 2 EN AM | 
24 13 3 24 12 %e 22 14 10 GT 8 
23 15 0 91 18% 1 ome 4 20 15 13 
2312.9 90: 15.12 pAN4 3 10 7 12 
74026. 8 0 Oh 13.12 ise tala 24 13 6 5 5 13) al 
2410 8 2118 4 25 Viahy 
59 16 0 Dinta 12 
20 18 4 
20214512 
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TABLE 3.8.6A (continued) 
s=h?+k?+I?, ,/s and mantissa of log s, for s=8n+p#4”.7 (mod 4.8), m=0, 1, 2,... 


0 1 2 3 4 5 6 

88 704 705 706 707 708 709 710 
265330 26:5518 26:5707 26:5895 266083 26:6271 26-6458 
847 573 848 189 848 805 849 419 850 033 850 646 851 258 

89 FA2 TAs 714 ms 716 ld 718 
26°6833 26-7021 26-7208 ZOF395 26°7582 26:°7769 26:7955 
852 480 853 090 853 698 854 306 854 913 855 519 856 124 

90 720 721 722 123 724 725 726 
26:8328 26°8514 26°8701 26-8887 26:9072 26:9258 26:9444 
8577332 857 935 858 537 859 138 859 739 860 338 860 937 

91 728 729 730 731 733 734 
26-9815 27-0000 27:0185 27-0370 27-0740 27:0924 
862 131 862 728 863 323 863 917 865 104 865 696 

92 736 IE) 738 io 740 741 742 
2151293 27-1477 27-1662 27-1846 27:2029 27-2213 PH joa): M | 
866 878 867 467 868 056 868 644 869 232 869 818 870 404 

93 744 745 746 747 748 749 750 
27-2764 27:2947 27-3130 27-3313 27-3496 27-3679 27-3861 
871 573 872 156 872 739 873 321 873 902 874 482 875 061 

94 53 754 755 756 ey 758 
27-4408 27-4591 27:4773 27-4955 27:5136 27-5318 
876 795 877 371 877 947 878 522 879 096 879 669 

95 760 761 762 763 765 766 
27:5681 27-5862 27-6043 27-6225 27-6586 27:6767 
880 814 881 385 881 955 882 525 883 661 884 229 

96 768 769 770 771 2 773 774 
27-7128 27-7308 27-7489 27:7669 27-7849 27-8029 27-8209 
885 361 885 926 886 491 887 054 887 617 888 179 888 741 

97 776 Tid 778 779 780 781 782 
27-8568 27-8747 27:8927 27-9106 27-9285 27:9464 27-9643 
889 862 890 421 890 980 891 537 892 095 892 651 893 207 

98 784 785 786 787 788 789 790 
28-0000 28-0179 28-0357 28-0535 28-0713 28-0891 28-1069 
894 316 894 870 895 423 895 975 896 526 897 077 897 627 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


ke S hike A Ss bik. Ss 
239 5, 0 S22 (26.1 Ss S37 28) 7. 2 850 
2SrrArns MetA—| 25w14.~4 
270 By A 2oeliy 2 2415 6 
24 13 8 So eae | 2217; 8 
Delay 1 22,13; 43 8 -27010: 3 
2 li 6 19 19 10 26.9, 9 
22 185 10 At 2h OL 2 2h 19: 6 
205 20: 3 2onl2. 2 reel 7s 15 1 
18 17 14 22,18. 4 

22: 1a: 12 
om : i 20 18 10 

5aPo 2S; 5. 4 

Qe ise 4 2610 7 840* 2610 8 S, 
Sahih 8 4514 2 22 16 10 
24.15 3 25 10 10 Lage, © 3 
Don lore 5 23 14 10 24 16 3 
OD AhSs Alby 20 20 5 Pi) ol aaa | 
20 19 7 20 19 8 2120 0 4 
DOO LA 20 16 13 Zito 12 
65 et ae || 6 Oe Da 2 29° "TF 0 
29) 3 24.15 5 28 7 3 
aeaTe 9 2413 9 27 8 7 
19 15 15 Tiea7, 7. ta 2eey3 12 
26 10 6 as hy 9 pi), es ae | 
WD) Wek Dea 43 20 19 9 
De #5) 2 2119 5 19 16 15 
26° ti 4 Ofte 28. 6 «3 3 9 gd 
19 16 14 2710 0 25 13 7 
Da Qe 27 8 6 Zomiy 5 6* 
Dm 6 Dnt 3 19 19 11 
te ol 2118 8 4 22 18 6 7 
Dosa A 19 18 12 18 18 14 
20 20 4 5 T25re. 0 
2415 4 28 6 5 
oe ah oa We 830 2710 1 27 10 4 
1s 13 25204 3 26°13 0 
18 18 13 25 13 6 26ul2: 5 
DO nS 3 22 1S, h1 24 13 10 
Die koe, 5 21-47-10 22 19 O 
D&E) 7 oe 24: 16." 2 220 2 g 
pr ae Wal 3S 6 628 OVA O AY Ise Tt 
P2a17 16 2h 10). 2 6) 29) 42) 2} 
2315 8 26 I}. 6 2717-9 6 
2119 4 2 V2 as 26 13 1 9 
91 16 11 24 16 ei 26e1t 7 
a nae 22 18 5 25 14 5 
a5 1% 15 21 14 14 25 0% 10 
92:47] 20°17,12 23 14 11 
a ah | Age 28 vad 2249 | 
16°07 13 28-45 ed 2118. 9 

2a 17 19 17 14 
28 6 O 23 16-7 S* 25) 18: 0 861* 
25.12 0 Ie L716 24 16 4 
24 12 10 5. ©2049! <5 OF 20m e 2 
28 6 | 23 15° 9 28°58 | 
26 12° 1 21 {543 Zo 4 4 
26° 9% 6. 28 6: 4 26.13. 2 
25 14 0 26° 12+ «4 25.16 'S 2 
24 14 7 24 16 2 22019) 2 
2an6r 6 24 14 8 22 14 13 4* 
22 164 9 20 20 6 20 20 7 
20 15 14 18 16 16 
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TABLE 3.8.6A (continued) 
s=h?+k?+]*, ./s and mantissa of log s, for s=8n+p#44™.7 (mod 47.8), m=0, 1, 2,... 


e 0 1 2 3 4 5 6 
n 
99 792 193 794 795 797 798 
28-1425 28-1603 28-1780 28°1957 20'°2312 28-2489 
898 725 899273 899 821 900 367 901 458 902 003 
100 800 801 802 803 804 805 806 
28-2843 28-3019 28-3196 28-3373 28-3549 28-3725 28-3901 
903 090 903 633 904 174 904 716 905 256 905 796 906 335 
101 808 809 810 811 812 813 814 
28-4253 28-4429 28-4605 28-4781 28-4956 28-5132 28-5307 
907 411 907 949 908 485 909 021 909 556 910 091 910 624 
102 816 817 818 819 820 821 822 
28°5657 28-5832 28-6007 28-6182 28-6356 28-6531 28-6705 
911 690 12222 912 753 913 284 913 814 914 343 914 872 
103 824 825 826 827 829 830 
28-7054 28-7228 28-7402 28-7576 28-7924 28-8097 
915,927 916 454 916 980 917 506 918 555 919 078 
104 832 833 834 835 836 837 838 
28-8444 28-8617 28-8791 28-8964 28°9137 28-9310 28-9482 
920123 920 645 921 166 921 686 922 206 9220/25 923 244 
105 840 841 842 843 844 845 846 
28-9828 29-0000 29-0172 29-0345 29-O517/ 29-0689 29-0861 
924 279 924 796 929242 925 828 926 342 926 857 927870 
106 848 849 850 851 852 853 854 
29-1204 29-1376 29-1548 2920719 29-1890 29-2062 292233 
928 396 928 908 929 419 929 930 930 440 930 949 931 458 
107 856 857 858 859 861 862 
292575 29-2746 29-2916 29-3087 29-3428 29-3598 
932 474 932 981 933 487 933 993 935 003 935 507 
108 864 865 866 867 868 869 870 
29-3939 29-4109 29-4279 29-4449 29-4618 29-4788 29-4958 
936 514 937 016 937 518 938 019 938 520 939 020 939/519 
109 872 873 874 875 876 877 878 
29-5296 29-5466 29-5635 29-5804 29:59:73 29-6142 29-6311 
940 516 941 014 941 511 942 008 942 504 943 000 943 495 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (Ak/) triplets 


Ss h & 1 Ss kr k& 1 Ky hook Ky hkl Ss hak f 
B65. «28 9 877 29 6 O gor" 25 FF 1 905 30 2 1 Sif 30. in] 
2710 6 rion oss 29 8 0 2615 4 
OAntF EIN %6 a7 19 9 ir 0 2516 6 
2415 8 gs 90.8%: 1 3319 1 2615 2 23) 18/8 
21 18 10 Dr 1Oe 7 21 ae 22 15 14 12 
6mano 5 0 26 11 9 ot 15 dS 2120 8 g 30) 3) 6 
2 a 3 2318 5 19 19 13 20 19 12 26 11 11 
98 '9 i 2) 15.13 3* 29 6 4 6 26) 8 25 Te 
oP ip 4 28 10 3 QO astra Vy 10 
95.15 4 te O70 Ss 7 i iay haa | 
2417 1 eS) a : ‘ 24 14 11 2516 5 19 19 14 
DATS 11 Seta DIE 203 23 1d 4 
2316 9 % 13 6 21 16 14 23 16 11 
Zr. 20° ‘5 25 16 0 20 18 13 19 17 16 920* 30 4 2 
9 a ee 94at7. 4 4 29 7% 2 7 “2a 3 28 10 6 
Zi {6.13 SANIBEL 7 26 13 ad. Zie2t 5 26 12 10 
19 19 12 SDC TING 6 23 33 10 S #2002 2 2220 6 
le OS a5) | 0 20 9 3 19 2 26 14 6 0 18 14 
Zo rit 20 16 15 23 14 13 22 18 10 1 29 8 4 
2308 7 19 18 14 22. 19) 7, 9. 3033 0 OOS tine a 
21313 > 29 5 4 29, th 11 Jo 8 2 6 14 7 
17 17 17 O77 6* 2416 8 Oe Tr 2 25 14 10 
BRED4 16 6 712 3 Tee 25 38, OF 28 10 5 23 14 14 
2018 12 oS 161 26 14 5 2712 6 20 20 11 
OF 28 ig 12 2415 9 26 11 10 26 13 8 5 40: 0G 
Zo 6 INT 8 25 16 4 24 18 3 OF Ort 7. 
26 f2 7 VO DEO Sot 2) 13 00 22°20. 5 94715: 11 
25°12 10 20 19 11 Ze Le 22 19 8 2120 9 
24 17 2 <n be) ae 23. 18, 12 22.160 15 21 16 15 
23 18 4 2119 9 220) 4 24 18.12 3 29 9 | 
95°14 12 4 2810 0 9 09°47) 3 5713. 5 
18 17 16 8% 8 6 29, 130 at S517 3 
26° 12:.8 2h Ub Ty 910° §30.-3 (1 23 15°13 
870 29 5 2 27 20 0 25 ae 2710 9 119 11 
06 1% 45 22, VG 12 23 19 3 26 15° 3 Se 30en St 0 
514 7 5. 2810 | 23 17 9 19 18 15 300443 
2219 5 256 2 21 17 13 2% ems 8 27 14 0 
* 2614 0 2514 8 20 16 16 2418 5 
Pirie Se henc Wega one 2 mE? BAO 
oe Ns Rees) an 10 A 25 12 12 99 9 2 
Ba 90.34 4 20 17 14 24 18 0 eo 0 7 6 
a8 8 5 6) 2996 13 9720. *4 
712 0 Bolly 6 20 20 10 4 29 8 3 27 14 | 
ei 3 96 15+°5 
2614 1 25 15 6 ee 30° 71 £0 a ag Oe as 
22717110 2121 2 28 9 6 eed ioe é 
19 16 16 . ot is il 26 15 0 aan s 321 1 
18 18 15 8* 28 10 2 2612 9 a as 
gore 2 2 Seer as a a 2515 8 21 17 14 
ee aR rea a ee 2417 7 g* 2812 0 
2 8 ee tes 24 15 10 24 13 13 9 30 5 2 
aA ty 3 ee 2 3011 20 17 15 2812 1 
017-12 23 18 6 29 6 5 
RE 50-15 3 2218 9 27 13 2 > 207, > 28 9 8 
psn 1 a7 14. 2 
47 Il 5 26 15°! 25 13 11 27 10 10 
5:15 5 s90 29 7 0 2514 9 hie 5 Mit 8 
7513.19 Ig) 5 93.18) 7 Fe at ae hn 0 
15 if 25 16 3 21 19 10 er mae oy 1612 
19 17 15 2510 11 [Selgatt ee 1 eas a) 
6x16 14 2 2G AF: 5 4* 30 2 0 ik it 
26 10 10 Pon iin 0 2418 2 
22 14 14 a 20 47 18 18 16 


TABLE 3.8.6A (continued) 
s=h?+k?+]?, ./s and mantissa of log s, for s=8n+p44".7 (mod 4".8), m=0, 1,2,... 


i 0 ] 2 3 4 5 6 
n 
110 881 882 883 884 885 886 
29-6816 29-6985 29-7155 2977324 29-7489 29-7658 
944 976 945 469 945 961 946 452 946 943 947 434 
111 888 889 890 891 893 894 
29-1993 29-8161 29-8329 29-8496 29-8831 29-8998 
948 413 948 902 949 390 949 878 950 851 951 338 
112 896 897 898 899 900 901 902 
29-9333 29-9500 29-9666 29-9833 30-0000 30-0167 30-0333 
952 308 952092 953 276 953 760 954 243 954 725 955 207, 
113 904 905 906 907 908 909 910 
30-0666 30-0832 30-0998 30-1164 30-1330 30-1496 30-1662 
956 168 956 649 957 128 957 607 958 086 958 564 959 041 
114 O12 15 914 915 916 917 918 
30-1993 30-2159 30-2324 30-2490 30-2655 30-2820 30-2985 
959-99) 960 471 960 946 961 421 961 895 962 369 962 843 
115 920 921 922 923 925 926 
30-3315 30-3480 30-3645 30-3809 30-4138 30-4302 
963 788 964 260 964 731 965 202 966 142 966 611 
116 928 929 930 931 O57 933 934 
30-4631 30-4795 30-4959 30-5123 30°5287 30-5450 30-5614 
967 548 968 016 968 483 968 950 969 416 969 882 970 347 
It? 936 nei) 938 939 940 941 942 
30-5941 30-6105 30-6268 30-6431 30-6594 30-6757 30-6920 
971 276 971 740 9727 203 972 666 973,128 973.590 974 051 
118 944 945 946 947 948 949 950 
30-7246 30-7409 30-7571 30-7734 30-7896 30-8058 30-8221 
974 972 975 432 975 $91 976 350 976 808 977 266 977 724 
119 952 953 954 95> 957 958 
30-8545 30-8707 30-8869 30-9031 30-9354 30-9516 
OTS G37 979 093 979 548 980 003 980 912 981 366 
120 961 962 963 964 965 966 
31-0000 31-0161 31-0522 31-0483 31-0644 31-0805 
982 723 983195 983 626 984 077 984 527 984 977 
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TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


S hk l Ss hen. t Ss > tl se! S Heke 1 S hake l 
930 29 8 5 942 2910 1 957* 2910 4 969 31 2 2 981 31 4 2 
O8si4) 5 25 14 11 DS13° 2 DOSS 30 9 O 
Oa 74 2207 13 26 16 5 28 13 4 28 14 1 
25 16, 2 A* 281128 4 20 19 14 28 11 8 2617 74 
23 20 1 20 20 12 Seye30 743 D6ylg ind 26 16 7 
20 19 13 506.3 29 9 6 D028 | 25 16 10 
1029 95 3 29 10 2 yp es @ 21714 2418 9 
Dial le 9 26 13 10 25.183 20 20 13 23 16 14 
25215, .9 ossto. 8 wn Dp30 29a 
5 ees ea DAM S412 meee ce 710 Shen3 0 26159 
Dames 4 4 23 20 4 961** 31 0 0 Zits 4 2121110 
2812) 2 22 19 10 aye 5 24 15 13 Aoshi a2 
26 16 O 20 17 16 9714 6 23 21 0 28 10 10 
24 16 10 6 28 9 9 22°21" 6 3g 31 22 2204 
Bae 10. a7 2419 3 21 18 14 29 11 3 22 20 10 
26 16 1 DA sO 2o0 31 10 eae 7 be) 30) 9° 2 
23t20) 2 21 2 8 29 11 0 ipa ee 20! 7 16 
2220 7 21 M912 92° 13% 3 25 15 11 29912 0 
teers nie Sherr ees Wines ee 2743-8 23 21 | Tal Gr) 
omits 3 2713 7 1516 9 Zoid. 9 25 18 6 
271913. 9 19 19 15 DA 19085 at) 13 24 20 3 
23 18 9 8 2810 8 a3 1749 2, 8206 6 Pie 20°12 
Oo Mie 26 16 4 4120 11 26 14 10 6m le 5 
Qe 15 2272078 outmee y lg RN | 2222 2 <i rope 6) 
DIVIS. 13 OF 30; 7 0 SOM 18 18 18 29912) 
6% 30" 6 0 25 18 0 a7 15 3 BU a 8 29 9 8 
26716 2 24 18 7 Se Ag 7 27 12 10 28 11 9 
26 14 8 2018 15 meek 24 19 6 2716) I 
24 18 6 ys ae) 4 2 ; ; 25 19 0 
22 16 14 2419 7 
725006 1 2 teen} : PB . - 27:14 7 24 17 11 
28ei23 Whee Shed % 12 12 2617 3 23.21 4 
Digi2 8 aoe 2418 8 25 18" 5 21 17 16 
26 15 6 clare 5 31 2,.0 23 21 2 20 19 15 
2419 0 27 11 10 30 8 1 23 18 11 Fein Ss 
18 18 17 26 15 7 30 7 4 LTA 2 Doel 5 
8 29 9 4 ae 28 10 9 peel 2519 1 
b5013) 12 es 26 17 0 6* 24 20 0 oI 
2419 | 25 15 10 % 15 8 24 16 12 9* 30 8 5 
23 20 3 23 15 14 15 18 4 dee 31 4e 0 29 12 2 
O25, iy i Fs 22 21 5 25 14 12 29 10 6 28 14 3 
Zoli 5 DES By 24 17 10 28 12 7 28:13:56 
2319 7 22 18 12 320 6 24 20 1 DG ae 
e171 pp US le. 2 1 0 9 op 27 14 8 
19 17.17 28 13 0 1 16 15 22 18 13 26 13 12 
26 14 9 pO th 3 29 11 4 22,19 2 

Zs TS *2 28 13 5 

2419 4 29 10 5 Dee | pe 8 

940 30 6 2 24 16 11 2617 | 320 7 
im 30, 5 4 23 18 10 26 13 11 4017.17 90) = sis 2 
29 10 0 21 16 16 fa egg de 19 19 16 30 9 3 
29 8 6 aoe ous 7 a" O80 8 9 31 3 3 2910 7 
28 11 6 re 11 26 16 6 0715 5 2715 6 
27:14 4 oa 24 14 14 1713.9 2617 5 
26 16 3 27.15 20 2222 0 321 3 D519 2 
26012) 11 2/9 2315 15 25 14 13 
2419 2 23:20° 5 23 19 10 
24 14 13 23 19 8 980 30 8 4 21815 
22 21 4 23 16 13 9814-0 Dea 812-8 
21 20 10 «homeo je eae 40) 24 20 4 

19 18 16 ary 5 20 18 16 
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TABLE 3.8.6A (continued) 
s=h?+k?+]?, 4/s and mantissa of log s, for s=8n+p#4".7 (mod 4.8), m=0, 1, 2,... 


if 0 1 2 3 4 5 6 

n 

121 968 969 970 971 972 973 974 
31-1127 31-1288 31-1448 31-1609 31-1769 31-1929 31-2090 
985 875 986 324 986 772 987 219 987 666 988 113 988 559 

122 976 977 978 979 980 981 982 
31-2410 31-2570 31-2730 31-2890 31-3050 31-3209 31-3369 
989 450 989 895 990 339 990 783 991 226 991 669 992 111 

123 984 985 986 987 989 990 
31-3688 31-3847 31-4006 31-4166 31-4484 31-4643 
992 995 993 436 993 877 994 317 995 196 995 635 

124 992 993 994 995 996 997 998 
31-4960 31-5119 31-5278 31-5436 31-5595 31-5753 31-5911 
996 512 996 949 997 386 997 823 998 259 998 695 999 131 


TABLE 3.8.6A (continued) 


Every s followed by all possible (hk/) triplets 


Ss hkl 
993 31 4 4 


—S pee 
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— ee 
RORDORNOW WN HH WW WN OO 
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TABLE 3.8.6B 
Space Groups in Each of the.17 Cubic Aspects 


1 2 3 4 5 6 | 8 Om LO ably) 12 en ia ot 15.1 016.4. 17 
Pe eee ae ee en Pele Pale ial. . £94, 5. lan Inntd dai. di Fw. FA,.. Fd.: F..c Fd.c 


Pm3m Pn3m Pm3n Pn3n Im3m Ia3d | Fm3m Fd3m Fm3c Fd3c 
P432 4,32 ee, 1432 14,32 F432 F4,32 
P43m P43n 143m 143d F43m F43c 
Pm3 Pn3 Pa3 | Im3 Ia3 Fm3 Fd3 
123 
P23 P2,3 123 F23 
TABLE 3.8.6C 
Reflections Permitted by Each of the 17 Cubic Aspects 
s=h+ke+P 
S hkl oe ew Ss Aen 0) 7 Seo Oo si iS 14 tS 16 7 A kek KY 
(ae hea) r. P4,.. PA. Pr Poni Pan Pe | 1... 14, Ja. td lad\F... F4,.. Fd.. F.c Fd.c|(h<k<l) 
rn ee ee ee te CS CC Cd OT OC 
pth iO + + + + + + -—- [+t + - = -J- = =~ = -~{ O11 2 
eg a a a es eee 
mo 2.00 oa ss ee EE OC OH Chl tLCUc Km lhUvrelUhHtl CUKd [Cc OD 
ee ee ey ee ee CC || 0 2 OS 
gg a | ee ea | a Oe Os ee 
“8. 12,20 t+ + + 4+ 4+ + + FH + + + 4+ + + + +1]022 ~~ 8 
é (3 Peete woe es i= 5 ft = = 903 
re eee ee ee 22 
Cree ee] a O_O «10 
ie ee ee Th 
i 222 + + 4+ 4 4+ + + |+ + + —- —-|{[+ + + + +/222~«12 
ree seer ee = eS iS lt — |) Oran 13 
re eee Se ee UC CO 2 
*16 400 t+ + + + + + + +t + + + +/+ 4:°24+ «4+ ~«4'4 004 =~ 16* 
17 [410 + + 4 - + = x f= = = = =~J]-—- = =~ = =] O1 4 7 
a 2-2 + + 4+ 4 - — + J= = = = =] = = = = =34 223 
ig (41! ee ce ee eee eS 3} 18 
330 + + 4+ 4+ 4+ 4+ —- [+ 4+ - - -J- - - -= =|] 033 
eee et OS eS a ip3e3en) 19 
20. A.2;0 + + + + + + + [+ + + + +/+ 4 =- + =-— | 024 = 20 
21 421 | + + + + + + + J- - —- - -f{- - = = -|] 124 21 
eae et ot Oe Fe EO Pe OP et eK UK SH KK -] 283 22 
wa £2 + + 4+ 4+ + + + [+ + + + +Ft4+ + + + +4224 ~=«24* 
ae ee tf} 0055 
ee ee eee te eee ee ET ST | onscal 2 
6 53170 + + + + + + -—- |+ + - + -J]- - - - —-1{ 015 26 
431 + + 4+ 4+ 4+ + + [+ + + + +4/- - - - -'| 134 
77 ( tg ie a ale kt oe |) Ig lad), a7 
S333 4+ + + + —- - + J- —- = - =-/[+ - - - =| 333 
s 520 - ot + = tis xX - —- —- = -J/—- —- — = —|{ 02 ; " 
os iu er eee cree ee ee ee FL Sl af) 7 
S52 ee + + Flt t+ [Lt + + + t1- - - - +4125 30 
*32 440 + + + + + + + [+ + + + F/+ 4+ + + +1044 ~=«=32* 
33 ( 22} + + + + - —- + J- - - = -Jf{- - = = -| 22 A 33 
ee ee ee ee SO 


+ indicates presence of reflection. — indicates absence of reflection. * indicates that preceding number is not sum of three squares. 
x indicates that only half of the planes contribute, viz. (hk0), (Ohk), (kOh) with A even. 
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TABLE 3.8.6C (continued) 
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+ indicates presence of reflection. — 


indicates absence of reflection. * indicates that preceding number is not sum of three squares. 


anes contribute, viz. (AKO), (Ohk), (KOA) with A even. 


X indicates that only half of the pl 
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TABLE 3.8.6C (continued) 


Fd.. F..c Fd.c| (h<k<l) 
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+ indicates presence of reflection. — indicates absence of reflection. * indicates that preceding number is not sum of three squares. 


X indicates that only half of the planes contribute, viz. (Ak0), (Ohk), (kOh) with A even. 
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3.9. Hexagonal-rhombohedral Transformations* 


3.9.1. Transformation of Cell Constants 
The following symbols are used (see stereographic 
projection, Fig. 3.9.1): 
a, c: edges of the hexagonal cell 
ap: edge of the rhombohedral cell 
a: angle between the rhombohedral axes 
«': supplement of « («’=180°—a) 
p1: interfacial angle (0001 :1011) 
p2: interfacial angle (0001 :0112) 
X: interfacial angle (1011:1101) 
The quantities given in Table 3.9.1 were calculated 
by means of the following relations: 


1 


pM tan 
ree. P1 
cos <.ve COS pz 


sin pave sin 
7 D) P1 


ap 1 
a (3) COS pp 

On the chart (Fig. 3.9.1) angles and ratios are plotted 
as functions of p). 


3.9.2. Transformation of Indices 


From the two possible rhombohedral settings (Vol. 
I, p. 20) the obverse has been selected for use in Table 


3.9.2. The obverse rhombohedral axes in terms of the 
hexagonal axes (Vol. I, Table 2.5.1, p. 21) are given by: 


ag=3a+tb+he, bk=—}a+}b+he, cr=—ta—3b+he 


The rhombohedral indices in terms of the hexagonal 
indices likewise are expressed: 


hyp=3(2h+k+I), kp=}(—hA+k +), lp=}(—h—-2k +1) 


The rhombohedral criterion takes the form 
“(—h+k-+1) divisible by 3.” Table 3.9.2 consists of one 
column of hexagonal indices hkil, (J,=0, 1 or 2) 
obeying the criterion, for successive positive h,k values 
up to h+k=20; and a second column of correspond- 
ing rhombohedral indices hgkglp. Given hkil where 
l=3n+l), the corresponding rhombohedral indices 
will be hp+n, kp+n, Ip+n. 


EXAMPLE. To transform (2.1.3.13) to rhombohedral 
indices, note that 13=3n+J), where ,=1, n=4. Next 
to (2131), Table 3.9.2 gives (201). Hence the desired 
rhombohedral indices will be (2+4, 0+4, 1+4); and 
(2.1.3.13) becomes (643). 

The transformation of rhombohedral to hexagonal 
indices is best carried out directly by means of the 
relations ; 

h=hpg—kp, k=kp—lp, i=lp—hp, l=hy+kpgtlp 

Transformation of hexagonal indices hkil to ortho- 
hexagonal indices iok oly can also be done by inspection. 
For example, if the setting O, (Vol. 1, Fig. 2.5.2, 
p. 19) is used: 

ho=h, kg=h+2k, Ip=! 


* Section 3.9.1 was contributed by A. Pabst, to whom we are further indebted for many critical comments and suggestions on 


the whole of Section 3. 
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3.9. HEXAGONAL-RHOMBOHEDRAL TRANSFORMATIONS 
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Fig. 3.9.1. Correlation of axial elements and angles of rhombohedral and hexagonal cells. 
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3.9. HEXAGONAL-RHOMBOHEDRAL TRANSFORMATIONS 


TABLE 3.9.1 
Hexagonal and Rhombohedral Constants 
Contributed by A. Pabst 


Pi Pa c/a & ap/a 

0° On,00; 0-00000 120° 00 0-57735 
30’ 0; 1S 0:00756 120 00 0-57736 

1 OFes0 0-01512 1 9ensa, OSS. 
30 0 45 0-02268 119: 39 0-57740 

Z LgtvO0 0-03024 L19958 0:57744 
30 eels 0-03781 11957 0-57749 

3 15530 0-04539 119 56 0-57755 
30 1 45 0-05297 119 54} 0-57762 

4 zZ, O00 0-06056 E19 ino3 0-57770 
30 Dewi 0-06816 1B i omer 0-57779 

5 2, 305 0-07577 119 49 0-57790 
30 2 454 0-08339 119 46 0-57801 

6 3 003 0-09102 119 44 0-57815 
30 37 15s 0-09867 119 41 0-57828 

au 3 3 0-10633 119 38 0-57844 
30 3 46 0-11401 119 34 0-57860 

8 Ao] 0-12171 119%) 0-57877 
30 4 163 0-12943 119) 27 0-57896 

2) 4 313 0-13716 119'9a23 0-57916 
30 4 47 0-14492 LIS ssi9 0-57936 

10 + he 0-15270 119 14 0-57959 
30 5 17% 0-16051 119: 493 0-57982 

I] +133 0-16834 119 43 0-58007 
30 5 484 0-17619 118 #593 0-58033 

12 6 4 0-18408 118 54 0-58060 
30 6 194 0-19199 118 48 0-58088 

13 Camo 0-19994 118 42 0-58118 
30 6 504 0-20791 118 36 058149 

14 7 64 0:21593 118. 293 0-58182 
30 G22 0-22397 Tg 323 0-58215 

1S 738 0-23205 118 16 0-58251 
30 (EMR 0-24017 118 84} 0-58287 

16 & 94 0-24833 118) >1 0-58325 
30 Sine 4 0-25653 Ll ieee 0-58364 

7 8 414 0:26477 117 46 0-58406 
30 8 574 0-27306 117) 37% 0-58448 

18 oF 1358 0:28139 11% 329 0-58492 
30 feet 0-28977 Lite 220 0-58537 

19 9 46 0-29820 1% Ll 0-58584 
30 10 25 0-30668 lili 2 0-58632 

20 10 19 0-31521 116-52 0-58683 
30 10 353 0-32379 116 42 0-58735 

21 10 52 0-33243 1i6> 332 0:58789 
30 It» .84 0-34114 116 214 0-58844 

22 sf ad 0-34990 116 104 0-58901 
30 11 42 0-35872 116 00 0-58960 

23 11 59 0-36760 115 484 0-59021 
30 12 16 0-37656 IM bee ir) 0-59084 

24 IZ, 33 0-38558 Eisse25 0-59148 
30 LZao0 0:39467 iH be gle: 0-59215 

25 137s 0-40384 115 00 0-59284 


3.9. HEXAGONAL-RHOMBOHEDRAL TRANSFORMATIONS 


TABLE 3.9.1. (continued) 


Pi Pe c/a 0 r ap/a 
25° 13° alt: 0-40384 115° 00’ 42° 56’ 0-59284 
30’ 13 225 0-41308 114 473 43 47 0-59354 
26 13 423 0-42239 114 34 44 37 0-59427 
30 14 00 0-43178 114 204 45 28 0-59502 
27 14 174 0-44127 114 7 46 18 0-59579 
30 14 354 0-45083 1132.53 47 84 0-59659 
28 14 534 0-46047 113% 38 47 59 0:59741 
30 15 4114 0-47022 113° 234 48 49 0-59825 
29 15294 0-48005 113-8 49 39 0-59912 
30 15 473 0-48997 Live 33 50 29 0-60001 
30 16 6 0-50000 112 37% 51 19 0-60092 
30 16 244 0-51013 be 21 2 ee 0-60187 
31 16 434 0-52036 112 43 52. 9 0-60284 
30 | ee? 0-53070 111 473 53 484 0-60385 
32 er | 0-54116 Lit 304 54 38 0-60487 
30 17 40 0-55172 18 vg MEE 55 27% 0-60593 
33 ie ay 0-56241 LO cod 56 17 0-60702 
30 18 183 0-57321 110 36} 5) 16h 0-60815 
34 18 38 0-58414 110 18 a7 156 0-60930 
30 18 58 0-59520 109 584 58 45 0-61049 
35 1974 0-60640 109 39 59 34 0-61171 
30 19> 43.74 0-61773 109 19 60 23 0-61297 
36 19 58 0-62921 108 58 61 12 0-61427 
30 20 18 0-64082 108 374 62° ta 0-61560 
3] 20 384 0-65260 108 164 62 494 0-61697 
30 20 594 0-66453 107 54} 63 38 0-61838 
38 21 20% 0-67662 107 32} 64 264 0-61984 
30 21 414 0-68887 107 10 65 15 0-62134 
39 Ze 24 0-70129 106 47 06. 53 0-62287 
30 22 24 0-71389 106 234 66 51 0-62447 
40 22 454 0-72668 105- 4594 G7. 139 0-62610 
30 23) walt 0-73965 105 35 68 27 0-62779 
41 231 529% 0-75283 105 10 69 144 0-62953 
30 23 v2 0-76620 104 444 10. 24 0-63132 
42 24 14 0-77977 104 184 70 50 0-63316 
30 24 37 0-79356 103 52 AU) Hy 0-63506 
43 25 00 0-80759 103, 254 72 24 0-63703 
30 Vee) 0-82183 102 58 73; yl 0-63904 
44 25 464 0-83631 102 30 73 58 0-64114 
30 26 10 0-85104 102° 14 74 45 0-64328 
45 26 34 0-86603 101 32 Tey eh 0-64552 
30 26 58 0-88127 101 23 76 18 0-64778 
46 al 22% 0-89679 100° 324 77 «4 0-65014 
30 27 47 0-91260 100 14 TT $50 0-65258 
47 28 12 0-92873 29 30 78-436 0-65511 
30 28.37 0-94509 98 58 (Rm OA 0-65771 
48 jas ae PE: 0-96182 98 234 80 7 0-66040 
30 29 284 0-97886 Oire52 805524 0-66317 
49 29 544 0-99628 97 18 81 374 0-66605 
30 30 204 1-01394 96 434 82522} 0-66900 
50 30 474 1-03213 96.13 83 7 74 0-67209 
30 31 144 1-05058 95. 32k 83 514 0-67525 


51 31 414 1-0694 94 56 84 36 0-67854 


3.9. HEXAGONAL-RHOMBOHEDRAL TRANSFURMATIONS 


TABLE 3.9.1 (continued) 


Px Pa c/a oe A ap/a 
a Be 31° 414’ 1-0694 94° 56’ 84° 36’ 0-67854 | 
30’ 32°39 1-0888 94 184 85 20 0-68194 
52 2 Sy 1-1084 93 41 86 64 0-68546 
30 Bo ey 1-1286 930042 86 48 0-68911 
53 33 34 1-1492 92 224 87 314 0-69288 
30 34 3 1-1703 91 424 88 144 0-69679 
34 34 32 1-1920 18s 2 88 574 0-70085 
30 35° 14 12141 90 20 89 40 0-70506 


— | | | | | ° 


— | | ——_)| | | | 
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66 48 19 1:9451 70 194 104 35 0:86818 
30 48 593 1-9917 69 153 105 94 0:87987 
67 49 40 2:0402 68 104 105 434 0:89210 
30 50 214 2:0908 67 43 106 17 0:90501 
68 51 34 2:1435 GTS 106 50 0:91860 
30 51 46 2:1985 64 49 107 +22 0:93295 
69 32.29 2:2561 63 394 107 54 0:94809 
30 me lay) US 2°3163 62 29 108 254 0:96408 
70 >i) 2:3794 Cr 17 108 56 0:98101 
30 54 414 2:4456 60 44 109 264 0:99893 ; 
a EE a ee ee ee ern 
10° 3) “Aah 54° 44’ 8” 2:4495098 60° 00’ 109° 28’ 16” 1-:0000 close- 
lO _ |_| _ Am —_————_—|————— | packing 
71 55 227 2°5151 52 050 109 564 1-0180 
30 56 124 2:5883 SP ¥35 110 254 1:0381 
G2 56 59 2:6654 56 184 110 54 1:0596 
30 57 46 2:7467 §F 1.14 #11 422 1-0824 
a3 58° 3a 2°8327 53) (443 111 494 1:1068 
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TABLE 3.9.1 (continued) 
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TABLE 3.9.2 
Hexagonal-to-Rhombohedral Transformation of Indices 


3n+I, the corresponding rhombohedral indices are hg+n, kg+n, Ip+n. 


Given hkil, where / 
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Section 4 


DIFFRACTION GEOMETRY 


4.1-4.6. H. T. EVANS, JrR., and K. LONSDALE 
4.7. W. PARRISH and A. J. C. WILSON, with assistance from E. R. PIKE 


CLASSIFICATION OF DIFFRACTION METHODS 
FIXED-CRYSTAL METHODS 

MOVING SINGLE-CRYSTAL METHODS.. 
WEISSENBERG METHOD 

BUERGER PRECESSION METHOD 
RANDOM-ORIENTATION METHODS 


PRECISION MEASUREMENT OF LATTICE PARAMETERS OF POLYCRYSTALLINE SPECIMENS 


This section classifies the standard methods for resolving, recording and 
geometrically interpreting diffraction effects from crystals, and presents tables 
and charts which have proved most useful in connection with these methods. 
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4.1. Classification of Diffraction Methods 


In order to describe any diffraction method com- relative to the incident beam and to the recording 
pletely it is necessary to specify device. 


(c) The type and geometry of the recording device 
(Geiger counter with automatic recording, ioniza- 
tion spectrometer, photographic plane film or plate 
in front-, side- or back-reflection position, cylindri- 
cal camera of stated diameter, etc., position and 
geometry of screens, pressure and nature of gas in 
camera) and its position and conditions of move- 
ment (if any) relative to both the crystal and crystal 
movement, and to the incident beam. 


The principles and application of various methods 
and techniques are treated at length in a number of 
(b) The texture of the crystal specimen, its temperature well-known textbooks (General References). They are 

and pressure, orientation and conditions of move- briefly described here, with reference to the tables 
ment (stationary, oscillating, rotating or precessing) applicable to each. 


(a) the wavelength or range of wavelengths used, 
together with the geometry of the incident 
beam. 

[A description of the source of radiation (e.g. 
nature of anticathode, size and uniformity of focus, 
conditions of running X-ray tube), and details of 
monochromatization or filtering, collimation (dia- 
meter of pinholes, width of slit, amount of diver- 
gence or convergence), all help to specify the nature 
of the incident beam more exactly.] 


TABLE 4.1.1 
Classification of the Main X-ray Diffraction Techniques 


Name of technique Radiation Condition of specimen Detecting device 


I. Fixed-crystal Methods 


Laue White (range of ); Single crystal; stationary Photographic 
collimated 


Used for determination of axial ratios and angles; early analysis of simple structures; crystal symmetry (see 
Vol. I, 3.7); crystal orientation; texture (ideal or mosaic or both in parts, and type of mosaicity) and shape; 
distinguishing between optical isomers (enantiomorphous, see Vol. I, 4.4), absolute configuration [15, 23]. 
Geiger-counter techniques are usually unsuitable because the diffracted beams have a wide range of wavelengths 
(see Section 4.2 and Tables 4.2.1.1A, 4.2.1.1B, 4.2.1.2; general references [8] [9]). 


Stationary crystal Monochromatic (or Single crystal; stationary Photographic or Geiger 
filtered characteristic) ; counter 
collimated 


Small unit cell: used for observation of single diffraction effects in order to observe transformation point under, 
for example, change of temperature or strain [2]. 
Large unit cell: direct observation of reciprocal lattice, which is of very small mesh [9]. 


Diffuse-spot Monochromatic (or Single crystal; stationary Photographic or Geiger 
filtered characteristic) ; in a succession of counter 
collimated positions 


Used for observation of ‘‘non-Bragg” effects (diffraction outside reciprocal-lattice points), e.g. thermal-vibration 
waves, incipient crystallization in new phase, disorder, distortion [25] [26]. Interpretation as for 4.3 or individual 
to each case. 


Kossel or divergent-beam Monochromatic (usually Single crystal; stationary Photographic, usually 
plus white); divergent plane film 


Precision measurements of spacing, texture, symmetry, orientation, Renninger effect [27]. 
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4.1. CLASSIFICATION OF DIFFRACTION METHODS 


TABLE 4.1.1 (continued) 
Name of technique Radiation Condition of specimen Detecting device 


II. Moving Single Crystal and Stationary Film or Detector 


Rotation Monochromatic (or Single crystal, rotating Photographic or Geiger- 
filtered characteristic) ; about zone axis or other counter, or other ionization 
collimated principal direction technique 


Repeat distance (identity translation) along rotation axis. Bravais lattice. Axial lengths. Complete analysis of 
very simple structures (see Section 4.3 and Tables 4.3.2, 4.3.3 [9] [35]). 


Oscillation Monochromatic (or Single crystal, oscillating Photographic, usually a 
filtered characteristic) ; through,S’5 \0%o153, pack of cylindrical films 
collimated etc., with overlapping 

settings 


Used for crystal setting, for improved resolution as compared with rotation method, for observation of inten- 
sities for three-dimensional structure analyses (see Section 4.3, Tables 4.3.2, 4.3.3 [9] [35]). 


Inclined Monochromatic (or Single crystal, oscillating Photographic 
filtered characteristic); about axis at known 
collimated angle to a zone axis 


Resolution improved, but suitable only for very simple structures. Useful for studying plate-shaped crystals 
rotated about normal to plane of plate. See [5] [16]. 


Random rotation Monochromatic (or Single crystal, rotating Photographic, usually a 
filtered characteristic) ; or oscillating about a cylindrical film 
collimated random direction 


Determination of system by multiplicity measurements (Vol. I, 3.5). Identification of rare specimen. Orienta- 
tion of crystal (especially ground sphere) for purposes of setting [28]. 


Multiple exposure Monochromatic (or Single crystal or powder; Photographic. Cylindrical 
filtered characteristic); under changing film pack, behind screens 
collimated conditions moved by regular steps 


Variation of unit-cell size or intensities with change of Conditions. Measurement of phenomena such as 
““Renninger effect’? which depend on crystal orientation. Making of intensity scales [22] [30]. 


Geiger-counter diffracto- Monochromatic (or Single crystal, rocked One- or two-circle Geiger 
meter. Ionization filtered characteristic) or — through each reflecting counter, with or without 
spectrometer characteristic+continuous. position. (Also powders automatic recorder or 
Collimated, sometimes and fibrous materials, proportional counter, 
by special slit systems see IV below.) ionization chamber, 


scintillation counter 


Most accurate determination of positions, integrated intensities and profiles of diffraction spectra. Measure- 
ment of wavelengths using standard crystals [9] [31]. 


III. Moving Single Crystal and Moving Film or Detector 


Weissenberg Monochromatic (or Single crystal; rotating Cylindrical film (pack) 
filtered characteristic); or oscillating about moving behind screens, to 
collimated zone-axis normal or and fro parallel to, and 


inclined to incident beam synchronously with 
rotation about the zone 
axis; sometimes with 
integrating mechanism or 
Geiger-counter attachment 


Complete data (cell dimensions, lattice type, symmetry, intensities, with or without integrating mechanism) 
for structure analysis in all systems. Making of intensity scales. Most suitable for crystals where large range of 
reflections in high-order region is required. See Section 4.4 and Tables 4.4.1-4.4.2 [3] [6] [7] [9]. The Sauter and 
Schiebold methods are variations of the moving-film technique, less commonly used [3]. 
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4.1. CLASSIFICATION OF DIFFRACTION METHODS 


TABLE 4.1.1 (continued) 
Name of technique Radiation Condition of specimen Detecting device 


III. Moving Single Crystal and Moving Film or Detector (continued) 


Buerger precession Monochromatic (or Single crystal, oscillating Plane film (pack) moving 
filtered characteristic) ; about two mutually- behind screens, coupled 
collimated perpendicular zone with crystal so as to be 

axes stationary relative to 
(and parallel to) reciprocal 
lattice 


Most powerful method for determining crystal orientation. Gives data for complete structure analysis, 
especially for crystals of large unit cells and lower atomic numbers. Gives undistorted image of reciprocal lattice. 
See Section 4.5, Figs. 4.5.4, 4.5.5, and Tables 4.5.1—4.5.5 [4] [6] [20] [21]. The De-Jong-Bouman method also 
gives undistorted image of reciprocal lattice, but usually with severely distorted spots (see [3] [19] and Section 
4.5, Table 4.5.6). 


IV. Random-orientation Methods 


Powder (rotating). Monochromatic (or Rotating powder or Photographic or Geiger 
Debye-Scherrer. Hull filtered characteristic) ; polycrystalline specimen counter. Focusing camera 
collimated may be used (Seemann- 
Bohlin) 


Simple structures (especially metals). Intensity of strong lines (to minimize extinction). Axial ratios of high- 
symmetry structures. Partial analysis of low-symmetry structures only available as powders. Crystallite size. 
Transformation conditions. Thermal expansion. Effect on structure of physical changes.of other kinds (e.g. 
ferroelectric, magnetic, antiferromagnetic, pressure, chemical, etc.). Precision data. Comparison of isomorphous 
crystals. Measurements on series, such as long-chain compounds (variation of lengths of chain, or position of 
side substituents). Alloys of varying composition. Phase diagrams. Identification of member of series or of 
mixture. Identification problems in -general (finger-print method). See Sections 4.6-4.7 and Tables 4.6, 
4.6.2A,B [1] [2] [5] [6] [7} [8] [11] [12]. Principal neutron-diffraction technique [14]. 


Powder (stationary) Monochromatic (or Powder or other Photographic (usually 
(transmission) filtered characteristic); polycrystalline specimen. plane film) or Geiger 
collimated Stationary counter 


Preferred orientation. Grain size. Strain measurements. Crystallite size in fine powder, dimensions <10-* cm. 


(1] [2] [6] [7] [8] (11) [12] [13]. 


Back-reflection method Monochromatic (or Massive polycrystalline Plane film surrounding 
filtered characteristic) ; specimen incident beam 
collimated 


Distortion, grain size, preferred orientation. Correlation with physical properties such as microstructure or 
hardness [1] [2] [8]. 


Fibre method Monochromatic (or Fibrous, stationary or Photographic, usually on 
filtered characteristic) ; rotating about fibre axis __ plane film, normal to the 
collimated normal to incident beam, incident beam 


or about a normal to 
the fibre axis 


Identity period along fibre axis; size, structure and arrangement of micelles; preferred orientation; and deter- 
mination of orientated textures [6] [8] [9]. 


Small-angle (low-angle) Monochromatic; Any texture, but in Photographic or Geiger 
method collimated special camera. Non- counter 
crystalline material also 


Reference [24]. 
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4.2. Fixed-crystal Methods 


For these, as for measurements made on an optical 
goniometer, standard projection methods, as well as 
special projection methods, have been extensively used. 


4.2.1. Laue Method 


All reflections are in general due to different X-ray 
wavelengths, but all orders of the same spectrum give 
one single reflection. The symmetry of Laue patterns 
corresponding to the various point groups is given 
in Vol. I, Section 3.7. 

Laue patterns were originally studied by stereo- 
graphic projection of the reflected rays (W. L. Bragg 
[31], page 25). 

This method has been superseded by the use of 
(a) gnomonic projection or \ of the normals to 
(6) stereographic projection| the reflecting planes 

Two cases need to be considered: 

1. Plane films, front or back reflections, normal to 
incident beam. 

2. Cylindrical films, cylinder axis normal to incident 
beam. 


© 
S = Projection pole 


Fig. 4.2.1.1(1) Geometrical principles of the spherical, 
stereographic, gnomonic and Laue projections. 


4.2.1.1. PLANE FILM 


Fig. 4.2.1.1(1) shows the graphical relationships in- 
volved, for the case of Laue patterns on a plane film, 
between the incident beam direction SN, which is also 
the normal to the plane Laue pattern, the Laue pole L 
and the spherical, stereographic and gnomonic poles, 
Sp, St and G, and the stereographic projection S, of 
the reflected beam. If p, the radius of the sphere of 
projection, is taken equal to r, the crystal-to-film dis- 
tance, then the planes of gnomonic projection and of 
the film coincide. The lines producing the various pro- 
jection poles for any given crystal plane are coplanar 
with the incident and reflected beams. 

In order to transform from one type of projection 
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to another, the following relationships, given in terms 
of the Bragg angle 0, are required: 


P,=r tan 20 epee i) 
Pg=p cot é Bes 2) 
cos 8 
Po= ay: 
s~P 1+ sin 6 e) 


For the stereographic projection of the reflected ray 
on to the equatorial plane 


Pp=p tan 0 onde 4) 
Tables 4.2.1.1A and B give corresponding values of 


P,, Ps, Pg for the front- and back-reflection regions 
respectively over a range of angles of deviation of 20. 


For Table 4.2.1.1A: r=5 cm {P=15 om for Ps 
p=2cm for Pg 


aes p=15 cm for Ps 
For Table 4.2.1.1B: r=5 cm p=50 cm for Pg 


These values of p are chosen because they give con- 
venient ranges of Ps and of Pg, but if other values of 
r or p are used, appropriate adjustments must be made. 

These tables are not intended for direct use. They 
may be plotted as graphs; or straight stereographic 
or gnomonic rulers may be constructed for suitable 
values of r and p. Such a ruler has P,, to the left, 
P,(P,) to the right of a pivot which is placed at the 
centre of the photograph (origin of the projection). 
Corresponding poles L, S:(G) are numbered to corre- 
spond to each other, and it is therefore simple to 
transform the Laue pattern directly to the stereo- 
graphic or gnomonic projection without intermediate 
measurements. If either projection is subsequently to 
be used with a stereographic or gnomonic net, the 
scale must be adjusted. For a stereographic net of 
diameter 2x cm the Pg numbers in Tables 4.2.1.1A 
and B must be multiplied by x/15. 

The use of a stereographic net is described in many 
textbooks, and in general the charts commercially 
available (Sec. 1.2, p. 1) are excellent, being much more 
accurate than most people can draw them. They are, 
however, of particular sizes and are therefore not 
suitable for every use without accurate enlargement. 

A description of the stereographic, gnomonic and 
other nets and types of projection and a comparison 
of their advantages and disadvantages are given by 
Henry, Lipson and Wooster [9]. 

Various nets may be constructed as follows: 


Polar Stereographic Net 


(a) Concentric circles of radii p tan 4/2, where p is the 
radius of the projection circle and ¢ the angle be- 
tween the directions (CN, CSp in Fig. 4.2.1.1(1)) of 
the projection diameter and the projected radius. 
¢ is usually varied by 2° from 0° to 90°. 

(b) Intersecting these circles are a set of regularly- 
spaced diameters at, say, 2° intervals. 


4.2. FIXED-CRYSTAL METHODS 


TABLE 4.2.1.1A 


Table for Conversion of Front-reflection Laue Patterns to Stereographic or Gnomonic Projections 


Pry 


£==o1com 


0 
0-0873 
0-1746 
0-262 
0-350 


0-437 
0-526 
0-614 
0-703 
0-792 


0-882 
0-972 
1-063 
1-154 
1-247 


1-340 
1-434 
1-529 
1-625 
1722 


See page 164 for explanation of this table 


Ps 


p=lsicni 


15 

14-87 
14-74 
14-61 
14-48 


14-36 
14-23 
14-11 
13:99 
13-87 


13-74 
13°62 
13°31 
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Pris) 
r=5cm 


2:887 
3-004 
3-124 
3-247 
33373 


3501 
3°638 
3-768 
3-906 
4-049 


4-195 
4-346 
4-502 
4-663 
4-828 


5-000 
5-178 
57362 


Ps 
p=15cm 


4.2. FIXED-CRYSTAL METHODS 


TABLE 4.2.1.1B 
Table for Conversion of Back-reflection Laue Patterns to Stereographic or Gnomonic Projections 


See page 164 for explanation of this table 


6 Pry) Ps Pg 6 Pr) Ps Pa 
r=S5cm p=15cm p=50 cm r=S5cm p=l5cm p=50 cm 

120° 8-660 4-019 28-868 150° 2°887 1-975 13-398 
121 8-321 3-949 28-289 | gap 2772 1-908 12931 
122 8-002 3°Sii IN PORK: 152 2:659 1-842 12-467 
123 7-699 3-809 27-148 153 2:548 1-775 12-004 
124 7-413 3-740 26:586 154 2:439 1-709 11-544 
1238 7141 3671 26-029 1535 2832 1-643 11-085 
126 6-882 3-601 25:477 156 2-226 VS 10-628 
127 6°635 37532 24-929 [Si 2122 1-510 10-173 
128 6-400 3-463 24-387 158 2-020 1-444 9-719 
129 6°174 3-394 23°849 159 1-919 1-378 9267 
130° 3°959 37320 23-316 160° 1-820 1-312 8-817 
131 pripy? 32a 22:787 16] 1-722 1-246 8-367 
132 5:558 3-188 22-262 162 1-625 1-181 1919 
133 5-362 3-120 21-741 163 1-529 1-115 7-473 
134 5-178 3052 21-224 164 1-434 1-049 7:027 
1355 5-000 2:984 20-711 [65° 1-340 0-983 6°583 
136 4-828 2:916 20-202 166 1-247 0-917 6°139 
137 4-663 2-848 19-696 167 1-154 0-852 +697, 
138 4-502 2-780 19-193 168 1-063 0-786 32) 
139 4-346 2°713 18-694 169 0-972 0-720 4-815 
140° 4-195 2°645 18-199 170° 0-882 0-655 4-375 
14] 4-049 2:578 17:706 171 0-792 0-589 3:935 
142 3-906 2°510 L218, 172 0-703 0-524 3-497 
143 3-768 2°443 16-730 173 0-614 0-458 3-058 
144 3-633 2°376 16:246 174 0-526 0-393 2-621 
145° 3-501 2-309 15-765 Liss 0-437 0-327 2°183 
146 BeS75 2:242 15-289 176 0-350 9-262 1-746 
147 3-247 DAS 14-811 177 0-262 0-196 1-310 
148 3-124 2-108 14-338 178 0-175 0-131 0-873 
149 3-004 2-041 13-866 179 0-087 0-065 0-437 
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4.2. FIXED-CRYSTAL METHODS 


Wulff Stereographic Net 

Two sets of circles or arcs of circles, each set having 
collinear centres, the lines of centres being normal to 
each other, through the centre O of the projection 
circle, radius p. 
(a) Centres at +p cosec ¢ from O, radius p cot ¢. 
(b) Centres at +p cot ¢ from O, radius p cosec ¢. 


Gnomonic Net 

(a) Parallel straight lines at intervals +p tan¢ from 
an equatorial line (through N and normal to the 
plane of the paper in Fig. 4.2.1.1(1)), intersected by 

(6) Symmetrical coplanar hyperbolae of equations 

y’?=p*(1+x?) tan? ¢ 

where y=0 is normal to set (a) and x=0 is the 
equatorial line of set (a). 

A detailed discussion of the construction of stereo- 
graphic and gnomonic nets, suitable for self-teaching, 
is to be found in W. P. Davey’s Study of Crystal 
Structure and its Applications (McGraw-Hill, New 
York and London, 1934), which, however, is now out 
of print. See also H. Tertsch [34]. 


Greninger Chart 

This is used for reading angular relations on back- 
reflection Laue photographs. It provides a quick way 
of determining the orientation of a single crystal, or 
the relative orientations of two individual grains in 
an aggregate or of the components of a twin. 
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Fig. 4.2.1.1(2). Greninger chart [32]. 


It has to be constructed for a particular crystal-to- 
film distance, and it consists essentially of two sets of 
curves, the formulae of which are given by Bernalte, 
A. (1965), Acta Cryst., 19, 916 , together with a half- 
circle protractor (Fig. 4.2.1.1(2)) [32]. 

An excellent description of the use of this chart is 
given by C. S. Barrett [2], pages 167-72. 


4.2.1.2. CYLINDRICAL FILM 

A special chart is used for the interpretation of a 
Laue pattern on a cylindrical film, cylinder axis nor- 
mal to the incident beam. The data for the construc- 
tion of such a chart, given in Tables 4.2.1.2A, B, C, D, 
are obtained as follows. 


Fig. 4.2.1.2(1). Geometrical principles of Laue photo- 
graphy on to a cylindrical film with axis normal to the 
incident beam. 


In Fig. 4.2.1.2(1), PO is the incident beam (S,), CN 
the normal to the reflecting plane, and CY the diffrac- 
ted beam (S), Y being the point in which CY intersects 
the cylindrical film, giving a Laue spot. 

PXO is the equatorial plane, normal to the cylinder 
axis. Let YX be normal to PXO; XT and YT normal 
to CO. Then / OCY=20, where @ is the Bragg angle. 
YT is coplanar with PO, CN and CY, and therefore 
ZXTY=® is the angle between the equatorial plane 
and the plane of incidence. The direction CN is fully 
specified by 6 and ®, and if these are known, the posi- 
tions of the normals to the reflecting planes can be 
plotted on a stereographic net. 

When the film is laid flat, the position of each spot 
Y is specified by Cartesian co-ordinates x (arc OX) 
and y=YX. Let the cylinder radius be r. Note that 
ZYCX=y, /XCT=Y in Buerger’s notation (see Table 
4.3.1, page 175). 
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4.2. FIXED-CRYSTAL METHODS 


cos 28=cos y.cos Y= cos (tan *) cos~ ... (1) 
r 


Aiso y=XT tan ®=r sin “tan ® mere (2) 


For a cylindrical camera of radius 28-65 mm and if 
x and y are measured in mm. these equations reduce to 


) cos 2x #3) 


y 
26= cos { tan" 
COs COS ( an. 98-65 


y=28-65 sin 2x.tan® ae .(4) 


the angles being expressed in degrees. 

In Table 4.2.1.2A, y is given in terms of x and @ for 
®=1° to ®=70°. For lines with ®=51° to, ®=90° 
the separation of points to be plotted which have low 
x values (5, 10, 15, 20 mm) is large, and this separation 
increases rapidly as ® increases. To overcome diffi- 
culties in plotting lines in this region, Table 4.2.1.2B 
gives x in terms of y and ®, for =51° to ®=90°. 

For @ less than 71°, Table 4.2.1.2B by itself gives 
widely separated points in the region x=35 mm to 
x=45mm. The range y=0 to y=80 mm covers the 
size of films normally used. 

Table 4.2.1.2C gives x in terms of y and 0, for @=0° 
to 6=45°. Extra points to facilitate drawing are given 
in Table 4.2.1.2D, where y is tabulated for x=0 and 
x=5 mm for 9=0° to 6=45°. 

The chart obtained from these tables consists of two 
families of curves (a) of constant @ and (b) of constant 
®. The figures given in the tables cover the one-eighth 


of the film limited by y=0, y=80 mm, x=0 and x= 
45mm. Reference to Fig. 4.2.1.2(3) shows how the rest 
of the chart for ® up to 360° and @ to 90° is obtained 
by symmetry operations on this unit. The accuracy of 
the tabulated figures varies from place to place on the 
chart but should be within 0:02 mm. 

If a camera of any other radius is used, either x and 
y can be corrected to correspond to a camera of radius 
28-65 mm, or equations (1) and (2) can be used to give 
new figures, or the chart can be enlarged to the required 
size. 

The angles 6 and @, read off from the chart laid 
over the film, can be used to plot a stereogram as 
follows: 


Fig. 4.2.1.2(2). Stereographic projection showing the 
direction of the reflected beam R from planes having 
the normal N defined by the angles (90° —@) and ©. 
R is the direction CY in Fig. 4.2.1.2(1). 


TABLE 4.2.1.2 
Tables for Conversion of Cylindrical Laue Patterns to Stereographic Projections 


Prepared by M. CANuT and checked by I. E. KNaGGs and G. BULLEN 


For layout see Fig. 4.2.1.2(3). The tabulated figures give a convenient scale for drafting, but the chart may be 
reduced photographically to any required diameter size of camera, for direct use with film. 


TABLE 4.2.1.2A. Table of y in terms of x and ®. (x and y in mm and @ in degrees. r=28-65 mm.) 


4.2. FIXED-CRYSTAL METHODS 


_ TABLE 4.2.1.2A (continued) 


4.2. FIXED-CRYSTAL METHODS 


TABLE 4.2.1.2A (continued) 
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4.2. FIXED-CRYSTAL METHODS 


TABLE 4.2.1.2B (continued) 


\ om: 78 Hb) 80 81 82 83 84 85 86 87 88 a 

¥ 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
5 1 Geen cOTaPe 10-9 ap t0-S38) 1 £0°7 9010-705) 0-629 10531044 90:35 0:26. 0:18 0-09 0 
10 Do Umte |S MO 77 el 59 eel 4 I 23S OSGH0 S87 070 ~ 01530735) :0-18- = 0 
15 4a 208/087-9924 -182-650-082-380) e211 lL Sopa oegto2 en-O> O79) 05305 0:20 00 
20 A amas) Pewee 90S 43" 189-192 32 2-468-211-7540 1-05. 0:70) 0-33 0 
25 ee ee ods) 398 3-530 308) 264 219° «i175 1-31 «(088 044 SO 
30 TOG 43 een 8 7) geo 2 nd 780 h54-245-03'698-43-1602-63-02°10.1°58;. 1:05 ' 0°53 0 
35 6 Omens) meee een 22 0 80°58i0 (4-940-014-320-13-6959 3-07 ©2-45 1°84 123° 0-61 10 
40 9-4] POteree) oo aeea) 10h 0 3908 15°060-014-940094- 2290351 12-80" 2°10 1-40. 0-70 = 0 
45 Oma Oops 3 ans 047 his 21216-3380 (5-56 4-75 3°95" 316°" 2:36 «861-58 «6079 «60 
50 eee oo ee 0 S02) 710 G19 529° 4-39 «(3-51 02-63 1-75 0-880 
5 Po Gee 05e10-961Rt9'89F 8-85 7°83. G82 S82 484 3-86. 2-89 «1:93 096) =| 0 
60 Me aGenl > 22 Oile0'84 «9-69 8-560 7-450 636 «5:28 «0421 315 210 «21:05 = © 0 
65 0s 429 13-0) 11-79" 10°53. «9-30 8-09 690) 45-73" 4:57 "3-42 2:28 1°14 0 
70 ig oo) 14718 12-76 11-39. 10-04 8-73 7-44 «66:17 «86492 «3°68 2-45 1:22 
75 yaa pe orn 13 4ee 12258 10:79 29°38) 7°99:006-628 (5-28) 3°94 2°63 «81:31 =O 
80 PGT is 226-45) 14960 13:13) 1156 10034 854 57:08 5-64) 4-21 2:80 1:40 0 
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4.2. FIXED-CRYSTAL METHODS 


TABLE 4.2.1.2C. 6-lines. Table of x in terms of y and @. (x and y in mm and @ in degrees. r=28-65 mm.) 


6 ; 
0 1 ys 3 4 5 6 i 8 9 10 11 
y 


0 0 1-00 “> 2-00 “0 3-00 “4-00 975-00 “) 6-00 YQ 7-00 9 8-00 99 9-00 Sie 10-00 meat 00 

24 1-65.20 13° 1404-34-48 Oe 0-57 

5 0-7 3:42 W499 TMG 325 RT 56 8°74 9°87 

74 3 25e oi 6°87 8-28 
10 235 5°43 


0 12-00 ** 13-000) 14-00) )-15-00 #1) 16-004.+-17-00 918-00 0819-00 RF 20-00 (821-0007 427-00 23-00 
5 11-000! 12-08 H0:13-172° 14-2408, 15°30 08-16-35 0017-39 EOS 44901948 20-52) aes 


10 T3100 28'90" 710537 © D7 4 1304 4-29 IS S19 6 7217 819-0401 ee 
12) 4 233i 04 19) 8956 

IS 236%) 4671001 (8-427 10-32, 12-02 13:60 (15:07 “16:495 iG 
174 3:24, 6:87, 5 e928 

20 ~467 804 10-44 12:50 14:35 16:04 
ee) ~4-7]1 $66. 1139 
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4.2. FIXED-CRYSTAL METHODS 


TABLE 4.2.1.2C (continued) 


0 1 2 3 4 5 6 7 8 M4 10 11 
0 0 POORER. DUM Aes a4 030e 5-05, 0609 715 18°22 9°31 10-43% 11:58 
=) 0 B3Sa OO meLOr39 7 1 900" 10327 


12:76 13-98 15-24 16:54 17:91 19-33 20:82 22:39 24:04 25:80 27:67 29-68 
TS 83 Pili 15°52: 916-92) 18-38 19-90, 21-49 © 23-15. :24:93 26:30 28-80 


MN © 


0 31-83 34:15 36°68 39-44 42-48 45:85 49-64 53-89 58:75 64:36 70:93 78-72 
5 30:95 33-26 35:77 38-52 41:53 44:89 48-64 52:84 57-64 63:18 69:66 77-36 


173 


4.2. FIXED-CRYSTAL METHODS 


ABA‘ in Fig. 4.2.1.2(1) is a circle centre C, radius r, 
normal to PC. Let A,A’ and B be the points of inter- 
section of this circle with the circles PXKO and PNO 
respectively (equatorial plane and plane of incidence). 


ZPCN=90°-—86 
Hence / NCB=86 / BCA= /7.YNTX=@ 


If the cylinder axis is taken as the projection dia- 
meter and PAO as the plane of the stereogram, then 
E is the stereographic projection of N (Fig. 4.2.1.2(2)). 

Note. The chart shown in Fig. 4.2.1.2(3) is similar to 
that given by C. S. Barrett [2], page 164, but he uses 
a instead of ®. As reproduced for sale, p is sometimes 
used instead of 90°— 0, ¢ instead of ®. A similar chart 


and 


is also given on page 638 of Vol. IJ, Internationale 
Tabellen zur Bestimmung von Krystallstrukturen, to 
which reference is made for various other configurations 
of crystal, beam and film [33]. 


4.2.2. Divergent-beam Method 

No tables are presented for this method, which is 
not in wide use. 

The pattern is obtained on a plane or cylindrical 
film and may be compared with a calculated pattern. 
For this purpose gnomonic, orthogonal (Kossel), 


cylindrical or stereographic-projection methods may 
be used. Reference should be made to original papers 
[27]. 
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Fig. 4.2.1.2(3). Chart for Laue photo on cylindrical film: curves of @ from 90°-+0°-+90°, ® from 0°->180°->360°(0°) 
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4.3. Moving Single-crystal Methods 


The interpretation of rotation and oscillation dif- 
fraction data, including those of techniques involving 
moving films, is best carried out in terms of the reci- 
procal lattice (P. P. Ewald [37], J. D. Bernal [35]) and 
almost always with the use of charts. 


4.3.1. Symbols in Use 


Since authors of different standard works have in 
some cases used different symbols for the same quanti- 
ties, Table 4.3.1 lists the symbols used, their meanings, 
and the author using them in each case. Where a 
symbol is in fairly common usage no reference is 
given. The Greek alphabet is given on page 435. 


TABLE 4.3.1 


Symbols used to specify Quantities on Diffraction 
Patterns and in Reciprocal Space 


6: Bragg angle (0/2 according to usage of von Laue 

2@: Angle of deviation (@ according to usage of von 
Laue). 

S,: Vector length K/A in direction of incident beam. 

S: Vector length K/A in direction of diffracted beam. 

o  Reciprocal-lattice-point vector, length K/d, where 


d is interplanar distance (spacing) in direct space. 
This quantity (which must equal S,—S for the 
fulfilment of the Bragg relation) is called e by 
Bernal [35], o by Buerger [3] and d*nx by Henry, 
Lipson and Wooster [9]. 

The constant of proportionality K (Vol. I, 2.4) (k? 
in Bernal’s notation) is taken either as unity (which is 
more convenient in considering the Laue technique, 
with wavelength variable) or as A, in which case the 
radius of the Ewald sphere (sphere of reflection) is 
unity. The latter will be assumed hereafter in this 
Section unless otherwise stated. 


¢: Axial co-ordinate of reciprocal-lattice point P cor- 
responding to any particular reflection Ak/, relative 
to the point 000 as origin and the rotation axis as 
axis of cylindrical co-ordinates; that is, perpen- 
dicular distance of P from a plane normal to the 
rotation axis through the reciprocal-lattice origin. 


€: Radial co-ordinate of P; that is, radius of a cylinder 
having the rotation axis as axis, and passing 
through P. 


Lines of constant ¢ on any diffraction pattern or chart 
are called Jayer lines. (Buerger, following some 
German authors, calls these layer lines of the 
Ist kind.) 


Lines of constant & are called row lines. (Buerger refers 
to these as layer lines of the 2nd kind. This prac- 
tice is not recommended, as it is liable to lead to 
confusion.) 
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¢ Rotation and Laue photographs: The angular cylin- 
drical co-ordinate of P measured as the acute 
angle between the plane containing o and the 
rotation axis and the plane containing S, and the 
rotation axis. ¢ goes from 0-90° on either side of 
the negative direction of S). The complement of ¢ 
is d. Some charts for cylindrical films are labelled 
‘$-charts’ but actually give values of ¢. 

Weissenberg photographs (Buerger): The angular 

cylindrical co-ordinate of P relative to the rotation 
axis and some specified direction in the crystal, 
normally along the positive direction of So, pro- 
jected on to the equatorial plane, at the beginning 
of the oscillation. ¢ goes from 0 to 360°. (In Ber- 
nal’s notation the angular coordinate of P is a; 
Buerger uses w for the angular rotation of a 
crystal corresponding to any given translation 
of the film holder.) The angle ¢ is sometimes 
referred to as 7 (see Section 5.2.5.3, page 267). 
The axis of cylindrical co-ordinates in this case is 
the normal to the levels being recorded, and the 
origin line for 7 is the horizontal axis of a preces- 
sion camera. 

u (Buerger): The angle of inclination of S, to the plane 
which is normal to the rotation axis. (Bernal’s 8). 

Y (Buerger): The azimuth angle of S; that is, the angle 
between the projections of S,) and S on the plane 
normal to the rotation axis. (Bernal’s ¢.) 

x (Buerger): The inclination angle of S; that is, the 
angle between S and its projection on the plane 
normal to the rotation axis (siny=¢ if K=~. 
Incident beam normal to rotation axis). (In Ber- 
nal’s notation this 1s yx also.) 


p (Buerger): Angle between o and the rotation axis 
(tan p=é/¢). (In Bernal’s notation this is «.) 


v: Angle between generator of nth layer line and the 
equatorial plane. (=x for normal-beam methods.) 


d*: Interplanar distance (spacing) in reciprocal lattice. 


Symbols applying to the precession method in par- 
ticular are given in Section 4.5. 


4.3.2. Relationships between cylindrical co-ordinates ¢, 
&, ¢ of reciprocal-lattice point P (relative to rotation 
axis and trace of incident beam on zero layer plane as 
origins), and the position of the corresponding diffrac- 
tion spot, under various conditions. 


4.3.2.1. GENERAL CASE 
Incident beam makes angle » with equatorial plane 


(normal to rotation axis). Assume K=A. 

Let v=angle between generator of nth layer line and 
equatorial plane (NCR or PCM in Fig. 4.3.2.1 (a) and 
(c)), and Y=angle between projections of incident beam 
and diffracted beam on equatorial plane (A’CM). 
Then sin v=sinu+¢ (Fig. 4.3.2.1 (a)) ....(1) 


4.3. MOVING SINGLE-CRYSTAL METHODS 


Rotation axis 


Sphere of reflection 


(a) Elevation of sphere of reflection. O origin of reci- 
procal lattice. Incident beam in the plane. 


Projection of 
incident beam 


peak 


nid 


B’ 


(c) Perspective diagram. BB’ direction of rotation 
axis through crystals. P reciprocal lattice point in 
reflecting position, ¢, €, ¢. Angular co-ordinates of 
diffracted beam, v, Y. 


Equatonal plane 


Zero layer 
nth layer 


Projection of 
incident beam 


(6) Plan of sphere of reflection. R projection of rota- 
tion axis on the equatorial plane. 


B’ 


(d) Stereogram to show direction of diffracted beam, 
v, Y: with DD’, normal to incident beam and in equa- 
torial plane, as projection diameter. 


Fig. 4.3.2.1. Geometrical principles of reflection in the reciprocal lattice for the general case of a crystal rotating 
about an axis not necessarily normal to the incident beam. Table 4.3.1 gives meaning of symbols. 


cos? v+ cos? w—&? 
2 COS v COS pw 
(Fig. 4.3.2.1 (6)) 


Bl iD OST teed’ SIR tint i Sa 
2 cos pr/(cos? »—2¢ sin p —f?) 


cos Y= 


iQ) 
2 Pe 2 
pI aed ae EL 
2€ cos pw 
(Fig. 4.3.2.1 (6)) 
eee 20 Sing 

2 cos p gst 
£24 £2 q*2_4 sin? 6 . (4) 


(6= Bragg angle) 
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4.3.2.2. DIFFRACTION OBSERVED ON SPHERE with crystal 
at centre (ionization-spectrometer or Geiger-counter 
techniques with universal movement). 


v, Y as given by (1) and (2) above are sufficient to 
locate any diffraction position either as in the perspec- 
tive diagram Fig. 4.3.2.1 (c) or on a stereogram as in 
Fig, 4.3.2.1 (da), 


If p=0: 
sinv={ (inthis case y= y in Buerger’s notation, 
normal beam) cet) 
o) = C22 
cos Y=——-——_ AG 
2+/(1—¢?) o 


4.3. MOVING SINGLE-CRYSTAL METHODS 


If w=+v: 
¢=0 (anti-equi-inclination) 
£2 
Y=1-— AG 
ee 2 cos? v ob 
If p=—v: 
€=—2 sin w=2 sinv (equi-inclination) ar) 
£2 
ba Agee) 
iu 2 cos? v © 
If v=0: 
¢=-—sinp (flat cone) . (10) 
1+ cos? yu—€* 2—f2—£? 
Set eae ie aa walt 
iG Deval Mi DEAL?) a 


In this case each layer line is brought to the equa- 
torial position by adjustment of the direction of the 
incident beam so that p= sin-! (—Z). 

Alternatively it may be desirable to have the incident 
and diffracted beams always in one plane (say horizon- 
tal or vertical), the direction of the incident beam 
being fixed. In this case the crystal must be adjusted 
(e.g. by the use of an “‘Eulerian cradle”’ as described by 
Furnas and Harker [38]) to bring the d* direction into 
the fixed plane for each reflection, the crystal and Geiger 
counter then being set at the appropriate 0, 20 angles 
respectively. 


4.3.2.3. DIFFRACTION OBSERVED ON PLANE FILM, distant 
D from crystal. 
(a) Film parallel to rotation axis and normal to trace 
of incident beam on equatorial plane (Fig. 4.3.2.3(1)). 
Let x, y, the co-ordinates of the diffraction spot, be 
measured from J, the point where the incident beam 
hits the film, y being parallel and x perpendicular to 
the rotation axis direction. 


film or plate 


Fig. 4.3.2.3(1). Geometrical principles of photography 
on to plane film normal to trace of incident beam on 
equatorial plane. (Angle CLL’ is a right angle.) 
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If L be the point where the trace of the incident beam 
hits the film, CL=D and IL=D tan pz. 


x=D taney 
2 cos? w —2¢ sin p —f?-—& 
=Dt wh 
oa 2 cos p»/(cos? wp —2¢ sin p —f*) 
¥(12) 
y+D tan p=D sec Y tan v 
2D cos p(sin p+) 
=-Dt OOo O13 
y ro Lar cos? w—2¢ sin p—C?—&? oe 
If »=0: 
x=D tan cost ss (14) 
2/(1—£?) 
2D¢ 
=———° Ae Obs) 
a (15) 


(b) Film parallel to rotation axis but making angk « 
(CLL’ in Fig. 4.3.2.3(2)) with trace of incident beam on 
equatorial plane. x, y measured, as before, from I, 
perpendicular and parallel to rotation axis. 


D sin Y 


> a6) 
sin a sin (a+ Y) 
tan tan v 
=—D— _—_——_——— (hei) 
sin sin («+ Y) 
ie 
PSEA. 
sin cet 
© sin « L 


Fig. 4.3.2.3(2). Case where film makes an angle « in 
the equatorial plane with the trace of the incident beam. 


These equations are cumbersome and would in fact 
seldom be necessary. 
If ~=0 they reduce to: 


Pr sine 

~ sin « sin («+ Y) 

paeeaes 
arasiniberia Nas = Dh 


as before, 
bon 1S) 


"Sd = (as in (6)) 


If «=90° they reduce to (12) and (13). 


4.3.2.4. CYLINDRICAL STATIONARY FILM, radius r, axis 
parallel to rotation axis, and incident beam inclined 
to equatorial plane at angle p. 


4.3. MOVING SINGLE-CRYSTAL METHODS 


(a) Crystal on axis of cylinder, co-ordinates measured 

from point where incident beam strikes film, x round 

the film, y parallel to the axis (Fig. 4.3.2.4(1)). 
Measuring angles in degrees: 


~ 360" H..(19 
* 360 (19) 
where Y is given by (2). 
y=-—r tan pr tanv 
sin p+¢ ) 
aad error namie paameeeeE TG ie@0) 
{eee p—2¢ sin p —C?) e ( 


Cylindrical film 


Fig. 4.3.2.4(1). Geometrical principles of photography 
on to a cylindrical film, axis and rotation axis of 
crystal coinciding. Incident beam making angle pu with 
equatorial plane. 


recy, as before; 


If u.=0: 360 
= 2—C2—€2 
where, from (6), cos Y= IVI) (a0) 
rf 
_—._ ee eee 21 
at) oe 


(Note that Table 4.3.2 is derived from these expressions 
for x and y.) 


Ifu=v: y=0 


y=2r tan abi 


vV/ (4-6?) 
The case »=90° will not normally give any diffracted 
beams for any one given A. 


If p=—v: mer 927)) 
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(b) Crystal on circumference of cylinder. Only the case 
#=0 (incident beam normal to rotation axis) is of 
interest here, and only the zero layer line. The advan- 
tage of this method is that since the angle in a segment 
is constant, if the position of the source of incident 
radiation is fixed (at A in Fig. 4.3.2.4(2)) the position of 
the diffraction will occur at B where AB=2R sin 26 
(R radius of cylinder), whatever position the crystal 
takes up on the circumference. A divergent beam and 
powdered crystal will therefore give a sharply focused 
diffraction line (Seemann-Bohlin method). 


Fig. 4.3.2.4(2). Crystal on circumference of cylinder 
(Seemann-Bohlin method). 


4.3.2.5. ALTERNATIVE EXPRESSIONS FOR £ AND & 


It is useful also to be able to express ¢ and é in terms 
of the position of the diffraction spot: u, v, Y or p, x, y. 


(a) General case: 


C=sin v—sin p ae 
£=4/(cos? v+ cos? 4—2 cos Y cos v cos p) . .(24) 
If »=0: 
C=sin v Be OS) 
£=4/(1+ cos? v—2 cos Y cos v) sAZO) 


These expressions cover the case of diffraction 
measured on a sphere. 


(6) For a plane film, with «=90° (usual case): 
y+D tan pw 


V{D?+x2+(y+D tan p)?} ~ I Gs 


sin v=sin p+ C= 


Hence 
ee y+D tan p Ne 
/{D?+x?+(y+D tan p)*} 
£=1/(cos? v+ cos? u—2 cos Y cos v cos p) 
D 
“TDS 
D?4x? 
D?+x?+(y+D tan p)? 


sin sorcen 
Beart 5") 


where cos 


and cos? v= 


a 


4.3. MOVING SINGLE-CRYSTAL METHODS 


Hence If 7=0: 
cS 2 Adroeyicest 
é J (cs be is “Vertey?) yeeeoo) 
D?+x?2—2D cos ur1/{D?+x?+(y+D tan p)?} r2 360x 
opm) é= cos {| —— aaoO) 
D?+x?+(y+D tan p) yen: SS 2ar 
----(0) The corresponding values of x, y, €, ¢ have been 
If ~=0: plotted by Bernal [35] on a series of charts. The table 
y for plotting the Bernal chart for a plane film or plate 
£= Tex +y4) ....(31) may be found in the original paper, and is not repro- 
duced here. The charts are commercially available. 
po [i 5. G2) Table 4.3.2 gives data for constructing a Bernal chart 
D?+x?+y? for a cylindrical film, normal beam setting, radius 


28-65 mm (Fig. 4.3.2.4(3)) (see 4.3.2, equations (21)). 


(c) For a cylindrical film, crystal on axis: 
4.3.3. Identity Distances on Stationary Films 


y+r tan p : 

a oT .-. (G3) For plane or cylindrical films, the repeat or identity 

V{r?+(y+r tan 1)*} , ae 
; period (translation r) along the rotation-axis direction 

t= | Icos? oe eee [uvw]: 

r?+(y+r tan p)? Nee na (1) 

2r cos p at 360x (34) es i 
~ a/{r2+(y+r tan p)?} 2nr ea (Continued on page 184) 
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a Ba Se IES DE DA Te DOE HEU EYEE SSID CGA TEGO DD on ee 


(Sees oo ea sos eee ee see esesUaerRanentch yy A asaaucest Sesteeeee eee eS eae Soe a 
Se 7 7 OS SS 
ee a SS 
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ae os ATE TETAS ZECCA SO 


Fig. 4.3.2.4(3). Bernal chart for reading é and £ co-ordinates for reflection on a rotation or oscillation io 
cylindrical camera. 
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For drafting purposes, the chart should be constructed to a scale magnified to 4 times or more and then reduced photographically to the scale 


of the table, which is that of the photograph. 


x = distance of point on layer line from central axis of chart in cm. 


TABLE 4.3.2 


Co-ordinates for Construction of Bernal Chartt 
Camera radius 2:865 cm. 


in terms of y = co-ordinate parallel to rotation axis (layer height) in cm. 
and of €, € = cylindrical co-ordinates of reciprocal lattice. 


0-05 
0-143 


0-143 
0-287 
0-430 
0-574 


0-718 
0-863 
1-008 
1-154 
1-301 


1-449 
1597 


0-10 
0-288 


0-143 
0-287 
0-431 
0-575 


0-720 
0-865 
1-010 
Lary 
1-304 


0-15 
0-435 


0-140 
0-287 
0-431 
0-576 


0-722 
0-867 
1-013 
1-160 
1-308 


1-456 
1-605 
1-756 
1-908 
2-061 


23215 
2312 
2°530 
2-691 
2°854 


3-019 
3:187 
3-358 
3:90 
S714 


3-894 
4-082 
4-275 
4-475 
4-681 


4-896 
Suz! 
S737, 
5-607 
5°874 


6-164 
6:484 
6:848 
R282 
7-968 


0-20 
0-585 


0-132 
0-284 
0-431 
0-577 


0-723 
0-870 
1-017 


t+ Checked by I. Woodward. 
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0-45 
1-444 


a i i a 


For drafting purposes, the chart should be constructed to a scale magnified to 4 times or more and then reduced photographically to the scale 


of the table, which is that of the photograph. 


x = distance of point on layer line from central axis of chart in cm. 


TABLE 4.3.2 (continued) 


Co-ordinates for Construction of Bernal Chartt 


Camera radius 2-865 cm. 


in terms of y = co-ordinate parallel to rotation axis (layer height) in cm. 
and of €, € = cylindrical co-ordinates of reciprocal lattice. 


£ =0-50 
y =1-654 


0-55 
1-887 


0-60 
2°149 


0-65 0-70 0-75 
2°451 2-808 3-249 


+ Checked by I. Woodward. 
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0-80 
3-820 


0-85 
4-623 


0-90 
579,15 


0-95 
so I) 


0-670 


F553 
2°145 
2°655 
3-129 
3-590 


4-051 
4-523 
5-019 
5-556 
6°163 


6-906 
8-079 


TABLE 4.3.4 
Data for Bunn Chart for Indexing of Rotation Zero Line of Rectangular Lattice (see page 184) 
(Scale of chart should allow 1-0 table unit = 25 cm or more) 


b/a (axial ratio of net) 1-0 0-9 0-8 0-7 0-6 0-5773 
log ,9(10b/a) 1-0 0-9542 0-9031 0-8451 0-7782 0-7614 
(tetragonal) (hexagonal) 
h, k (b/a)? 


2 logig £9 + constant = logy, 10| (HK +k] = distance of points on 


(b/a)?+1 
hk curves (Fig. 4.3.7) from reference abscissa along b/a ordinates 


10 0-6990 0-6507 0-5913 0-5171 0-4228 
20 13010 12529 1-1934 1-1190 1-0249 1-0000 
30 1-6532 1-6050 1-5456 1-4713 1-3770 
40 1-:9031 1-8549 1-7954 72h 1-6269 1-6021 
50 1-9893 1-9149 1-8207 
60 19791 1-9542 
70 
80 
90 

10,0 

11,0 

12,0 
01 0-6990 0-7423 0-7852 0-8268 0-8665 
1] 1-0000 1-0000 1-0000 1-0000 1-0000 1-0000 
21 [-3979 1-3697 1-3365 1-2981 12538 
31 1-6990 1-6609 1-6151 1-5600 1-4938 1-4771 
4] 19294 18872 18353 eV 735 1-6964 
51 1-9490 1-8665 1-8451 
61 
71 
81 
91 
02 1-3010 1-3444 3372 1-4288 1-4685 1-4771 
12 [3979 1-4245 1-4516 1-4790 1-5059 
2 1-6021 1-6021 1-6021 1-6021 1-6021 1-6021 
32 1-8129 1-7950 1:7746 1-7516 1-7262 
42 2:0000 LOTT 1:9387 1-9002 1-8559 1-8451 
52 1-9804 
62 
10: 
82 
03 1-6532 1-6965 1-7394 1-7810 1-8207 
13 1-6990 1-7340 1-7692 1-8041 1-:8377 18451 
Oe 1-8129 1-8301 18481 1-8666 1-8852 
33 1-9542 1-9542 1-9542 1-9542 1-9542 1-9542 
43 
04 1-9031 1-9464 1-9893 
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TABLE 4.3.4 (continued) 
Data for Bunn Chart for Indexing of Rotation Zero Line of Rectangular Lattice (see page 184) 
(Scale of chart should allow 1-0 table unit=25 cm or more) 


b/a (axial ratio of net) 0-5 0-4 0-3 0-2 0-1 0 
log;9 (10b/a) 0-6990 0-6021 0-4771° 0-3010 0 —oo 
h, k 


2 
2 logiy 9 + constant = logy, 10| (2k) a te] = distance of points on 


hk curves (Fig. 4.3.7) from reference abscissa along b/a ordinates 


10 0-3010 0-1396 —0:0830 —0-4150 —1-0044 —o 
20 0-9031 0-7417 0-5188 0-1870 —0-4023 — oo 
30 H2)53 1-0939 0-8710 0-5392 —0-0501 —oo 
40 1-5052 1:3438 1-1209 0-7892 0-1998 — oo 
50 1-6990 1:5376 1:3147 0-9830 0-3936 —oo 
60 1-8573 1-6960 1-4731 1-1413 0-5519 —o 
70 1-9912 1-8298 1-6070 1-2752 0-6858 — 
80 1-9458 17228 1-3912 0-8018 — 
90 1-8252 1-4935 0-9041 —0o 
10,0 1-9168 1-5850 0:9956 —0 
11,0 1-9996 1-6678 1:0784 —0o 
12,0 1-7434 1-1540 — 
01 0-9031 0-9356 0-9626 0-9830 0-9957 1-0000 
11 1-0000 1-0000 1-0000 1-0000 1-0000 1-0000 
21 1-2041 1-1505 1-0961 1-0474 1-0127 1-0000 
31 1-4150 1-3228 1-2176 1-1165 10331 1-0000 
41 1-6021 1-4870 1-3499 1-1978 1-0599 1-0000 
51 1-7634 1-6345 1-4744 1-2840 1-0925 1-0000 
61 1-:9031 1-7655 1-5899 1-3703 1ei292 1-0000 
71 1-8820 1-6957 1-4542 11688 1-0000 
81 1-9863 1-7925 1-5344 1-2105 1-0000 
91 1-8811 1-6103 1¢25353 1-0000 
10,1 1-9625 16819 1:2967 1-0000 
11,1 1:7494 1-3401 1-0000 
02 1-5052 1-5376 1-5647 1-5850 1-5977 1-6021 
12 1-5315 1-5547 1-5743 1-5893 1-5988 1-6021 
ZZ 1-6021 1-6021 1-6021 1-6021 1:6021 1-6021 
32 1-6990 1-6711 1-6447 1-6224 1-6074 1-6021 
42 1-8062 1-7524 1-6982 1-6495 1-6148 1-6021 
52 1-:9138 1-8386 1-7584 1-6819 1-6241 1-6021 
62 1-9250 1-8223 1-7185 1-6352 1-6021 
WZ 1-8873 1-7582 1-6479 1-6021 
82 1-9520 1-7999 1-6622 1-6021 
03 1-8573 1-8898 1-9168 19372 1-9499 1-9542 
13 1-8692 1-8974 19211 19391 1-9504 1-9542 
23 1-:9031 1-9196 19539 1-9449 1:9518 1-9542 
a3 1-9542 1-9542 1-9542 1-9542 1-9542 1:9542 
43 1-9985 1-9804 1-9670 1-9576 1-9542 
04 
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4.3. MOVING SINGLE-CRYSTAL METHODS 


For the usual case (u=0 and a=90°): 


uw) (05) 


where n is the order of the @, layer line. Separate 
rotation photographs about crystal axes, face diagonals 
and a body diagonal will give the unit-cell dimensions 
and lattice type directly. Anomalous results may indi- 
cate that the crystal is a twin. 

To give a quick measure of ¢(uvw), a set of curves 
may be constructed relating ¢t and y for n=1, 2,... 
and for given values of r and A. The measurements 
will not be very accurate, however, because high-order 
layer lines correspond to very oblique angles of inter- 
ception on the film. 


4.3.4. Indexing of Zero-layer Line 

If the primitive translations in the reciprocal lattice 
normal to the rotation axis are known from rotation 
photographs, and goniometric information is available, 
from optical or Laue measurements, concerning reci- 
procal-lattice angles, the spots on the zero-layer line 
may usually be indexed directly. 

Unknown primitive translations in an orthogonal 
zero-layer net can sometimes be determined by methods 
similar to those used for the powder technique (Sec- 
tion 4.6.2). Table 4.3.4 gives data for the construction 
of a Bunn chartf for indexing the orthogonal hk0 net 
on a rotation or oscillation photograph taken with 
[001] as rotation axis. 

The chart consists of discrete curves, each charac- 
terizing a particular hk combination of indices, the 
ordinates being 

2_p2(/4)" | ps 
log 10 le k ‘bjayat | 
and the abscissae b/a (Fig. 4.3.4) or preferably 
log (10b/a); the factor 10 merely being a constant 
which avoids most negative quantities in the table. 

This chart is used in conjunction with a paper ruler, 
on which are recorded the observed 2 log & values 
for all zero-layer line reflections (é,=2 sin 6, where 
6=(180/27)(x/r), in degrees, for a cylindrical film; 
6=4 tan-1(x/D) for a plane film). 

This ruler is drawn to the same scale as the chart 
ordinates, which are based on the equation 


i) gal | (b/a)? 
2 f2g¥24 K2h*2—)2| —4— || (p2—-K2) IY 4 pe 
ete E bt [ “bate | 


Hence 2 log é,= lo a sah 
ae 510 a* ? 


a he @ja)? Fae 
+ log 10 arate | 


or 2 log é)+C= log 10] ek te | 


Fig. 4.3.4. Bunn chart for indexing an orthogonal net 
from the zero row of a rotation photograph. 


The value of C, which is unknown, is independent of 
h,k and is taken care of by being able to move the 
paper ruler, which is kept parallel to the ordinate axis, 
not only (1) along the b/a axis, but also (2) normal to 
the b/a axis (thus changing 2 log & into 2 log +O), 
until a match is found for a particular value of b/a, 
after which the h,k values can be read off the chart 
(Fig. 4.3.4 and [5], page 142). 

This chart assumes a>b, but can of course also be 
used for a<b by interchanging h and k. 

The chart can only be applied with accuracy if 
drawn on a large scale and if sharp and accurately 
measurable reflections are available. 

Using a Bernal chart of suitable scale, reflections on 
higher-layer lines can usually be indexed by inspection. 

The oscillation method does not require separate 
tables and is described in references [9] and [35]. 

If the reciprocal-lattice nets are not orthogonal, a 
moving-film method will give axial angles as well as 
lengths. 


{ The construction and use of this chart are described by 
C. W. Bunn on pages 132-35, 142-43 and Appendix 3 of his 
Chemical Crystallography [5]. The following misprints should, 
however, be noted in earlier editions of the book: 

Page 380, last line: MX should be XN/MN. 

Page 381, lines 24 and 27: 1/a? in numerator should be 1/c?; 
line 33: MX=4/3a?+(. . .) should be MX/MN=1/c?=+(. . .); 
last line: 4/3a? in numerator should be 1/c?. 
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4.4. Weissenberg Method 


4.4.1. Experimental Details 


The principles of this technique are very adequately 
described by M. J. Buerger [3]. Three arrangements 
are in common use. 


(a) Normal-beam. X-ray beam perpendicular to crys- 
tal rotation axis. Screens adjusted to record only one 
layer line (constant ¢) for any one exposure. Crystal 
usually oscillated through about 200°. 

Using Buerger’s notation (Table 4.3.1), w=yuy=0. 

(b) Equi-inclination. X-ray beam inclined at angle 
=x, Such that it lies on the cone generator for the 
given ¢ level. 

Using Buerger’s notation, py=—». 

This method doubles the range of the reciprocal 

lattice that can be recorded, using successive n-layer- 
line photographs. 
(c) Flat-cone. X-ray beam inclined to plane normal to 
the rotation axis at an angle uy, such that the ¢ level 
desired emerges in an equatorial plane normal to the 
rotation axis. 

Using Buerger’s notation, v=0. 

Table 4.4.1A gives uy and layer-line screen setting 
Sy for the equi-inclination method, in terms of ¢, for 
a Weissenberg camera diameter 2r=5-73 cm, having 
screens of diameter 2rs=5 cm. 

¢ 

Sp=Is tan py st" 

Table 4.4.1B gives setting constants wy (= sin? ¢) 
for the flat-cone method (sp=0), and sy{=rs tan v 
=r,¢/4/(1—¢?)} for the normal-beam method (uy=0), 
for a range of values of ¢, and corresponding 
values of yrot, the height in cm of the layer line 
on a rotation photograph; for the same size camera 
me CPy/(1—<*)). 

Appropriate factors must be applied for cameras of 
other dimensions. 


That is, €=2 sin pg. 


4.4.2. Interpretation of Weissenberg Patterns 


In order to construct the reciprocal lattice from a 
Weissenberg pattern it is necessary to determine the 
cylindrical co-ordinates € and ¢ (Table 4.3.1) from the 
XwYw co-ordinates measured on the film in mm 
(¢ being known and constant for the given pattern). 

First consider the instrumental constants C,, C, of 
the camera. C, depends on the camera diameter and 
is the ratio of the reflection angle Y (=20) for the zero 
layer line of a normal-beam pattern, to the xw co- 
ordinate measured round the film from the incident- 
beam trace as origin. C,=Y/xw. 

In general, C,=360/2zr. 

If 2r=5-73 cm, C,=2°/mm, xw=Y/2. 

C, is the ratio of the crystal rotation w to the 
corresponding traverse of the camera yw and is 
generally also 2°/mm. 
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A central row of the pattern is then inclined at 
tan“! 2=63° 26’ to the y direction (direction of 
traverse). 

Yw is measured from a central row as origin line. 
In terms of xw, Yw and pg, € and ¢ have the following 


values: 
€=2 Sin Xw COS pp i) 


$=Coyw . (2) 

A nomogram for the determination of € is shown 

in Figure 4.4.2(1), and Table 4.4.2A gives data for its 
construction. 


0-50 
Xv Y 
mm. deg. 
0 
10+ 20 O1 € = 
0-2 ru 
20 03 
0:4 
20 + 40 05 
0-6 
0-8 
30+ 60 09 
1-0 
70 1-1 
1-2 
40 + 80 13 
as 1-4 
1:5 
50 +100 1-6 KEY 
110 i 
60 +120 ci 
130 ; x. |r Lé < 
70 £140 20 Xs 
150 
80 #160 
90 180 


Fig. 4.4.2(1). Nomogram for transforming Weissenberg 
film co-ordinates to cylindrical reciprocal-lattice co- 
ordinates. 


Buerger ([3]; see pages 261-68) has described a con- 
venient method involving scales and measuring devices 
for determining € and ¢ directly for each spot, but 
greater accuracy is obtained by the use of standard 
millimetre scales and measuring instruments. If care 
is taken to maintain the film truly cylindrical in the 
film holder, a precision of 0-3°% can be expected for 
ordinary Weissenberg methods. Precision can be 
greatly increased either by the use of a calibrating 
pattern (e.g. Ag powder pattern on edge of film, [36)), 
or by the provision of special Straumanis film arrange- 
ments (Buerger [3], Chapter 21). 

Weissenberg patterns of known lattices are indexed 


4.4. WEISSENBERG METHOD 


directly for the determination of symmetry or listing 
intensities. Sketches of the indexed Weissenberg 
patterns on transparent overlays are very useful in this 
connection. A template showing a series of equally 
spaced row lines in the reciprocal-lattice plane trans- 
formed to Weissenberg co-ordinates (for the above- 
mentioned camera dimensions) is reproduced full size 
in Fig. 4.4.2(2). Buerger has given a table for the con- 


struction of this chart on Cartesian co-ordinates, but 
the work is greatly simplified if points on the curves 
are laid off from the zero line along axes parallel to 
the central row line (at an angle of 63° 26’ for the 
previously described camera arrangement). Table 
4.4.2B gives these distances for row lines at equal inter- 
vals of 0-10 r.l-u., for axes erected at equal intervals of 
¢ (5° or 2:5 mm) along the zero row line. 


Fig. 4.4.2(2). Equi-inclination Weissenberg transform of parallel lattice rows. With the bottom line of the chart 


placed on the trace of the direct beam, and the sloping sides along a chosen central lattice row, the curves show 


the apparent shape of a set of lattice rows parallel to the central row. 
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Equi-inclination Weissenberg Method Setting Constants 


4.4. WEISSENBERG METHOD 


TABLE 4.4.1A 


Camera diameter = 5-73 cm 
Screen diameter = 5:00 cm 


¢ = layer height in reciprocal-lattice units 
fy = camera-inclination angle 
Sy = layer-line screen setting (cm) 


PR 


10° 05’ 
10'g22 
10 40 
10 37 
LietS 


1132 
11 50 
12907 


15 58 
16 16 
16 34 
16 51 
17 09 


12g: 
17 46 
18 04 
18. 22 
18 40 


18° 58’ 
19 16 
19 34 
19532 
20 11 
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LE 


20° 929° 


22° 02’ 
22 *20 
22.439 
Za OT 
ZS: 46 


Ae iat ei 
23 34 


26° 45’ 
27 04 
2h 23 
27 43 
28 02 


2822" 
28 41 
29 Ol 
29 20 
29 40 


30° 00’ 
30 20 
30 40 
31 00 
31 20 


PE 


31° 40’ 
32 00 
322k 
32 41 
33701 


g3° 22) 
33 43 
34 03 
34 24 
34 45 


35706; 
852 21. 
35 48 
36 09 
36 31 


4.4. WEISSENBERG METHOD 


TABLE 4.4.1A (continued) 


HE 


86°92 
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PE 


42° 27’ 


4.4. WEISSENBERG METHOD 


TABLE 4.4.1B 
Normal-beam and Flat-cone Weissenberg Methods Setting Constants 


Camera diameter = 5:73 cm 
Screen diameter = 5:00 cm 


¢ = layer height in reciprocal-lattice units 
Yrot = layer height (cm) on rotation film from same camera 
/4y = camera-inclination angle for flat-cone method (s;=0) 
Sn = layer-line screen setting (cm) for normal-beam method (uy=0) 
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4.4. WEISSENBERG METHOD 


TABLE 4.4.2A 


Data for Nomogram for Conversion of Equi-inclination Weissenberg Film Co-ordinates to Reciprocal-lattice 
Cylindrical Co-ordinates 


For layout see Fig. 4.4.2(1). Tabulated figures give a convenient scale for drafting, but the chart may be 
reduced photographically for use. Xw, yw Weissenberg film co-ordinates. x, y co-ordinates on nomogram. 


A. Scale for film co-ordinate, xw. Origin at 0O—0; scale extends vertically downward to x=0, y=—45 cm. 


Xw y Scale Xw y Scale Xw y Scale 
(cm) (cm) (cm) (cm) (cm) (cm) 
0 0 3-0 22:47 6:0 38-97 
0-1 0-79 3°] 23-16 6:1 39-36 
0-2 1-58 3:2 23-84 6:2 39-73 
0-3 2°36 333 24-51 6:3 40-10 
0-4 3-14 3-4 Zo. 10 6°4 40-45 
0-5 3-92 3° 25°81 6:5 40-78 
0-6 4-70 3-6 26-45 6:6 41-11 
0-7 5-48 cry 27-08 6:7 41-42 
0-8 6:26 3°8 27°71 6:8 41-72 
0-9 7:04 3°9 28-32 6:9 42-01 
1-0 7:81 4-0 28-93 7-0 42-29 
1-1 8-59 4-1 29°92 71 42-55 
1-2 9-36 4:2 30-11 APSE 42-80 
1-3 10-13 4-3 30-69 73 43-03 
1-4 10-89 4-4 31-26 7:4 43-25 
PS 11-65 4-5 34-82 TS 43-46 
1-6 12-40 4-6 32°31] 7:6 43-66 
NEF) 13-16 4-7 32:91 ee 43-85 
1-8 13-91 4-8 33-44 7:8 44-01 
1-9 14-65 4-9 33-96 Wie 44-17 
2:0 15-39 5:0 34-47 8-0 44-32 
a1 16-13 pl | 34-97 8-1 44-45 
22 16-86 s2 35:46 8-2 44-56 
2:3 17-58 5:3 35-94 8-3 44-66 
2:4 18-30 5:4 36-41 8-4 44-75 
25 19-02 535 36-86 8-5 44-83 
2:6 19-72 5-6 37-30 8-6 44-89 
2:7 20-43 a7) 37-74 8-7 44-94 
2°8 Z1=13 5:8 38-16 8:8 44-97 
2:9 21-82 5:9 38-57 8-9 44-99 
9-0 45-00 
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4.4. WEISSENBERG METHOD 


TABLE 4.4.2A (continued) 


B. Scale for inclination setting, py. Origin at x=33 cm, y=—30 cm; scale extends diagonally upward and 
left towards 0-0, the origin of scale A. 


LE Scale Ly Scale Lp Scale 
(deg.) (cm) (deg.) (cm) (deg.) (cm) 
0 0 15 5:62 30 16-35 
1 0-03 16 6:28 31 17-04 
2 0-11 17 6:97 32 17-72 
3 0-26 18 7-66 33 18-38 
4 0-45 19 8-38 34 19-03 
5 0-70 20 9-10 36 19-66 
6 1:00 21 9-83 36 20-30 
7 1-36 22 10-57 37 20-91 
8 1-75 De: 11-30 38 21-51 
9 2:20 24 12-04 39 22-08 
10 2:68 2S 12-77 40 22:64 
11 3°21 26 13-51 41 23-20 
12 ST 2h 14-23 42 23-73 
13 4-36 28 14-94 43 24-27 
14 4-98 29 15-64 44 24-78 
45 25-29 


C. Scale for radial reciprocal-lattice co-ordinate, €. Origin at x=7:20 cm, y=—6°55 cm (on line of scale B 
extended); scale extends vertically downward to y=—41-75 cm. Scale marked for intervals of € of 0-01 from 0 to 
2-00, at equal intervals of y of 0-176 cm. 
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Data for Row-line Indexing Chart for Weissenberg Equi-inclination Photographs 


4.4. WEISSENBERG METHOD 


TABLE 4.4.2B 


For layout see Fig. 4.4.2(2). For drafting purposes the chart should be constructed to a scale magnified to 5 times 


or more, then reduced photographically to the scale of the table. 


Entries are distances in cm from base (x axis) along axes parallel to zero row-line (d*=0) (inclination angle 
63° 26’). Coupling ratio: 1 mm/2 deg.; camera diameter: 5-73 cm (rp=2:86 cm). d* is in reciprocal-lattice units. 
Table entries are 0-01951 x2-86Y, where sin (Y/2)=d*/2 sin ¢. 


0° 
0 (cm) 


0-10-063 


Si 
0-25 


0 
3913 


10° 
0-50 


0 
$72 
3-93 1 
6-680 


155 
0-75 


Pil 
1-00 
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4.4. WEISSENBERG METHOD 


TABLE 4.4.2B (continued) 


Column on right gives values of x for Y=180°, for the values of d* given on the left. 


¢ = oh 60° 65° 70° 75° 80° 85° 90° 

x= 2:75 3-00 3:25 3-50 3:75 4-00 4:25 4-50 
d* 

(r.l.u.) 

0 0 0 0 0 0 0 0 0 
0-1 0-391 0-370 0-353 0-341 0-332 0-325 0-322 0-321 
0-2 0-784 0-741 0-708 0-683 0-664 0-652 0-644 0-642 
0-3 1-180 1-115 1-066 1-027 0-998 0-979 0-968 0-965 
0-4 1-580 1-493 1-426 1-375 1-336 1-310 1-295 1-290 
0-5 1-987 1-876 1-790 1-726 1-677 1-645 1-625 1-619 
0-6 2-403 2:266 2:161 2:083 2:023 1-983 1-960 1-952 
0-7 2-829 2-665 2-540 2-446 2-376 2-328 2-300 2:291 
0-8 3-268 3-076 2-928 2:819 2:735 2-680 2-646 2-636 
0:9 3-725 3-500 3-328 3-201 3-104 3-040 3-002 2-990 
1:0 4-206 3-942 3-743 3-597 3-485 3-411 3-369 3-354 
1-1 4:718 4-407 4-177 4-008 3-881 3-796 3-747 3-731 
1-2 5-266 4-903 4-635 4-440 4-293 4-197 4-140 4-122 
1-3 5-872 5-437 5:124 4-897 4-728 4-619 4-554 4-533 
1-4 6:564 6-029 5-654 5-388 5-192 5-065 4:991 4-968 
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x (Y=180°) 


4.5. Buerger Precession Method 


The Buerger precession camera (Buerger ([3]) 
registers layers of the reciprocal lattice in true shape. 
The camera is prepared for a photograph by means of 
various settings: jf, inclination of crystal translation 
to X-ray beam; r,, layer-screen annular radius; s, 
screen-to-crystal distance setting; Fd*, upper-level film 
setting (F is the crystal-to-film axis setting, d* the 
upper-level height). They are related by the expression 


s=r, cot cos“! (cos fi—d*) ivenh) 


For the common case where d*=0 (zero-level photo- 
graphy), equation (1) reduces to 


s=r, cot & Peet) 


Table 4.5.1 gives screen settings s for zero-level photo- 
graphs as given by equation (2), for two practical 
choices of screen radius 7,, 15 and 20 mm. For upper 
levels, Table 4.5.2 gives the trigonometric part of 
equation (1), and these values must be multiplied by 
the chosen screen radius to yield the screen setting, s. 
Care must be exercised to select a screen radius (and 
inclination angle) which will not cause the screen to 
interfere with the film holder on the camera. 


TABLE 4.5.1 


Layer-screen Settings for Zero-level Photographs with 
the Buerger Precession Camera 


Table values give screen setting s in mm; screen 
radius 7, is in mm. 


When a film in an envelope is inserted in the screen 
holder, the pattern obtained from an oriented crystal 
consists of a concentric series of circles of spots 
(“cone-axis” photograph), corresponding to the 
various upper levels parallel to the film. The radii of 


the circles, r;, are related to the level height d* by 
equation (1) by replacing r, with r;. Table 4.5.3 may 
be used to convert 7, readings in mm to d* values 
in reciprocal-lattice units, providing screen-to-crystal 
distance s is fixed at 40-0 mm. 


d*=cos p —{s/1/(r2+5?)} er) 


All of the settings and transformations based on 
equation (1) may be conveniently determined from a 
nomogram given in Fig. 4.5.4, which is modified from 
Adams and Evans [40]. Table 4.5.4 gives data for the 
construction of this nomogram. 


Fd* a d® 
(F=60cm.) rlu 


“9 40 


0:2 
0:3 

2:0 
0-4 

30+ 0:5 

10 ye For zero level (d*=0), 
find @ here 
Lo Be poeple eeeeset 0 


deg. 7060 50 40 30 20 
s mm. 


25 


40 35 30 


Fig. 4.5.4. Nomogram for determination of setting 
constants of the Buerger precession camera for photo- 
graphing a given lattice plane. 


A valuable application of the precession instrument 


is made in the orientation of crystals. Fig. 4.5.5 shows 


the appearance of a mis-set zero-level plane with error 
angle less than j in (a) and greater than g@ in (b). The 
direction of displacement of the zero-level trace per- 
mits the tilt error to be associated with one or both of 
the setting arcs of the goniometer head or the spindle 
dial. Let the difference of the distances (in mm) from 
the centre of the pattern to the opposite edges of the 
trace in the direction of displacement be called F4, 


(Continued on page 198) 


4.5. BUERGER PRECESSION METHOD 


TABLE 4.5.2 
Data for setting the Buerger Precession Camera for Upper Levels 


Screen setting s is given in mm by multiplying tabulated values by screen radiusr,in mm. (See equation 4.5(1).) 
Fd* given in mm for F=60-0 mm. 


d-(t.1.U.) 0 0-01 0-02 0-03 0-04 0-05 0-06 0-07 0-08 
Fd* (mm) 0 0-60 1-20 1-80 2-40 3-00 3-60 4-20 4-80 
pi (deg.) 

15 S132 SIM 2-915 2°658 2°452 2:282 2°140 2:017 1-910 
16 3-487 3-084 2:°788 2:556 2°368 27213 2-080 1-965 1-865 
ined a201 2°926 2°665 2-459 2:289 2:145 2-022 1-914 1-819 
18 S077 2°783 2°52 2:365 2°210 2:078 1-963 1-862 1-774 
19 2:904 2-649 2:444 27216 2135 2:012 1-906 1-812 1-728 
20 2:748 2°524 2343 2-190 2-061 1-949 1-850 1-762 1-683 
24 2-605 2-408 2:246 2-109 1-990 1-887 1-795 ey 12 1-638 
22 2475 2-302 2°156 2031 1-922 1-827 1-741 1-664 1-594 
23 2°356 2-203 2-072 1-957 1-857 1-769 1-689 1-617 1-552 
24 2:246 2-109 1-990 1-886 1-795 I/We 1-638 1-571 1-509 
25 2-145 2022 1-914 1-819 1-734 1-658 1-589 1°525 1-467 
26 2-050 1-939 1-841 1-754 1-676 1-606 1-541 1-481 1-426 
B3 1-963 1-862 1-774 1-693 1-620 [ss 1-494 1-438 1-387 
28 1-881 1-789 1-708 1-634 1-567 1-505 1-449 1-396 1-347 
29 1-804 1-721 1-646 SSW Reh Feld Ged () 1-458 1-405 1-355 1-309 
30 1-732 1-656 1-587 i523 1-466 1-412 1-362 [5315 1272 


4.5. BUERGER PRECESSION METHOD 


TABLE 4.5.2 (continued) 


d* (r.1.u.) 0-18 0-19 0-20 0-21 0-22 0-23 0-24 0-25 0-26 
Fd* (mm) 1080 11:40 12:00 1260 13:20 1380 1440 15:00 15-60 
fi (deg.) 
15 1-271 =-:1:230 Ss 1-191. ss1155) «1120S :1-087 Ss -:1-056 ~=—s-:1-025 ~—_: 0-997 
16 1-251... 1-212. 1174... 1-138. .1:104 __ 1-072. 1-040 9 “1-011 0-984 
17 1:232 1-193 =—s-1-156 = 1121,—Ss«d1:-088 =~) 1057 —Ss«:1:027. ss: 0-998 ~—S 0970 
18 1211 9 1-173, 1138-1104 s*1-071 = «1-040 1-011 = 0-983 (0-956 
19 1:190 1-153 1-118 = 1-086 ~— ‘1054 —Ss«1024 = (0996 =—s«0-968~—Ss«0-942 
20 1:168 1-133 1:099 1-067 1:036 1:007 0:979 0-952 0-927 
21 1:146 1112 1079 1-048 1:018 0990 0:963 0-937 0-911 
22 1:124 1:091 1-059 1-029 1-000 0-973 0:946 0-920 0-896 
23 1:102 1:070 1-039 1-010 0-982 0955 0-929 0-904 0-880 
24 1079 1:048 1-018 0-990 0-963 0-937 0-911 0-887 0-863 
25 1057 1027 0-998 ~=—s «0970S s«0-944-Ss«(0-918 = «0894S s«870~—Ss«é-847 
26 1034 1005 0-977 0:950 0:924 0-900  0:876 0-853 0-830 
| 1011 0-983 0:956 0:930 0-905 0-881  0:858 0-835 0-813 
28 0988 0-961 0935 0-910 0-886 0-862 0:840 0-818 0:796 
29 0966 0-939 0:914 0:889 0-866 0-843 0:821 0-800  0:779 
30 0943 0-917 0:893 0-869 0-847 0-824  0:803 0-782 0-762 
d* (r.l.u.) 0-27 0-28 0-29 0-30 0-31 0-32 0-33 0-34 0-35 
Fd* (mm) 1620 1680 1740 1800 1860 1920 19:80 20-40 21-00 
ji (deg.) 
15 0969 0-943 0-917 0-893 0-869 0846 0-824 0-803 0:782 
16 0957 0-931 0:906 0-882 0-858 0836 0-813 0-793 0-772 
17 0944 0-918 0894 0-870 0-847 0824  0:803 0-783 0:763 
18 0930 0-905 0-881 0-858 0-835 0814 0-792 0-772 0-752 
19 0916 0892 0868 0-845 0-823 0-802 0-781 0:761 0-741 
20 0902 0-878 0-855 0832 0-811 0-790 0:769 0-749 0-730 
21 0-887 0864 0841 0-819 0-798 0-777. 0:757 0-738 0-719 
22 0-872 0849 0:827 0-805 0-784 0-761 0:745 0-725 0-707 
23 0-857 0-834 0812 0-791 0-771 0-751 0-732 0-713 0-695 
24 0-841 0819 0-798 0-777 0-757 0-738 0-719 0:700 0-682 
25 0825 0804 0-783 0-763 0-743 0-724 0:705 0:687 0-669 
26 0-809 0-788 0-767 0-748 0-728 0-710 0:692 0:674 0-657 
27 0-792 0-772 0-752 0-733 0-714 0-696 0-679 0-660 0-643 
28 0-776 0-756 0-736 0-717 0:699 0-681 0664 0:647 0-630 
29 0-759 0-740 0-721 0-702 0:684 0-667 0-649 0633 0:616 
30 0-742 0-723 0-705 0-686 0-669 0-652 0-635 0:618 0-603 


4.5. BUERGER PRECESSION METHOD 


TABLE 4.5.3 
Reciprocal-lattice Layer Heights from Cone-axis Photographs with the Buerger Precession Camera 


Screen-to-crystal distance, s=40-0 mm 
Table values give d* for upper level in reciprocal-lattice units (equation 4.5(3)) 
Radius of trace of upper level, 7, given in mm 


r (mm) a 10° 15° pos? 10° 15° 
0 ae 0-244 0-232, 0-213 
1 es CaN ae 0-253 0241 0-223 
P 3-50 7-05 10-72 0-262 0-251 0-232 
3 0-271 0-260 0-241 
4 0-001 0-280 0269 —-0-250 
5 0-004 0-289 0-278 0-259 
6 0.007 0:298 0286 =—0268 
7 0-011 0307 0-295 0-276 
8 0-016 0-004 0315 0304 = 0-285 
9 0-021 0-009 0-323 0312 0-293 

10 0026 0-015 0332 0320 «0-302 
11 0032 0021 0-002 0:340 0329 ~—0310 
12 0-038 0-027 0-008 0:348 0336 0318 
13 0:045 0-034 = 0-015 0:356 0344 «0-326 
14 0052 0041 0-022 0:364 0353 0-334 
15 0-060 0-048 0-030 0371 0360 0341 
16 0-068 0-056 0-037 0:379 0368 =—(0-349 
17 0076 0065 0-046 0387 0375 «= 0-356 
18 0084 0-073 0054 0:394 0-383. —S«0-364 
19 0-093 0082 0-063 0-401 0390 0371 
20 0-102 0090 0072 0-408  0:397 «0-378 
21 O-111 0099 0-081 0-415 0-404 0-385 
22 0120 0109 0.090 0-422 0-411 0-392 
23 0-129 0118  — 0-099 0-428 0417 0-398 
24 0-139 0127S (0108 0-435 0-424 0-405 
25 0148 0137-118 0-441 0-430 0-411 
26 0-158 051460128 0-448 © 0-436. (O-417 
27 0-167 05156. (0137 0-454 © 0-443«s«0-424 
28 0-177 05166147 0-460 0-449 «~—-0-430 
29 0-187 0175 0-156 0-466 0-455 0-436 
30 0196 0185 0166 0-472 0-461 0-442 
31 0:206 0-194 ~=—0176 0-478 0-467 —0-448 
32 0-215 0-204 «0185 0-484 0472 0453 
33 0:224 0-213 «0194 0-489 0-478 0-459 
34 0-234 © 0:223—S (0204 0-495 0-483 «(0-464 
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4.5. BUERGER PRECESSION METHOD 


so that for the horizontal goniometer-head arc and the 
dial: 

FAgre=XRt—Xut 

FA gia=Yup—Yon 


(For the case of Fig. 4.5.5 (6), ypy is negative.) The 
corresponding angle of tilt <« is given by 


sin 4€ cos fi 


a 2.4 
cos? 2e— sin? a 4) 


Table 4.5.5 gives the setting error « in terms of 4 and 
FA for the customary film-to-crystal distance F= 
60 mm. If the goniometer-head arcs are not approxi- 
mately parallel and perpendicular to the film, «are 
must be resolved between the two arcs. 

Table 4.5.6 gives setting constants for the de-Jong 
and Bouman method. (Buerger [3], chapter 17.) 


Xie XR 


a ees eb! nels 
YZ Ss 

(a) (6) 
Fig. 4.5.5. Appearance of disoriented zero-level lattice 
plane on Buerger precession orientation photograph: 
(a) %=5°, arc error and dial error about 1°; (6) 7=5°, 


no arc error, dial error about 20° (xpi=xzt3 Vpn is 
negative). 


Direct beam trace 


TABLE 4.5.4 
Data for Construction of Buerger Precession Setting Nomogram (Fig. 4.5.4) 


Tabulated figures are based on a circle 30cm in diameter, a convenient scale for drafting; the chart may be 


reduced photographically for use. 


A. r, scale, lower semicircle, origin at right. Circle diameter, 30 cm. 


rs 
fam deg aan deg. Gai deg. 

0 0 10 28° 56’ 20 = 54° 36’ 
l 238° 11 31 42 21 56 54 
2 5) .95 12 34 24 22; | 59e10 
3 8952 13 37006 237) 61222 
4 11 48 14 39 44 26 nites Siam dos 
5 14° 42’ [IS 42419) 

6 *eglia36 16 44 52 

Poe 228 17 47 22 

8 231.20 18 49 50 

9 26 08 19 52 14 


(aie) deg. (cain) deg. Ga) deg. 
25° TEGSF 39 30. IMB 35. 84° 10’ 
26 67 42 31 7 7aSts 36 = 85 46 
27 69 44 32 79.06 37 SAE20 
28 perl) 42 33. 80°60 38 §=688 52 
DD cnn dS 34 82 36 39 — 022 

40 91° 48’ 


S Scale S Scale 

(mm) (cm) (mm) (cm) 
0 0 14-241 
10 6°156 36 =: 114-451 
37 = 14-658 
20 ~=10:215 38 14-859 
21 10°548 15-051 

22 10°869 

235° welts 15-243 
24 =11°478 41 15-426 
42 15-606 


15-783 


s Scale 
(mm) (cm) 
65 ~=18-798 
66 §=18-906 
67 ~=19-011 
68 19-113 
69 19-215 
70 19-314 
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4.5. BUERGER PRECESSION METHOD 


TABLE 4.5.4 (continued) 


C. ji, scale, for zero level settings only; inside upper semicircle, given in degrees measured from origin at right. 
fig interval 1 degree, linear scale interval 2 deg.: fj .=0, scale=180 deg., to fj)=35 deg., scale=110 deg. 


D. x scale (transfer from scale E along arcs); outside upper semicircle, origin at right. 


i Scale Scale Scale Scale Scale as Scale 
(deg.) (deg.) (deg.) (deg.) (deg.) (deg.) 

1:00 180° 00’ : 128° 19’ : 106° 12’ 88° 52’ 73° 44’ 0:50 60° 00’ 

0:99 163 47 0-89 125 45 0:79 104 22 

0:98 157 02 0:88 123 17 0:78 102 32 

OTe 151 (52 0°87 120 S55 0:77. 100 42 

0:96 147 30 118 38 98 56 

0:95 143° 36’ . 116° 26’ 97° 10’ 

0:94 140 06 0:84 114 17 

0:93 136 52 0:83 112 12 


0970 133 651 


0-82 110 10 
131 00 ; 


103312 


E. x scale (arbitrary units); vertical scale extending up from origin at right end of horizontal diameter on 
circle. x runs from 0-50 at yge=15-00 cm to 1-00 at ysc=30-00 cm, at x intervals of 0-01, corresponding to linear 
scale intervals of 0-30 cm. 


F. @ scale, extending vertically along line through centre of circle (xse=—15-00 cm). f runs from 0 deg. at 
Yse= 30-00 cm to 30 deg. at ysce=8-796. 


Scale 
(cm) (cm) 
20° 20-457 2)" 15-174 
O24 | 19-494 26 13-986 
22 18-480 pg | 12-753 
23 17°421 28 11-472 
16-314 10-158 


WN © 


G. d* scale, extending vertically along line parallel and to right of scale E (xse=3-41 cm). d* (right side of 
scale) runs from 0:00 r.l.u. at yse=30-00 cm to 0°50 r.l.u. at yse=11-50 cm, at d* intervals of 0-01 r.l.u., corre- 
sponding to linear scale intervals of 0-370 cm. 


H. Fd* scale, for F=6-00 cm, coincident with scale G. Fd* (left side of scale) runs from 0 mm at yse=30-00 cm 
to 30 mm at ysc=11-50 cm at intervals of 1 mm with linear scale intervals of 0-617 cm. 
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4.5. BUERGER PRECESSION METHOD 


TABLE 4.5.5 


Angular Setting Error in Terms of Displacement of Zero-level Lattice Plane on the Buerger Precession Photograph 


A = displacement in reciprocal-lattice units; F= 6-00 cm, film-to-crystal distance; jj = camera-inclination angle. 
Table entries = «, angular correction to appropriate goniometer arc (see text, equation 4.5(4), and Fig. 4.5.5). 
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De Jong and Bouman Method Setting Constants 


4.5. BUERGER PRECESSION METHOD 


TABLE 4.5.6 


Fixed level-cone angle, v=45°. Sin u= sin v—¢ (sin v=1/4/2). 4=(D cos p)/sin v 


¢ = layer height in reciprocal-lattice units 
Yrot = layer height (cm) from rotation pattern (camera diameter 5-73 cm) 
= camera-inclination angle 


A, = film rotation-axis displacement (film-to-crystal distance D=1 cm) 
A = ditto for D=3 cm 


iv 
(deg.) D 


41° 0S’ 
40 20 
39835 
38 50 
38 06 


S725: 
36 40 


33 10 


30° 28’ 
29 49 
29 09 
28 30 
21 51 


DI 12: 


24° O1’ 
23 24 
22 47 
22 09 
2ti32 


A 


A 


0 
=Ilcm D=3:0cm 
1-000 3-000 
1-013 3-039 
1-028 3-084 
1-041 3-123 
1:053 3-159 
1-066 3-198 
1:078 3-234 
1-090 3-270 
1-102 3-306 
1-113 3-339 
1-123 3-369 
1-134 3-402 
1-145 3-435 
1-155 3-465 
1-165 3-495 
1:174 3-522 
1-184 3-552 
1-193 3-579 
1-202 3-606 
1-211 3-633 
1:219 3-657 
1-227 3-681 
1-235 3-705 
1-243 3-729 
1-250 3-750 
1:258 3-774 
1:265 3-795 
1272 3-816 
1:279 3-837 
1:285 3-855 
1-292 3-876 
1-298 3-894 
1-304 3-912 
1-310 3-930 
1-315 3-945 
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c 
(r.1.u.) 


pe 
(deg.) 


20°55" 


17? 55% 
ia 
16 41 
16 06 
15,30 


14° 54’ 
14 19 
13 43 
13 08 
14 AS 


i bry i 
bi, 322 
10 47 
10 12 
oe 3, 


9°02’ 
8 28 


As 4 
D=Ilcm D=3-0cm 
1-321 3-963 
1:326 3-978 
1-331 3-993 
1-336 4-008 
1-341 4-023 
1-346 4-038 
1-350 4-050 
1-355 4-065 
1-359 4:077 
1:363 4-089 
1:367 4-101 
1-370 4-110 
1-374 4-122 
377 4-131 
1-380 4-140 
1-384 4-152 
1-386 4-158 
1-389 4-167 
1-392 4-176 
1-394 4-182 
1-397 4-191 
1-399 4-197 
1-401 4-203 
1-403 4-209 
1-404 4-212 
1-406 4-218 
1-408 4-224 
1-409 4:227 
1-410 4-230 
1-411 4-233 
1-412 4-236 
1-413 4-239 
1-413 4-239 
1-414 4-242 
1-414 4-242 


4.6. Random-orientation Methods 


The powder method has been fully described in 
various textbooks (References [1, 11, 12], etc.). 

Many published tables are available for transform- 
ing from measured 20 angles to interplanar spacings 
in A. These are convenient, but the wavelength values 
used depend to a certain extent on an arbitrary selec- 
tion of experimental data and of the still uncertain 
value of the kX/A conversion factor. (The information 
available will be brought up to date in Volume III.) 
They should only be used to give spacings in A correct 
to three decimal places. 


[1] Swirzer, G., AxELROD, J. M., LinpBErG, M. L., 
and Larsen, E. S., 3rd, Tables of d Spacings for 
Angle 20; CuKa, CuKa,, CuKa,, FeKa, FeKa,, 
FeKa,. U.S. Geological Survey Circular 29 
(1948). 26=2-0(0-1)150-9 for Ka; 20=90-0(0-1) 
175-9 for Ka, and Ka,; 5 sign. figs. 

{2] Tables for Conversion of X-ray Diffraction Angles in 
Interplanar Spacing. U.S. National Bureau of 
Standards (1950). MoKa,, CuKa,, Nika, 
CoKe,, FeKa,, CrKa,, 9=0(0:1)89-99; CuKe,, 
FeKa,, 28=0(0:02)179-99; 5 sign. figs. 

[3] PARRISH, W., and IRWIN, B. W. Charts for the Solu- 
tion of Bragg’s Equation (d versus 0, 26). Philips 
Technical Library, Eindhoven (1953). Graphs of 
d vs. 8 and 26 graduated at intervals 0-01° in 6, 
for Ke, Ke,, Ka., KB lines of Cr, Fe, Cu and 
Mo. 

[4] Beatry, SUZANNE. Table of Interplanar Spacings in 
Angstrém Units in Terms of 20 for Different Target 
Materials. Westinghouse Research Laboratories, 
East Pittsburgh, Penna. (1948): Research Report 
R-94602-10-C, Ka, for Mo, Cu, Co, Fe and Cr, 
26=5-0(0:1)85:0, 4 sign. figs.; Research Report 
R-94602-10-E, same except 20=85-0(0-1)176-9. 


It is often convenient to make an estimate, with a 
ruler, of the 20 values for certain lines and to convert 
these quickly to approximate d values. Comparison 
of angles for different wavelengths is also needed when, 
for example, a contaminating radiation is suspected 
of having introduced spurious lines into the powder 
pattern. Similar information is frequently useful in 
the study of single crystals. Table 4.6 is therefore 
included here as an aid in this approximate procedure. 


4.6.1. Indexing Powder Patterns, given Lattice Constants 


When the lattice constants of a crystal are known, 
either the sin? 6 or the d values to be expected may 
be compared with those of the observed powder dif- 
fraction lines and each line thus identified and indexed. 
The calculations of d are best carried out by evaluating 
the reciprocal components x, 7, and Z for each (hkl) 
from the Cartesian matrix according to the relationt: 

G4 Oia, h 
Az, Azq Az3]X| k |=(XyzZ) 
eet 0 “aides if 


Then 


de a/(X2+-9?+2?) 

The six non-zero elements of the Cartesian matrix 
depend on the lattice constants according to the scheme 
set out below: 


+ The actual coefficients of this matrix will depend on the 
orientation of the Cartesian axes a’, b’, c’ relative to the original 
axes a, b, c. The matrix given here corresponds to b’ coincident 
with b, a’ in the obtuse y angle in the ab plane and c’ perpen- 
dicular to a’ and b’ (and hence coincident with the reciprocal 
axis c*). In Section 2 another convention is adopted. There is 
no standard convention, and therefore care must be taken to 
observe consistency. 


System ay a3 Ao) Ao9 Ag3 a33 

Cubic ys an ph 0 0 ie 0 x 
ao ao a 

l 1 Zz 1 

Hexagonal .. Me — 0 0 — 
a (/3)ao (/3)ao Co 

Tetragonal .. Sy fo 0 0 gle 0 i 
ilo ao Ca 

5 1 1 1 
Orthorhombic ae _ 0 0 — 0 — 
a by Co 

Monoclinic. . : Leet P 0 dc 0 s 
dy sin B Co by C5 

Triclinic l _cot B r Va Us v, cot B— cos « ef 
a, sin B Co ApV2 sin B bos CoVe CE 


4.6. RANDOM-ORIENTATION METHODS 


where 
_cos y— cos « cos B 
sin B 
Pere enage 208 BAGS IE EOS Ve CURE & CORE “Osh y) 
sin B 
The tables given in Section 3 (3.5.6, 3.6.6, 3.8.6A) 


for h?+k*, h?+k?+hk, h?+k?+/? may also be used for 
high-symmetry structures. 


Vy 


4.6.2. Determining Unknown Lattice Constants 
Cubic patterns are distinguished by the fact that 
all reciprocal spacings are equal to a constant (the 
reciprocal unit-cell axis) multiplied by the square root 
of an integer which is the sum of three squares: 
Mey? eel") 
Raeeii_tae (0) 
a 


The values of hk/ and of a are therefore easily found. 


All methods of determining hk] and the lattice 
constants for structures of lower symmetry depend on 
some sort of trial-and-error routine. The problem can 
be solved in general for tetragonal and hexagonal 
crystals because only one variable parameter need be 
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Fig. 4.6.2.(1). Layout of Bunn chart for indexing tetragonal powder photographs; dashed lines correspond to 
body-centred lattice. To be effective, this chart must be drawn to very large scale. 


15 


203 


determined. The method has been applied in Section 
4.3.4 to the indexing of the zero-layer line correspond- 
ing to an orthogonal (hk0) net. It is now extended to 
the three-dimensional case. C. W. Bunn ([5]; but see 
footnote to 4.3.4, p. 184) writes the formula for d ina 
form equivalent to the following: 


1 

We (z)- eel Delos (4) oe 
Hage 
q=1 
p=h?+k?-+hk 
g=A/3 


_l+4(c/a)? 
q(cla)? 


Tables 4.6.2A and B give data for the construction 
of charts of the type of Figs. 4.6.2(1) and (2). These 
represent the variation of 2 log (1/d) with c/a for all 
(hkl) within the given range. Any useful function of 
c/a may be used for the abscissae (compare, for 
instance, Fig. 4.3.4, which was drawn with a linear 
scale of b/a). The method of using the chart has 
already been described in Section 4.3.4. 


| for tetragonal 


| for hexagonal 
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4.6. RANDOM-ORIENTATION METHODS 
TABLE 4.6 
Quick-reference Table of d (Spacings) vs. Bragg Angle for Various Mean Wavelengths 


CrKe« FeKa CoKe Nika CuK« MoK« RhKa AgKa 
2:290(19) —1-937(3) ~=—-:1-790(2) =: 1-659(1) ~=—-:1-541(8) ~=—-0-710(7) =: 0-614(7) ~——:0-560(9) 


(ee) 

131-3 111-0 102-6 95+] 88-3 40:7(2)  35:2(2) ~~ 32+1(4) 
65-6(3) 55°50) 51-29) 47°5(3) 44-17) 203(6)~—Ss«d17-6(1) ~—«- 16-07) 
43-7(6) 37-00) 34-109) ~~ 31-6(9)—-29-4(5) —s-13°5(7)—s:11-6(9)—«:10-7(1) 
32:8(2)  27:7(6) ~—-25:6(5) —s-23-7(7)~—Ss«220(9) ~—s:*10-1(8)—s«8-81 8-04 
26:26 22-21 20:52 19-02 17-67 8-15 7-05 6-43 
21-89 18-51 17:10 15-85 14-73 6-79 5-87 5-36 
18-76 15-87 14-66 13-59 12-63 5-82 5-03 4-59 
16-42 13-89 12-83 11-89 11-05 5-09 4-41 4-02 
14-60 12-35 11-41 10-57 9-83 4:53 3-92 3-57 
13-14 11-11 10-27 9-52 8-85 4-08 3-53 3-22 
11-95 10-11 9-34 8-65 8-04 3-71 3-21 2:93 
10:96 9:27 8-56 7:94 7:38 3-40 2:94 2-68 
10-12 8-56 7-91 7:33 6-81 3-14 2:72 2-48 

9-40 7-95 7:34 681 633 2:92 2:52 2:30 

8-78 7-42 6-86 6-36 5-91 2:72 2-355 2-148 
8-23 6-96 6-43 5-96 5-54 2:55 2:208 2-015 
7-75 6°55 6-06 5-61 5-22 2-40 2-079 1-897 
7:32 6-19 5-72 5-30 4-93 2:27 1-965 1-793 
6-94 5-87 5-42 5-03 4-67 2:15 1-862 1-699 
6-60 5-58 5-15 4-78 4-44 2-046 1-770 1-615 
6:29 5-32 4:91 4:55 4-23 1-950 1-687 1-539 
6-01 5-08 4-69 4:35 4-04 1-862 1-611 1-470 
5-75 4:86 4-49 4:16 3-87 1-782 1-542 1-407 
5-51 4-66 4:31 3-99 3-71 1-709 1-478 1-349 
5-29 4-48 4:14 3-833 3-562 1-642 1-420 1-296 
5-09 4:31 3-98 3-688 3-427 1-580 1-366 1-247 
4-9] 4:15 3-83 3-553 3-302 1-522 1-316 1-201 
4-73 4:00 3-70 3-429 3-187 1-469 1-270 1-159 
4:57 3-87 3-58 3-313 3-079 1-419 1-228 1-120 
4-43 3-743 3-458 3-205 2:979 1-373 1-188 1-084 
4-29 3-625 3-349 3-104 2-885 1-330 1-150 1-049 
416 3-514 3-247 3-009 2:797 1-289 1-115 1-017 
4-03 3-411 3-152 2-921 2-714 1-251 1-082 0:987 
3-92 3-313 3-062 2:837 2-637 1-215 1-051 0-959 
3-809 3-221 2:977 2:759 2-564 1-182 1-022 0:933 
3-707 3-135 2:897 2-684 2-495 1-150 0-995 0-908 
3-610 3-053 2-821 2-614 2-430 1-120 0:969 0-884 
3-518 2:975 2:749 2:548 2:368 1-091 0:944 0-861 
3-431 2:902 2-681 2-485 2-309 1-065 0-921 0-840 


4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6 (continued) 


rae’ CrKe« FeKa CoKa Nike CuKe MoKe RhK« AgKk« 
: 2:290(9) = 1-937(3) =—-1-790(2)—s:1-659(1) ~—s-:1-541(8) = 0-710(7) ~—s_ «0-6 14(7) ~—s: 00-5609) 
20 
40 3-349 2°832 2-617 2-425 2°254 1-039 0-899 0-820 
41 3274 2:766 2°556 2:369 2-201 1-015 0-878 0-801 
42 3-196 2-703 2-498 ZO 2-151 0-992 0-858 0-783 
43 3125 2:643 2°442 2:263 2-103 0-970 0-839 0-766 
44 3-058 2:586 2-389 2:214 2-058 0-949 0-820 0-749 
45 2-993 2-53) 2-339 2:168 2-014 0-929 0-803 0-733 
46 2-931 2-479 2-291 2-123 1-973 0-909 0-787 0-718 
47 2-873 2:429 2-245 2-080 1-933 0-891 0-771 0-703 
48 2°817 2:381 2-201 2-040 1-895 0-874 0-756 0-689 
49 2°762 2°336 2-158 2-001 1-859 0-857 0-741 0-676 
50 2-710 2:292 2°118 1-963 1-824 0-841 0-727 0-663 
51 2-661 2-250 2-079 1-927 AA 0-825 0-714 0-651 
a2 2-613 2-210 2-042 1-892 1-759 0-810 0-701 0-640 
3%) 2-567 OA va | 2-006 1-859 1-728 0-796 0-689 0-629 
54 2523 2-134 (Wee 1-827 1-698 0-783 0-677 0-618 
55 2-481 2-098 1-939 1-797 1-669 0-770 0-666 0-607 
56 2-440 2-063 1-907 1-767 1-642 OF757 0-655 0-597 
57 2-401 2-030 1-876 1-739 1-616 0-745 0-644 0-587 
58 2-363 1-998 1-846 eT 1-590 0-733 0-634 0-578 
59 2-326 1-967 1-818 1-685 1-566 0-722 0-624 0-569 
60 2:291 1-937 1-791 1-659 1-542 0-711 0-615 0-561 
61 pO) 1-909 1-764 1-634 1-519 0-700 0-606 0-553 
62 2:224 1-881 1-738 1-611 1-497 0-690 0-597 0-545 
63 2°192 1-854 1713 1-588 1-476 0-680 0-588 0-537 
64 2:162 1-828 1-689 1-565 1-455 0-670 0-580 0-529 
65 2152 1-803 1-666 1-544 1-435 0-661 0-572 O:522 
66 2-103 1-779 1-644 1:523 1-415 0-652 0-564 0-515 
67 2-075 1-755 1-622 1-503 1-397 0-643 0-557 0-508 
68 2-048 1-732 1-601 1-483 1-379 0-635 0-550 0-502 
69 2-022 1-712 1-581 1-464 1-361 0-627 0-543 0-496 
70 16997 1-689 1-561 1-446 1-344 0-620 0-536 0-489 
71 1-973 1-668 1-542 1-429 1-328 0-612 0-529 0-483 
Aa 1-949 1-648 1-523 1-412 1-312 0-604 0-523 0-477 
73 1-926 1-628 1-505 1-395 1-296 0-597 0-517 0-471 
74 1-903 1-610 1-487 1-378 1-281 0-590 0-511 0-466 
75 1-882 1-591 1-470 1-362 1-266 0-584 0-505 0-461 
76 1-861 L573 1-454 1-347 1-252 0-577 0-499 0-456 
AT 1-840 1-556 1-438 1-352 1-238 0-571 0-494 0-451 
78 1-820 1-539 1-422 1-318 225 0-565 0-488 0-446 
79 1-801 1-523 1-407 1-304 1-212 0-559 0-483 0-441 
80 1-782 1-507 1-393 1-291 1-200 0-553 0-478 0-436 


4.6. RANDOM-ORIENTATION METHODS 


02 03 O04 05 


O06 07 O8 O9 10 


c/a 


0A. 


Seale of d 


15 20 25 3.0 40 5.0 60 70 80 


Fig. 4.6.2(2). Layout of Bunn chart for indexing hexagonal powder photographs; dashed lines correspond to 
rhombohedral lattice. To be effective, this chart must be drawn to very large scale. 


No entirely satisfactory method exists for inter- 
preting powder diagrams for systems of lower sym- 
metry. A general method devised by Ito [42] is as 
follows. 

The formula for d in terms of the reciprocal-lattice 
constants is 


-, =Zhta*®42EkIb*c* cos a* 

Let any triplet of lines be taken as corresponding to 
first-order reflections 100, 010, 001. (In practice one 
would probably take the first three lines of largest 
spacing.) These fix a*, b*, c*, since 1/d,))=a*, etc.’ 

Suppose 8*=90°. Then the 101 and 101 reflections 
would occur with a spacing given by 

l 
dio” 
If, however, 8* 490°, the actual spacings will be 


=q*24 c*2 


eee: * AX * 
FER. q*4+ c¥24-2a*c* cos B 
101 


7 seach? “ZAP CE COs Be 
101 


The 1/d? values of the 101, 101 reflections will be 
symmetrical with respect to the hypothetical (8*=90°) 


value first calculated; and if they actually occur on the 
photograph they can be recognized by this symmetry 
and will allow the determination of the 8* angle as 
follows: 
1/4491? —1/dy93? 

4a*c* 
Any pair of h0/, 0] can be similarly used. 


1/dyor?—1/dpor” 
4hla* c* 


If no suitable pair is available, a different triplet of 
reflections must be chosen as the axial reflections 100, 
010, 001 or as the higher orders of these reflections. 
Hence also «* and y*. 

A survey of observed and calculated 1/d? values will 
show whether the constants of the reciprocal lattice 
have been correctly determined and whether the 
corresponding direct lattice is a Bravais lattice or is a 
more primitive or more complex lattice. This method 
can be applied also to random-rotation photographs, 
but it depends for its application on the accuracy of 
the measured data and it is not easily applied when 
there are systematic space-group absences. Reference 
should be made to the original papers, and also to 
[41] [43] [44] [45]. 


cos B*= 


cos B*= 


4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2A 
Data for Construction of Bunn Chart for indexing Tetragonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
I denotes a reflection in a body-centred lattice 
Scale of chart should allow 1-0 table unit = 30 cm or more 


cla log (c/a) 001 ve 003 i 005 “” 007 
0-2 —0-6990 0-9830 

0-3 —0-5229 0-9626 1-5646 

0-4 —0-3979 0:9355 P5376 

0-5 —0-3010 0-9031 1-5052 1-8573 

0-6 —0-2218 0-8665 1-4685 1-8203 

0-8 —0-0969 0-7852 1-3872 1-7394 

1-0 0 0-6990 1-3010 1-6532 1-:9031 

SD 0-1761 0-4881 1-0902 1-4424 1-6922 1-8861 

2:0 0-3010 0-3010 0-9031 b-2553 1-5052 1-6990 1-8573 

2° 0-3979 01397 0-7417 1-0939 1-:3438 1-5376 1-6960 18299 
3-0 0-4771 0 0-6021 0-9542 1-2041 123979 1-5563 1-6902 
4-0 0-6021 —0-2305 0-3716 0-7238 0-9737 1-1675 1-3258 1-4597 
5:0 0-6990 0-1871 0-5393 0-7891 0-9830 1-1413 1-:2752 
6:0 0-7782 0-0338 0-3860 0-6360 0-8298 0-9881 11220 
8-0 0-9031 —0-2110 0-1412 0-3911 0-5849 0-7432 0-8772 


1-7695 
1-5849 
1-4319 
1-1870 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2A (continued) 
Data for Construction of Bunn Chart for indexing Tetragonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
I denotes a reflection in a body-centred lattice 
Scale of chart should allow 1-0 table unit = 30 cm or more 


106 


cla 110 111 112 113 114 115 116 117 118 
I I I I I 

0-2 —0-1139 10164 

0-3 0-2178  1-0344 

0-4 0-4407 =1:0561 ~=1-5710 

0-5 0-6021 1:0792 1-5563  1-8808 

0-6 0:7238 1:1020 1:5404 1-854] 

0-8 08923 1-1430 1-5078 _—_1-7972 

1:0 10000 =1:1761 + =1-4771 =1-7404 ~—: 11-9542 

i> 1:1413, 12285-14175: 16184 —-:1-7999 

2:0 12041 =1-2553, Ss: 11-3802 -«11-5315. 11-6812 —s-:1-8195 11-9445 

Zs 12366 8 1:2700 1:3571 =1-4721 ~=1:5942 ~=—s-:1-7137' Ss: 11-8254 ~—- 11-9285 

3-0 1:2553-1:2788 = 11-3424) -1-4314.—s-15315 11-6335 —s-:1:7324 = 11-8261 ~—- 11-9138 

4-0 12747 =1:2881_ = s-1-3258 = 11-3823. Ss :«1-4508 ~=—_ 11-5254 —s: 11-6020 —s—: 11-6780 ~—i1-7518 

5:0 12838 1:2926 1:3174 1-3558 1:-4045 1:-4601 1-5195  1-5806. 

6:0 12891 =1:2951  =:1-3126 = 11-3403. Ss: 11-3763 —s- 11-4186 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2A (continued) 
Data for Construction of Bunn Chart for indexing Tetragonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
I denotes a reflection in a body-centred lattice 


Scale of chart should allow 1-0 table unit = 30 cm or more 


a 200 201 202 203 204 205 206 207 

I I I I 
0-2 0-1871 1-0474 
0-3 Q-5189  1-0961 
0-4 O74ive> 1:504.4) 1-6024 
0-5 0-9031 1-2041 1-6021 1-9031 
0-6 E0292, 1725389" 1-6021 1-8852 
0-8 I9344 1:336648 1-602) 18481 

1-0 3010 152979.) 1-602) 1-8129 

If 1-4423—-1-4881 1-6021 1743400 11-8821 
2:0 KSO525 1°5315.7 1-602 1699058 71-8062 1°9138 
DAES, ieosviGed  1:56d6.¢ 1-602 1-6711 1752400 eel 83867 0 Beb-9250 
3-0 1-5563 15682  1-6021 F653290 11-7 1 60am 178530) 4al8573 © 71s9294 
4:0 15057 125825 6021 EG329 5" 167455) 1-7 189 

210 211 m2 213. 214 215 216 
c/a 
I it I 

0-2 0-2840 1-0621 
0-3 0-6158 1-1240 
0-4 0-8386 1-1908 1-6167 
0-5 1-0000 2553 1-6233 1-9138 
0-6 ety 133136 1-6299 1-8999 
0-8 1-2903 1-4084 1-6425 1-8715 

1-0 13979 1-477] 1-6532 1-845] 

be 1-5393 1-5763 1-6714 1-7945 1-9235 
or) 1-6021 1-6233 1-6812 1-7634 1-8573 1-9542 
2:5 1-6348 1-6482 1-6868 1-7417 1-814] 1-:8898 
3-0 1-6532 1-6628 1-6902 1-7324 127893 1-845] 1-9085 
4:0 1-6726 1-6780 1-6939 Ie719G 1-7518 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2A (continued) 
Data for Construction of Bunn Chart for indexing Tetragonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
I denotes a reflection in a body-centred lattice 
Scale of chart should allow 1-0 table unit = 30 cm or more 


221 302 


0-2 0-4881 1-1035 0-5393 L-T165 

0-3 0-8199 1-1980 0-8711 1-:2203 

0-4 1-0428 1-:2934 1-6582 1-0939 P5229 16711 

0-5 1-2041 1-3802 1-6812 1:9445 1-2553 1-4150 1-6990 1-9542 
0-6 13259 1-4553 1-7040 1-9413 13770 1-4938 1-7262 1:9542 
0-8 1-4944 15719 1:7451 1-9350 1-5456 1:6151 1:7746 1-9542 
1:0 1-6021 166532 P7782 1-9294 [6532 1-6990 1-8129 1-9542 


1-7434 1-7669 1-8305 1-9195 1-7945 E3855 1-8728 1-9542 
1-8195 : : : 


cla 310 320 400 410 330 420 500-430 510 

I I I I I 
0-2 0-5850 0-6990 0-789] 0-8155 0-8403 0-8860 0-9830 1-0000 
0-3 0-9168 1-0308 1-1209 1:1462 11721 1-2178 1-3148 1-3318 
0-4 1597) | T2537 1-3439 1-:3701 1-3949 1-4407 1-5432 L-SS17 
0-5 13010 1-4150 1-5052 53:15 1-5563 1-6021 1-6990 1-:7160 
0-6 1:4228 1-:5411 1-6269 1-6532 1-6780 17238 1-8207 1-8378 
0:8 [5913 17053 1-6954 1-8218 1-8466 1-8924 
1:0 1-6990 18129 1-:9031 1-9294 1:9542 
145 1-8403 1-9542 
20 1-:9031 
215 159355 
3:0 1-9542 


520 440 530 600 610 620 540 630 
c/a 
I I I I 

02 1:0474 1-0902 1-1165 1-1413 P1532 1-3871 1:1978 1-2382 
0-3 1-3792 1-4219 1-4483 1-4731 1-4850 1-5189 1-5296 1-5700 
0-4 1-6021 1-6448 1-671] 1-6960 1-7079 1-7417 17525 1-7929 
0°5 1-7634 1-8062 1-8325 1-8573 1-8692 1-9031 1-:9138 1-9542 
0-6 1-8852 1-9279 1-9543 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2A (continued) 
Data for Construction of Bunn Chart for indexing Tetragonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
I denotes a reflection in a body-centred lattice 
Scale of chart should allow 1-0 table unit = 30 cm or more 


311 62] 401 41] 331 42] 501-431 511 

c/a 
I I I 

0-2 1-1291 1-:1648 1-1978 1-2082 12185 1-2499 
0-3 1:2413 1-2991 1-3499 1-3657 1-3808 1-4098 1-4744 1-4863 
0-4 1-3505 1-4241 1-4870 1-5061 1-5244 1-5588 1-6345 16481 
0-5 1-4472 15315 1-6021 1-6233 1-6435 1-6812 1-7634 1-782 
0-6 1-5292 1-6208 1-6964 1-7189 1-7404 1-7803 18665 1-8818 
0-8 1-6544 1-7546 18359 1-8600 1-8828 1-9250 
1-0 1-7404 1-845] 1-9294 1-9542 
15 1-8592 
2:0 1-9138 
2D 1-9424 


44] 


1-5200 1:5514 
1-6868 197223 1:7417 1-7655 P7756 
1:8573 18808 1:9031 L91S8 


312 322 402 412 332 422 502-432 512 

c/a 
I I I I I 

0-4 1-6837 1-7194 1:7524 1-7629 1:7731 17929 
0-5 1-:7160 1-7634 1-8062 1-8295 1-8325 1-8573 1-9138 1-9243 
0-6 1-7473 1-8050 1-:8559 1:8716 1-8868 1-:9157 
0-8 1-8022 18758 1-9387 
1:0 18451 1-9294 
1-5 19114 
2:0 1-9445 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2B 
Data for Construction of Bunn Chart for indexing Hexagonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
R denotes a reflection in a rhombohedral lattice (—h+k+/=3n) 
Scale of chart should allow 1-0 table unit = 30 cm or more 


00-1 00-2 00-3 00-4 00-5 00-6 00-7 

c/a log (c/a) 
R R 

0-2 —0-6990 0-9774 
0-3 —0-5229 0-9508 1-5528 
0-4 —0-3979 0-9160 1-5181 
0-5 —0-3010 0-8751 1-4771 1-8293 
0-6 —0-2218 0-8297 1-4318 1-7840 
0-8 —0-0969 0-7320 1-3341 1-6863 1-9362 
1-0 0 0-6320 1-234] 1-5863 1-8361 
1+5 0-1761 0-3979 1-0000 13522 1-6021 1-7959 1-9542 
2:0 0-3010 0-1984 0-8004 1-1526 1-4023 1-5963 1-7547 1-8885 
2°5 03979 0-0299 0-6320 0-9842 1-2341 1-4279 1-5863 1-7202 
3-0 0-477] —0-1140 0-4881 0-8403 1-0901 1-2840 1-4423 1-5762 
4-0 0-6021 0-2531 0-6052 0-8551 1-489 1-2073 1-3412 
5-0 0-6990 0-0663 0-4185 0-6684 0-8622 1-0206 1-1545 
6:0 0-7782 —0-0882 0-2640 0-5139 0-7077 0-8660 0-9999 
8-0 0-9031 0-0178 0-2676 0-4614 0-6198 0-7537 


a 1-8361 1-9384 0-9508 1-0000 1-1211 1-:2688 


3-0 16922 1-7945 1-8861 0-9652 1-0000 1-0902 1-:2083 
4-0 1-4572 T5595 1-6510 1:7381 0-9801 1-0000 1:0547 1-1390 
5:0 1-2705 Led} 27 1-4643 1-547] 0-9872 1-0000 1-0364 1-0910 
6:0 1-1159 TOTS 1°3097 15925 0-991] 1-0000 1-0258 1-0657 
8-0 0-8697 0:9720 1-:0635 1-1463 0-9950 1-0000 1-0148 1-0384 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2B (continued) 
Data for Construction of Bunn Chart for indexing Hexagonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
R denotes a reflection in a rhombohedral lattice (—h+k+/=3n) 
Scale of chart should allow 1-0 table unit = 30 cm or more 


hs 10-4 10:5 10-6 10:7 10:8 10:9 10-10 11:8 
R R(01°5) R R(01-8) R 

0-8 1-9587 

1-0 1:8709 

1-5 16767 «18451 

2-0 15274  1-6803 11-8147 ~—«1-9334 

2:5 14162 11-5528 ~=—s-1-6767. ~—s:‘1-7883 «18893 

3-0 13332 14542 11-5673 16714 11-7669 11-8545 11-9353 _—«-1-8861 

4-0 12231  1:3169  1-4094  1-4982 11-5821 1:6610 11-7350 —‘1-7582 

5-0 1-174) 12302 BRRIE3052 ET-3799 (ep-4525 G1 11-5224 61-5892 

6-0 11160 Ghat:1730 pOrt-2340 £951-2966 (69-3590 fe01-4203 .--1-4800 

8-0 10695  1:1064 1:1477. 11-1918 ‘11-2380 


1-9144 
i-8153 1:8992 


1-7434 I°S155 
1-6510 1-7041 
1-5978 1-6375 


218 


4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2B (continued) 
Data for Construction of Bunn Chart for indexing Hexagonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
R denotes a reflection in a rhombohedral lattice (—h+k+/=3n) 
Scale of chart should allow 1:0 table unit = 30 cm or more 


of 20-0 20:1 20:2 20:3 20-4 20:5 20:6 20:7 
R(02°1) R R(02:4) R R(02:7) 

0-2 0:3065 —«:1-0614 

0:3 06319 11211 ~—-:1-6021 

0-4 08471 11840 1.6021 

0:5 10000  1:2430 ~=1-6021 ~—-1-8893 

0:6 11130  1-2951 = 16021 ~—-1-8680 

0:8 1:2652 11-3768 + = 16021 ~——-:1-8259 

1-0 13590  1-4337. 16021 ~—s«:1-7884 

1:5 14771 9O4S119 208He0d1 COL7200 SehitEas1 

2-0 15274 —-1:5473. «16021. ~—s-1:6803.~—Ss«1-7704~—Ss«1-8 642 

2:5 15528 = -:1:5657— «16021 ~—s«1-6566 ~—-'1-7231~——«1-7959~——«*1-8709 

3-0 15623. -1:5763. = s«i16021~=Ss«1-6419 ~—s:1-6922—s«*'1-7494.~—s-'1-8103 ~—‘18780 

4:0 15822 -1:5872, 16021 ~=—s«1:6257 -—s:1-6568 ~—S- 16937 ~—Ss-:17350 ~—=*i1+-7792 

5-0 15892 15925-16021 ~—s «16176 ~—«1-6384 
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4.6. RANDOM-ORIENTATION METHODS 


TABLE 4.6.2B (continued) 
Data for Construction of Bunn Chart for indexing Hexagonal Powder Patterns 


Tabulated values are 2 log (1/d) + constant 
R denotes a reflection in a rhombohedral lattice (~A+k+/=3n) 
Scale of chart should allow 1-0 table unit = 30 cm or more 


50:0 


0-2 0-7836 0-8184 0-9085 0:9832 1-0266 1-1024 eB) 
0-3 1-:1091 1-1439 12341 1-3087 1-3522 1-4279 1-4613 
0-4 1-3243 1:3591 1-4492 1-5246 1-5673 1-6430 1-6765 

1-4771 15119 1:6021 1-6767 1-7202 1/959 1-8293 


1:9089 


32-2 
R(24-1) R R R(23-2) 


0-2 1-3743 1-4012 

0-3 1-5902 1-6247 1-6864 

0-4 1-7595 13/9/6 17329 1-7468 1-7860 1-8220 1-8444 
0:5 18893 1-9294 1:7782 1-7959 1-8451 1-8893 1-9165 
0-6 1-8192 1-8400 1-8972 1-9476 


1-9108 
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4.7. Precision Measurement of Lattice Parameters of Polycrystalline Specimens 
By W. PARRISH and A. J. C. WILSON 


4.7.1. Introduction 


The precision measurement of lattice parameters by 
photographic methods has been extensively described 
by Straumanis and Jevins [73], Azaroff and Buerger [1], 
Klug and Alexander [11] (Chapter 8), and Edmunds, 
Lipson and Steeple [51]. These books should be read 
for many of the details and additional literature 
references which cannot be given here. This review 
deals with the methods used for powder and other 
polycrystalline specimens and hence is useful mainly 
for substances of higher symmetry. The application 
to single crystals is practically identical except that 
single-crystal goniometers are used, and has the advan- 
tage of extending the method to orthorhombic, mono- 
clinic and triclinic substances (see Buerger [3], 
Farquhar and Lipson [53], and Weisz, Cochran and 
Cole [80]). 

The film methods have been so extensively studied 
and the techniques are now so well known that lattice 
parameters can be measured with moderate precision 
(0-02-0-1°%) in routine fashion. The highest credible 
accuracies reported are usually of the order of | part 
in 50,000 (0-002 %), although occasionally there are 
reports of even higher precision (e.g. Straumanis [74], 
Weyerer [81]). In principle, the newly developed 
counter diffractometer should give precision greater 
than the film methods, but further experience is 
required to estimate the ultimate accuracy. 

There are many factors which contribute to the 
precision of lattice-parameter measurements, and the 
methods chosen will depend on the accuracy required 
for any given problem. There is much discussion in 
the literature regarding the relative merits of using the 
most careful experimental techniques (Straumanis 
[74]) or making mathematical corrections of the experi- 
mental data (Cohen [49]). Clearly both approaches 
must be combined for measurements of the highest 
accuracy; even in problems requiring only moderate 
accuracy, reasonably good equipment and careful 
experimental methods are required in order to apply 
the mathematical corrections with confidence in the 
final result. 

The general strategy in precision measurements may 
be outlined as follows: (1) choose the most convenient 
equipment which is known to give measurements of 
the accuracy required for the problem; (2) use the 
most careful experimental technique for instrument 
alignment, specimen preparation, temperature control, 
etc., consistent with the time available and the require- 
ments of the problem; (3) wherever possible, use the 
lines occurring at the higher reflection angles, give 
them the greatest weight, and select the X-ray wave- 
lengths so that at least one line occurs at 20>150°; 
(4) apply a graphical or mathematical procedure for 


dealing with the systematic errors. It would be 
desirable, of course, first to make some measurements 
on a few substances whose lattice parameters are 
known to a high degree of accuracy, in order to check 
the reliability of the chosen procedure. 
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Fig. 4.7.1. Percentage precision of d (spacing measure- 
ment) as a function of reflection angles for various 
errors 420. (|4d|/d=cot 6|46|.) 


In all methods the highest accuracy is normally 
obtained from lines with the largest reflection angles. 
The reason for this can be seen by differentiating the 
Bragg equation, which gives the well-known relation 


|4d|/d= cot 6|46| fon 


Fig. 4.7.1 shows the percentage error of the d-spacing 
measurement as a function of reflection angle for 
various values of 46. This is the minimum error caused 
by the limited accuracy with which the reflection angle 
can be measured. In practice there are usually several 
sources of systematic errors inherent in the method 
and equipment which further decrease the accuracy. 


4.7.2. Photographic Methods 


The three commonest methods for the photographic 
determination of lattice parameters are based on the 
use of the cylindrical Debye-Scherrer camera, the 
symmetrical back-reflection focusing camera, and the 
back-reflection flat-plate camera. The principal sys- 
tematic errors inherent in each procedure are described 
later. 
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4.7.2.1. DEBYE-SCHERRER METHOD 


This method may be further subdivided by reference 
to the way of mounting the film in the camera according 
to the method of van Arkel (ends of film in the front- 
reflection region), Bradley-Jay (ends of film in back- 
reflection region), or Straumanis (ends of film around 
90° 20). For cameras of the same diameter the three 
mountings lead to approximately equal accuracy of 
lattice-parameter determination. 

In all film methods the film shrinkage due to pro- 
cessing and ageing is so large that corrections must 
be made for this factor, and it is usually handled by 
one of the following procedures, which assume the 
shrinkage to be uniform along the entire film. 


(a) The Straumanis film mounting has the great advan- 
tage of permitting direct measurement of each film 
in order to obtain the corrections for film shrinkage 
and effective camera diameter. If there are no 
lines in the back-reflection region, the Wilson [84] 
modification of the Straumanis film mounting may 
be used. For large cameras (diameter $12 cm.) 
the Straumanis film mounting requires incon- 
veniently long strips of film. 


(b) The van Arkel and Bradley-Jay film mountings 
require that the distance between the reference 
knife-edges be accurately known by a previous 
independent mechanical or optical measurement. 


(c) Hagg [54] has proposed that a complete scale be 
printed on the film prior to development. 


(d) Use of a standard substance mixed with the speci- 
men (see Bacon [47] and Andrews [46]). Data for 
the calculation of reflection angles of standard 
specimens, such as Al and Si, for several com- 
monly used radiations will be listed in Vol. HI of 
the International Tables. 


Absorption in the specimen modifies the line profile 
and shifts the lines towards higher 26. This error 
decreases with increasing 20, and there is a nearly 
linear relation between line displacement and 47—0 
for the larger reflection angles. It is one of the com- 
monest sources of systematic error and may be reduced 
by using a smaller-diameter specimen and/or diluting 
the specimen with a weakly absorbing non-crystalline 
substance. 

If the specimen rotation axis is not exactly coinci- 
dent with the film axis and is displaced parallel to the 
primary beam, the lines will be shifted from their 
correct position toward higher or lower angles, de- 
pending on the direction of this displacement. The 
error decreases with increasing 20. If the displacement 
is perpendicular to the primary beam it may lead to an 
incorrect determination of the effective camera dia- 
meter in the Straumanis method. Displacement in 
intermediate directions leads to errors combining these 
two effects. The camera may be tested for the dis- 
placement error (except parallel to the primary beam) 
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by use of a carefully centred, highly absorbing cylindri- 
cal specimen of diameter approximately the same as 
that of the primary X-ray beam emitted in this direc- 
tion at the centre of the camera. If the line profiles of 
the same powder ring on both sides of the direct beam 
are not identical, the specimen and film axes are not 
coincident. The error should be minimized by accu- 
rate camera construction and careful centring of the 
specimen. 

Divergence of the primary beam in the plane perpen- 
dicular to the specimen axis shifts the lines toward 
higher angles. The error decreases with increasing 20. 
It can be minimized by reducing the angular aperture 
of the primary beam, or the specimen diameter if the 
latter is the factor determining the divergence. Diver- 
gence of the beam in the plane parallel to the specimen 
axis (axial or “‘vertical’’ divergencet) shifts the back- 
reflection lines to higher angles and front-reflection 
lines to lower angles (Lipson and Wilson [58], Easta- 
brook [50]). Unlike most of the other errors, this error 
is not eliminated by extrapolation. Fortunately the 
error is normally very small and may be minimized by 
decreasing the aperture of the primary beam in the 
plane of the specimen axis. 

Although by using careful experimental technique 
the width of the reflection can be kept small, there is 
an unavoidable broadening of the lines in the back- . 
reflection region due to the finite spread of wave- 
lengths in the characteristic radiation. Thus, in 
measuring the position of a diffraction line, the par- 
ticular characteristic of the line to be measured must 
be chosen consistently to minimize subjective errors. 
It is well known that different observers may choose 
different points as the position of the line (see for 
example Ekstein and Siegel [52]), and the same 
observer may inadvertently use different points on the 
same film. The differences between the centre of 
blackening, the centre of intensity (centre of gravity) 
and the peak intensity are appreciable for precision 
work. It is difficult to give specific rules for determin- 
ing the position of a line on a film (see [70]), but this 
problem is simpler in diffractometer recordings because 
the entire line profile is available (cf. 4.7.3). For effects 
of dispersion and of the Lorentz-polarization factor 
see [70]. 

The systematic errors of greatest practical impor- 
tance are listed in Table 4.7.2.1. It will be noticed that 
to a first approximation all these errors (except knife- 
edge calibration and axial divergence) vary as [$7—4]?. 
By plotting the apparent value of the lattice parameter 
against the function appropriate for the experimental 


+ Some cameras and diffractometer goniometers are arranged 
for horizontal operation and others for vertical operation. Thus 
the term ‘‘vertical’’ divergence is confusing because it may 
actually be ‘‘horizontal,”’ depending on the arrangement of the 
instrument. The term ‘‘axial’”’ divergence is used instead to refer 
to the divergence parallel to the axis of specimen rotation 
regardless of whether the camera or goniometer is horizontal or 
vertical. 
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TABLE 4.7.2.1 
Systematic Errors in the Debye-Scherrer Method 


i ne ee a Effect Variations of d-error Pemarke 
on 6F with @ 

Film shrinkage .. a a? + (47—8) cot 6 Affects only van Arkel film 
mounting without low-angle 
knife edges. 

High-angle knife-edge calibration | + or — 6 cot 6 Affects only Bradley-Jay film 
mounting. Not eliminated by 
extrapolation. Requires accurate 
calibration. 

Specimen absorption .. ay + cos 6 cot 6 or cos? 6/26 | Minimized by reducing specimen 
diameter and/or by dilution. 

Specimen displacement 

(a) toward entrance port a: + cos? 6 Minimized by accurate camera 
(6) toward exit port .. a — cos? 6 construction and careful centring 
(c) sideways .. te 3 ~~ ~~ of specimen. 

Beam divergence 

(a) L specimen axis... Me + cos @ cot @ or cos? 6/26 | (a) Decrease collimator aperture 


(b) || specimen axis 


Dispersion 


Complex. See equation (11) of 
Lipson and Wilson [58] and 
Eastabrook [50]. 


See Pike and Wilson [70]. 


or specimen diameter. 

(b) Decrease length of specimen 
illuminated. Not eliminated 
by extrapolation. 


Important at high angles only. 


+ +=toward higher 20, - =toward lower 20. 


error expected to be largest, the remaining systematic 
errors will be effectively reduced on linear extra- 
polation to 6=47. The function 


Alas 0 cos? *) 


2\ sin é 6 ae) 


is found to give good results in practice with linear 
plots down to small values of @ and has some theoreti- 
cal justification (Taylor and Sinclair [75]). Values of 
this function calculated by Nelson and Riley [59] are 
given in Table 4.7.4A. The function cos? 6 is also useful, 
and values may be obtained from Table 4.7.4B. 

The importance of careful experimental technique 
has been stressed by Straumanis [73] [74]. Film 
shrinkage is determined by direct measurement of the 
film; careful centring and accurate camera construc- 
tion reduce specimen eccentricity; small-diameter 
specimens are used to obtain sharp lines; absorption 
errors are reduced by the small-diameter specimen 
and dilution when required; accurate temperature con- 
trol is maintained during the exposure; radiation is 
chosen to give one or more very-high-angle reflections; 


and finally the film is measured with a precision device. 
Straumanis claims that systematic errors are eliminated 
by the careful experimental technique and he does not 
use an extrapolation method. However, even when all 
these precautions are taken, there are probably some 
systematic errors remaining. For example, it is not 
possible to obtain good reflections from highly absorb- 
ing materials which have been diluted to the point 
where the absorption error is negligible. The impor- 
tance of careful experimental procedures is that the 
systematic and random errors are reduced and there is 
greater confidence in the measurements. 


4.7.2.2, SYMMETRICAL BACK-REFLECTION FOCUSING 
METHOD 
In this method measurements are more conveniently 
expressed in terms of the complement of @: 
1. a 


=t7-0 
The corrections for film shrinkage are usually done by 
means of previously calibrated knife-edges on the low- 
angle ends of the film. Some cameras are also equipped 
with high-angle knife-edges and a number of equally 
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spaced notches on the circumference of the camera to 
make certain that differential film shrinkage has not 
taken place. Standard substances mixed with the speci- 
men are sometimes used for calibration. Errors due to 
penetration of the beam into low-absorbing specimens 
may be minimized by the use of very thin samples, 
longer wavelengths, or both. Care must be exercised 
in specimen preparation to make certain the specimen 
has the correct curvature and that its front surface lies 
on the same circle as the front surface of the film. 
Divergence of the primary beam in the plane normal 
to the camera diameter (axial divergence) should be 
kept small, since errors due to shifts of lines from 
this cause increase with decreasing ¢. Good camera 
construction is required to minimize errors due to 
displacement of the entrance slit from the focusing 


circle, to obtain parallelism of the knife-edges, to 
ensure good contact of the film round the focusing: 
circle and to reduce errors from similar factors. 
Double-coated film gives images on the two sides which 
do not coincide. The back image should therefore be 
stripped or its development prevented, for example by 
an adhesive strip which is removed prior to fixing [64]. 
Single-coated film is more convenient but is usually 
slower and not easy to obtain. 

The systematic errors are listed in Table 4.7.2.2. To 
a first approximation all the errors listed (except 
axial divergence) vary as $7, and ¢tan¢ appears to 
be the most acceptable extrapolation function. A 
linear plot is used for all lines with $<30°. Values of 
¢ tan ¢ are given in Table 4.7.4C. (See also Saini [72], 
Jette and Foote [56], and Cohen [49].) 


TABLE 4.7.2.2 
Systematic Errors in the Symmetrical Back-reflection Focusing Method 


Source of error 
Film shrinkage .. 
Low-angle knife-edge calibration 
Specimen transparency 
Specimen displacement 
(a) Outside true circumference 


(6) Inside true circumference 


Beam divergence in plane 1 to camera diameter 


Effect on df Variations of d-error with ¢ 
¢ tan ¢d 
¢ tan ¢d 
tan? ¢ 


tan 2¢ tan ¢d 


tan 2¢ tan 


+ +=toward larger ¢, —=toward smaller ¢. (6=47-8.) 


TABLE 4.7.2.3 
Corrections to Measurements with Flat-plate Back-reflection Camerat 


Source of error 
Film shrinkage 
Specimen-to-film distance 


Specimen transparency 


Inclination of incident beam to specimen normal 


Beam divergence 


Correction 


Use low-angle knife-edges or other fiducial marks. 
Use accurate mechanical gauge or calibrating substance. 


Decrease D by 2 tan 24/u(1+ sec 2¢), or use thin 
specimen or longer wavelength. 


Construct camera so that inclination of central ray is 
less than 0:1°. 


Limit to small values or reduce D by 3D tan? a. 


+ D=measured ring diameter, 6=47—0, w»=linear absorption coefficient, «=semi-angle of divergence. 
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4.7.2.3. FILAT-PLATE BACK-REFLECTION METHOD 


The small number of lines recorded by a flat-plate 
camera ordinarily makes extrapolation techniques im- 
practical. If accurate lattice parameters are required by 
this method, accurate instrument construction and care- 
ful calibration are required. The principal corrections 
are listed in Table 4.7.2.3. The corrections can be 
minimized by coating the surface of the specimen with a 
thin film (~0-002 cm thick) of a calibrating substance 
suchas aluminium or silver and measuring onering from 
the standard and one from the substance under investi- 
gation. The angle ¢ is then found from the relation 


tan 26=(D/D,) tan 24, a 


where D, and 4, refer to the calibrating substance. 
For best results the standard should be chosen so that 
D, is nearly equal to but slightly greater than D. In 
calculating ¢, allowance must be made for the varia- 
tion of d, with temperature. The double coating of the 
film again leads to displaced images, and this error 
should be eliminated, as mentioned in the previous 
section. Great care must be taken to prevent buckling 
of the film. (See also Thomas [77] and Edmunds, 
Lipson and Steeple [51].) 


4.7.3. Counter-diffractometer Method 


The following description of this relatively new 
method applies to focusing instruments employing 
counter-tube detectors, such as Geiger, proportional 
or scintillation counters (Parrish and Hamacher [60]). 
At the time of writing very little has been published on 
the application of the method to precision lattice- 
parameter measurements, and it is likely that this 
survey will require some modifications during the next 
decade. The possible major sources of errors are 
reviewed below and listed in Table 4.7.3. These 
generally have their origin in the geometrical aberra- 
tions caused by limitations of the practical X-ray optical 
system, improper specimen preparation, imperfections 
in the goniometer, its alignment and calibration, and 
limited accuracy of the intensity measurements. 

The precise alignment of the counter diffractometer 
can be made with simple mechanical devices (Parrish 
and Lowitzsch [63]). This is important not only to 
obtain the highest intensity and best resolution but 
also to minimize errors due to geometrical aberra- 
tions caused by several possible small misalignments, 
such as inequality of source-specimen and specimen- 
receiving-slit distances, small errors in the counter 
tube (26) : specimen (@) setting, commonly called the 
2:1 Setting; and so on. 

These aberrations are further minimized by setting the 
centre of gravity of the primary beam (rather than the 
geometrical middle of the irradiated specimen length) 
on the goniometer axis of rotation. This reduces 
residual misalignment errors and profile distortions 
due to non-uniform intensity of the primary beam and 
variations in the length of specimen irradiated at 
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different Bragg angles. The zero-angle calibration is 
done with a knife-edge (Tournarie [78]) or pinhole 
(Parrish and Lowitzsch [63]) placed in the specimen 
holder and scanning the direct beam, preferably at 
small angular steps. The accuracy may be as great as 
+0-001° 26. The techniques of using Geiger, propor- 
tional and scintillation counters have been reviewed 
recently, with emphasis on linearity, efficiency, pulse- 
amplitude discrimination, counting statistics and 
related topics [65, 66]. 

The best focusing is obtained when the specimen 
surface is curved in the form of a section of a cylindri- 
cal surface to fit the focusing circle. The radius of the 
focusing circle r decreases with increasing Bragg angle 
6 according to the relation 


r=R/2 sin 0 el fo) 


where R is the radius of the goniometer. Hence the 
specimen would have to be prepared in a flexible 
mount whose curvature could be accurately and con- 
tinually varied in synchronism with the movement of 
the receiving slit. This is difficult to do in practice, and 
flat specimens are normally employed. 


aca aS 


ane wo Basa 


88.00 
2 6°—_— 


Fig. 4.7.3(1). Flat specimen aberration shown by change 
of intensity (I) distribution. Profiles replotted from 
step-scan recording at 0-01° 20 steps, probable error 
0-8 °% (6400 counts), angular aperture 2x=1° (darker 
line), 2x=4° (lighter line) and normalized for equal 
peak intensity of K«,. Silicon powder specimen (422), 
CuKa, two sets of parallel slits each with angular 
aperture 4° 35’, receiving slit 0-05° 20, R=17 cm. 
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The use of a flat specimen gives rise to small geo- 
metrical aberrations which broaden the line profile 
asymmetrically and shift the position of the reflection 
to smaller angles, as shown in Fig. 4.7.3(1). In addition, 
penetration of the primary beam into specimens of 
low absorption and reflections from below the surface 
(transparency error) produce similar aberrations. 
Wilson [85] has developed the following expression for 
the shift of the centre of gravity (c.g.)t of the diffrac- 
tion maximum to smaller angles (expressed in 20 
radians) due to these two aberrations: 


Bey sin 26 sin 20 2t cos 6 
12 Re 2uR Riexp(2ut csc 6)—1] 
esta iO) 


where L is the length of specimen illuminated (L 
=2aR/sin 6, 2« is the full angular aperture of the 
primary beam in the plane of Bragg focusing), » the 
linear absorption coefficient and ¢ the specimen thick- 
ness. The first term, due to the flat specimen, is plotted 
in Fig. 4.7.3(2) for various values of 2~, R=17 cm, with 
A206 expressed in degrees. The shift increases with 2« 
and falls to zero at 180° 26, giving rise to a systematic 
error. The parabola is for the case L=2 cm for all 
6’s (2a increasing with @). 


A20 


(eg. rad.) 


0.070 


26° 


Fig. 4.7.3(2). Shift of centre of gravity due to flat- 
specimen aberration (L? sin 26/12R?; R=17cm) for 
various values of 2«. 


The second and third terms of equation (6) give 
the shift due to specimen transparency. In most prac- 
tical cases pt csc 6 is large, so that the third term drops 
out. Fig. 4.7.3(3) shows a plot of the second term for 
various values of ». The shift is greatest at 90° 28, 


falling to zero at 0° and 180° 26, and is another source 
of systematic error. It should be noted that high 
specimen absorption is usually the source of largest 
error in the Debye-Scherrer method, whereas low 
specimen absorption may cause major aberrations in 
the focusing methods. 
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Fig. 4.7.3(3). Shift of centre of gravity due to specimen- 
transparency aberration (sin 20/2uR; R=17 cm) for 
various values of pu. 


The effects of these aberrations on the peak position 
are more difficult to derive, and Wilson [85] gives a 
solution which is probably satisfactory for the smaller 
angles 0°<26<40°. The shift of the peak to smaller 
26 expressed in radians is given by the smallest value 
of the three expressions 


=L? sin 20/4R? = (a) 
=0-428 sin 26/uR (db) <a 
=2tcos 6/R (c) 


where the symbols have the same meaning as above. 
In most practical cases expression (7b) is dominant. 
For example, at 20=20°, L=2 cm, ~7=100, 7=0:licme 
the shifts in degrees 26 are 0:068°, 0-005° and 0-664° 
for equations (7a), (b), (c) respectively. 


A206 


(Peak, rad.) 


+t There is some difference of opinion as to whether it is 
possible to define the position of the centre of gravity of a 
diffraction maximum (especially if it has long “‘tails”) with suffi- 
cient exactness to warrant the use of this position as representing 
the true or, at least, a reproducible location of the diffraction 
maximum. The authors claim that the ‘“‘tails”’ do fall off rapidly 
enough for the centre-of-gravity position to be used, at least in 
the case of well-crystallized polycrystalline specimens and a 
diffractometer of good resolution, and that no other measure is 
at present suitable for accurate work.—GENERAL EDITOR. 
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The divergence of the primary beam perpendicular 
to the plane of Bragg focusing, sometimes called the 
axial divergence, is limited in the newer diffracto- 
meters by thin parallel slits (Soller slits). Usually one 
set is placed between the source and specimen and 
another set between the specimen and counter detec- 
tor. These slits are required to obtain good line shape 
at small and large diffraction angles with an extended 
line source of X-rays. Increasing the axial divergence 
broadens the line asymmetrically as shown in Fig. 
4.7.3(4), and shifts the peak and c.g. of the reflectionina 
complex manner. The peak shift is usually less than 
that of the c.g. 


22.90 


(e} 
21.80 


22.00 

20s 
Fig. 4.7.3(4). Change in line profile caused by increasing 
divergence of beam in plane of parallel slits. Curves 
normalized for equal peak intensity. Heavy line profile 
obtained with one set of parallel slits between source 
and specimen, one set between specimen and detector, 
each having angular aperture 2° 18’. Light line 
obtained with slits removed and angular aperture 
limited by specimen width to approximately 6:5°. Lead 
nitrate curved powder specimen, CuK« (200), r=43-3 
cm, 2~a=1°, receiving slit 0-05° 26, R=17 cm. 


The shift is toward smaller angles in the front- 
reflection region, but changes sign in the region 90° to 
120° 20, above which the shift is toward larger angles. 
The magnitude of the shift and the angle at which the 
shift changes sign have no simple expression but 
depend in a complicated way on the axial lengths of 
source, specimen and receiving slit, and whether one 
or two (or no) sets of parallel slits are employed. 
Eastabrook [50] has considered the limiting case when 
the spacing of the parallel slits is small. Pike [67] has 
given a fuller theoretical treatment and presents data 
for shifts that occur under various experimental 
conditions. 
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If the surface of the specimen is displaced a distance 
S from the goniometer axis of rotation, the peak and 
c.g. Of the reflection are both shifted by 

426 = 2S cos 6/R a(S) 

(Peak, c.g., rad.) 

to higher angles if the specimen is inside the focusing 
circle, and to lower angles if outside (Wilson [85]). 
The shift decreases with increasing reflection angle, 
becoming zero at 20=180°, and thus can be eliminated 
by extrapolation. The displacement may be caused 
by inaccurate machining of the banking surface of the 
specimen holder of the goniometer, and: hence is a 
constant of the instrument and/or the specimen pre- 
paration; in the latter case it varies from one specimen 
to another. A shift may. also occur if the surface of 
the specimen is not planar or if the specimen surface 
is not parallel to the goniometer axis. 

The finite width of the source and receiving slit have 
no effect on the c.g. of the reflection and only broaden 
the line. Where the maxima are unsymmetrical, as in 
the case of Ka,—«, doublets, a narrow receiving slit 
will give the “‘true’”’ peak position but a wide slit may 
cause the peak to shift toward the centre of gravity 
of the two lines. If receiving slits with different widths 
are used, the zero-angle calibration must be made with 
the slit actually in use. Ordinarily different slits will 
give somewhat different angles, because of the difficulty 
of making the distance between the centre of the slit 
opening and the reference surface exactly the same 
from one slit to another. 

From this summary it appears that for most of 
the errors in counter diffractometry, except axial 
divergence, the extrapolation function is either 
cot 6 cos @ or cos? 6, depending on whether the speci- 
men surface displacement or flat specimen and trans- 
parency error is larger. Extrapolation may be avoided 
by the procedure described below, but the difficulty of 
measuring the surface displacement S makes extrapola- 
tion desirable for many specimens. 

In counter diffractometry the accuracy of the angular 
measurements is dependent on the accuracy of the 
intensity measurements. In routine analysis with a 
rate-meter and strip-chart recorder, the peak and c.g. 
of the lines are shifted toward the scanning direction 
by an amount dependent on the product of the scan- 
ning speed of the goniometer and time constant of the 
circuits (Parrish [62]; Tournarie [79]; Parrish and 
Hamacher [60]). For example, if this product is 
increased from 1 to 32 the shift increases nearly 
linearly from 0-01° to 0-10° 26 in a typical practical 
case. The amount of shift is also dependent on the 
line shape and width of the receiving slit. This elec- 
tronic aberration can be the source of a large error, 
and in work of higher precision it is desirable to 
eliminate this error by the use of a step-scanning 
method. The steps should be small compared to the 
line breadth, and normally steps of 0-01° to 0-05° 28 
are used. A fixed-time or fixed-count (preselected 
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probable error) intensity measurement can be used. 
The former has the advantage of requiring much less 
time and gives sufficient precision if a reasonable 
number of counts is obtained at each step. The time 
required to record the entire profile may be greatly 
reduced by using larger steps (and/or reducing the 
fixed count) in the tails. If the detector is non-linear, 
the intensities must be corrected. It is often easier to 
determine the approximate integration limits from a 
preliminary rapid rate-meter recording. 

It has been shown above that the geometrical 
aberrations have been worked out only for the c.g. 
(centroid or first moment) of the line profile. The 
observed distribution is a convolution of the spectral 
distribution and the aberrational distributions. Since 
the c.g.’s of the individual aberrations are additive, it 
is easy to subtract the effect of their displacements of 
the line profile and thus obtain the c.g. of the angular 
representation of the spectral distribution h(@). In 
cases where the dispersion is not too great, the c.g. of 
the spectral distribution on an angle scale then corre- 
sponds to the c.g. on a wavelength scale h(A), and the 
Bragg equation 


d=nd/sin 6 man) 


yields the interplanar spacing where A and @ refer to 
the c.g.’s of the spectral distribution. A is defined as 


[Ah()dA 
fh)dA 


The range of the integrals in equation (10) should be 
over the whole recorded spectrum. It is impractical to 
work with such limits because the tails of spectral lines 
decay too slowly and for other obvious reasons. This 
difficulty is overcome by truncating the distribution in 
a manner that preserves its basic features. To main- 
tain the correspondence of the spectral and observed 
distributions, the latter is truncated in the same 
manner. The c.g. of the observed distribution, assum- 
ing negligible dispersion, is 


fon(6)da 
fh(@)de 


Two truncation methods have been proposed and 
tested in a limited manner: 

(i) Pike and Wilson [69] define arbitrary limits in the 
tails of the spectral profile, make a “horizontal” 
truncation between them and use the c.g. of the trun- 
cated “‘line” as A in the Bragg equation. The corre- 
spondence of the spectral and observed distributions 
is ensured by finding the value of d which transforms 
the limits and the c.g. of this “‘line’”’ to points on the 
observed distribution which have the same property, 
i.e. the observed c.g. is that of the truncated distribu- 
tion between the observed limits. Such a value of d is 
found by successive approximations. The effects of 
geometrical aberrations, dispersion, and the Lorentz- 
polarization factor are allowed for in the comparison. 


De eh) 


6= henathid) 
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A simplified procedure is described which is valid 
for angles which are not too high (>140° 28), or too 
low (<60° 20). For this procedure the limits are chosen 
symmetrically about the c.g. by successive approxima- 
tions on both A and @ scales, and the exact.range used is 
not critical, provided ‘it is sufficiently large. 

(ii) Ladell, Parrish and Taylor [57] preserve the 
basic features of the distribution by neglecting part of 
the tails. The integrated intensity is measured and a 
line is drawn parallel to the background line so that 
the area between the lines is about 10% of the total 
integrated intensity. The limits are taken as the 
abscissae where the upper line intersects the profile 
and the c.g. is calculated between these limits. Thus 
only 2-3% of the entire distribution is neglected. 

The error of approximation in both procedures is 
small compared with the measurable diffractometer 
error (<0-001° 26) at angles important for lattice- 
parameter determination. 

Where dispersion d@/d is significant (say >125° 26), 
and other aberrations are small, the angle which is 
equivalent to A is given by 8g where 


{(sin 6)h(0)d0 
Sane a) 


In practice the c.g. of the observed distribution I(6) is 
reduced to 0, the c.g. of the spectral distribution, by 
subtracting the known displacements due to the 
aberrations. 6, is then determined by adding the dis- 
placement due to dispersion, 6,;—6, which has been 
calculated for several known spectral distributions 
[57] and from approximate models of spectral distri- 
butions [68]. The interplanar spacing is then deter- 
mined by 


03=sin-1 | 


d=nd/2 sin 0g aha UB) 


The important part of the Lorentz factor, 1/cos 0, also 
changes rapidly in this region and its effect must be 
subtracted in high-precision work. The combination 
of dispersion and Lorentz factors distorts the profile 
and shifts the c.g., but the peak position is very much 
less affected. Pike [68] gives for the combined effect 
of dispersion and the Lorentz factor the general 
expression 

A26 = aa tan? 6 

(Gea rads) 

where V is the variance (mean-square breadth) of the 
spectral profile over the range actually used in the 
centre-of-gravity determination. Neither the disper- 
sion nor the Lorentz corrections extrapolate to zero, 
and, in fact, they become the largest source of error at 
very high 26. Other trigonometrical factors produce a 
very small shift of the c.g. at very high angles. 

A procedure which eliminates extrapolations and is 
based on the principles described above has been used 
successfully [57]. All the individual aberrations for 
the particular experimental conditions are added and a 
plot is made of the shift of c.g. against 20. The 


via (14) 
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observed c.g.’s of the lines in the back-reflection region 
are then corrected from the plotted aberrational data 
yielding d values free of systematic errors. The 
numerical average (without weighting) of these d’s is 
calculated to reduce the effects of random errors. This 
average d is then corrected for the usual factors such 
as temperature and refraction to obtain the final d. This 
procedure works only when all the significant aberra- 
tions are known, and hence is applicable at present 
only to c.g. measurements of the lines. In the case of 
CuKe radiation, silicon powder, 2~=4°, two sets of 
parallel slits each with 4-5° aperture, the geometrical 
aberration correction is —0-045° at 105°26 and 
—0-001° at 160° 28. 

There are several advantages (a) and disadvantages 
(6) in using the c.g. rather than the peak position. 

(a) The c.g. is a more accurate determination of the 
reflection maximum, since it is based on many points 
across the entire line profile rather than the few points 
around the peak. It gives an accurate measurement 
regardless of the Ka doublet separation, line asym- 
metry or breadth, whereas there is always some doubt 
in the choice of the peak position in these cases. The 
corrections required for certain geometrical aberra- 
tions can be most easily expressed in terms of the c.g., 
but the expressions for the shift of peak position are 
known accurately for only a few limited conditions. It 
is preferable to work with a displacement of the c.g. 
whose angular variation is known, rather than the dis- 
placement of the peak whose angular variation is un- 
known, even if the latter is somewhat smaller. The 
unfolding operation to eliminate errors is reduced to 
a simple subtraction. 


(b) The measurement of the c.g. takes a great deal 
more time than the peak and is desirable only in cases 
where high accuracy is required. Since the broadening 
of the lines due to the aberrations mentioned earlier is 
usually asymmetric, the c.g. is usually more sensitive 
than the peak and hence has a larger systematic error. 
In the lower-symmetry substances overlapping of 
lines may make it impossible to measure the c.g. It is 
also likely that when the diffractometer is better under- 
stood through studies of the c.g. method, some em- 
pirical methods of using peaks with high precision may 
be discovered. 


4.7.4. General Problems 

(a) Extrapolation. Many of the errors vary in a 
systematic fashion, decreasing with increasing reflec- 
tion angle, and hence some form of extrapolation is 
often desirable. Since not all the errors conform to 
any one function, the choice of the function depends 
on a knowledge of the relative importance of each 
source of error for any given method. The most likely 
functions for each method have been described above, 
but these may require modification, depending on the 
special characteristics of the experimental conditions. 
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The accuracy of the extrapolation depends on the 
presence of several well-spaced good lines in the back- 
reflection region with one or more above 160° 20, and 
the magnitude of the random as well as the systematic 
errors. There are two general approaches to extrapola- 
tion: graphical (Bradley and Jay [48]) and analytical— 
based on the least-squares method (Cohen [49]; Hess 
[55]). The advantage of the graphical method is its 
simplicity and the ease with which the highest-angle 
determinations or those with the most favourable 
indices (see below) may be weighted. 

For cubic crystals the simplest and probably best 
method of extrapolation is to plot the apparent value 
of the lattice parameter a against the chosen extrapola- 
tion function and draw the best extrapolation line 
through the points to 180° 26 with the aid of a trans- 
parent straight-edge. Tables of $(h?+k?+/*)4A\ are 
available to facilitate the calculation of the provisional 
a for each reflection (Parrish, Ekstein and Irwin [61]). 
For tetragonal and hexagonal crystals the same method 
may be used with the following modification. An 
approximate value for the axial ratio is chosen, the 
values of a are calculated from lines with low / index 
and c from lines with low / and k indices (Wilson and 
Lipson [83]). If the axial ratio of the extrapolated 
values differs significantly from that chosen the process 
is repeated, and the final axial lengths are thus found 
by one or more steps of successive approximation. If 
only one (00/) reflection is present, the method of 
Taylor and Floyd [76] may be useful. 

The selection of a fairly good value of the axial 
ratio may be facilitated by measuring a pair of lines at 
moderately high 26 angles with good experimental 
technique (Straumanis [74]; Klug and Alexander [11)]). 
If h,, k,, 1,, 9, refer to one reflection and hg, ko, 12, A, 
to the other, we may combine the quadratic forms of 
the Bragg equations for each reflection and obtain for 
tetragonal crystals 

+ 
| peel) 


a CE at a 

2 he sin? 6,—1,” sin? 6, 

from which c may be calculated from any reflection 
c=Aal[4a? sin? 6—A?(h2+k?)]* ced) 


For hexagonal crystals the corresponding expressions 
are 


-{ 


_Aal 


1,?(he?+hok+ks?)—l(hy+hyky +k’) | 
3(1,2 sin? 6,—1,2 sin? 6,) 

3 
cC=-——— 


tl) 
+ 
2 (3a sin? aes 


See Le) 
If the two reflections were obtained with different 
wavelengths («., «,, 8 or another target), equation (15) 
may be modified to 


pode hte ag 
2 |A42/,? sin? 6,—A,2/,? sin? 4, uinty 
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and equation (17) to 


patel ee 1 ?(he?+hoka+ko?)—1,2(hy+hyk, +k”) |* 
3(A,2/,2 sin? 0,—A,2/,? sin? 0,) 
Saiclu) 
The graphical and analytical methods become more 
difficult to use as the crystal symmetry decreases, and 
generally single-crystal methods are easier for ortho- 
rhombic and lower-symmetry substances. In ortho- 
rhombic crystals 

| eal 2 eile te 
Aa pa aes ee (2u)) 


so that if the extrapolation function appropriate to d 
is (6): 

Aerie? /A 

a? bt ct 
where K is a constant for a particular set of measure- 
ments. This equation has four adjustable constants 
a, b, c, K; and the best values can be found by the 
usual least-squares methods. Values of sin? @ are 
given in Table 4.7.4B. Five-figure tables of sin? @ for 
every hundredth of a degree from 2° to 87° have been 
prepared by H. Anne Plettinger [71]. Equation (22) 
can be modified for crystals of higher or lower 
symmetry. 

The analytical method can be extended to cover 
cases where there are important errors with different 
dependence on @. The right-hand side of equation (22) 
is replaced by 


sin? 6[K, f,(@)+ Ke fo(@)+ Kz f3(9)+ ...] ..(23) 


and K,, K; are treated as additional adjustable con- 
stants in the least-squares solution. Experimental 
accuracy is rarely sufficiently great to make this worth 
while, but if there is doubt about the high-angle knife- 
edge calibration of a Bradley-Jay camera or the zero- 
angle calibration of a diffractometer, a term with 
f.(@)=8 cot 6 or cot 6 respectively might be included. 


4 sin? 6 
r2 


= Sin? Of(0) commen s( 22) 


(6) Thermal Expansion. The lattice parameter a 
varies with the coefficient of thermal expansion « and 
temperature T according to the relation 


es) 


The values for « may range from a few parts to nearly 
100 parts per million per degree C. Some representa- 
tive approximate values of 10%« are tungsten 4, sodium 
chloride 40, thallium chloride 55. It is therefore 
necessary to control the temperature of the specimen 
to well within the limits set by the desired precision 
of the lattice-parameter measurement. Small fluctua- 
tions around the desired temperature cause a small 
symmetrical broadening of the lines on film. A longer- 
range gradual change in temperature causes unsym- 
metrical broadening on film and may lead to a 
systematic error in counter diffractometry. 


ar,=a7,+ «a7 (T,—T,) 
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(c) Refraction. The wavelength of X-rays within a 
crystal (A’) differs slightly from that in air (A). The 
observed reflection angle (@’) is different, therefore, 
from the @ calculated from the Bragg equation, for 
two reasons: (i) A’ is slightly larger than A, (ii) the 
X-rays are changed slightly in direction due to refrac- 
tion on entering and leaving the crystal. In the case of 
small, roughly spherical crystals with negligible ab- 
sorption, the second effect is equally likely to cause an 
increase or a decrease in reflection angle and hence 
causes only a slight line broadening. Thin plates or 
needles require a special correction. Ordinarily in 
powder work only the first effect has to be considered 
(Wilson [82]). Either the corrected wavelength \’=A/N 
(where WN is the index of refraction) may be used in 
calculating d from @, or, as is the commonest practice, 
d’ calculated with refraction neglected may be in- 
creased by 


(1—N)d’=2:70x10-®A2pdXZ/XA  ....(25) 
which for cubic crystals may be put in the more con- 
venient form 


(1—N)a’=4-48 x 10-8(A/a)2=Z .. . . (26) 


In these equations A is in A and p in g/cm; =Z is 
the sum of the atomic numbers and &A the sum of the 
atomic weights of the atoms in the unit cell. The 
correction is usually small (a few parts to be added to 
the lattice parameter in the fifth decimal place). Some 
typical values of (1—N)a’ x 108 are: 


Aluminium . 
Lead nitrate. . 219-0 


Tungsten 


(d) X-ray Wavelengths. Due to continuing un- 
certainty concerning the precise absolute values of 
X-ray wavelengths, it is recommended that the values 
used in precision measurements should be explicitly 
stated. Confusion arises from three sources: (i) un- 
certainty in the value of the factor for converting kX 
to A units, (ii) limited and variable precision in the 
original determinations of the wavelengths, and (iii) 
the asymmetric spectral distribution of the small band 
of wavelengths comprising the “monochromatic” 
X-rays, which may cause the peak value to differ from 
the centre of gravity or any other type of weighted 
mean. 

The existing state of knowledge concerning absolute 
X-ray wavelengths and the conversion factor will be 
discussed in Volume III. Meanwhile it may be pointed 
out that, if spacings of the highest precision are re- 
quired, peak measurements of diffraction maxima 
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should be combined with peak measurements of 
wavelength, or centre-of-gravity measurements with 
centre-of-gravity measurements, and so on. Whatever 
method of location of exact intensity maxima is used, 
it should be the same in each case. This may involve 
further consideration of the methods that have hitherto 


been used to locate wavelength maxima, especially as 
information concerning the method employed is not 
always clearly given in the literature; and in the case 
of CuK«, for example, there is a difference of about 
0-0045 % between the c.g. of the «, and «, components 
and the weighted mean of the peak wavelengths [57]. 


22] 
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TABLE 4.7.4A 


i 


y 


cos? 6 cos? @ 
sin 6 
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TABLE 4.7.4A (continued) 
128 6 cos? *) 


a a 
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TABLE 4.7.4B 
sin? 6 (read down) and cos? @ (read up) 


Differences 

@° 0:0 0-1 0:2 0:3 0-4 0:5 0-6 0:7 0:8 09 (+1-0) 017-029 -0355-04 5-05 
0 0:0000 0:0000 0-0000 0-0000 0-0000 0-0001 0:0001 0:0001 0-0002 0-0002 0-0003 89 

I 0003 + :0004 = -0004 -0005 -0006 -0007 -0008 -0009 -0010 -O011 -0012 88 

2 0012. + -0013 0015 -0016 -0018 -0019 -0021 -0022 +0024 -0026 -0027 87 

3 0027 =-0029 «0031 =:0033. 0035. = 0037'S -0039 0042: 0044 «0046 »=— 0049 Ss 86 

4 0049-0051 -0054 -0056 -0059 -0062 -0064 -0067 -0070 -0073 -0076 85 be 

Interpolate 

5 0076 :0079 -0082 -0085 -0089 -0092 -0095 -0099 -0102 -0106 -0109 84 

6 0109-0113 0117. «0120-0124 + -0128 -0132 -0136 -0140 -0144 -0149 83 

Zl 0149-0153 -0157 -0161 -0166 -0170 -0175 -0180 -0184 -0189 -0194 82 

8 0194-0199 -0203 -0208 -0213 -0218 -0224 -0229 -0234 -0239 -0245 81 

9 0245-0250 0256 -0261 -0267 -0272 -0278 -0284 -0290 -0296 -0302 80 

10 0302 =-0308 -0314 -0320 -0326 -0332 -0338 -0345 -0351 -0358 -0364 79 1 Se 25) 29 
11 0364 -0371 -0377 -0384 -0391 -0397 -0404 -0411 -0418 -0425 -0432 78 1 981 2) eS 
12 0432-0439 -0447 0454 -0461 -0468 -0476 -0483 -0491 -0498 -0506 77 1 Soe 2) See4 
13 0506 =:0514 =-0521 -0529 -0537 -0545 -0553 -0561 -0569 -0577 -0585 76 l 2202S a4: 
14 0585-0593 -0602 -0610 -0618 -0627 -0635 -0644 -0653 -0661 -0670 75 12 3t> Saas! 
15 ‘0670 -0679 -0687 -0696 -0705 -:0714 -0723 -0732 -0741 -0751 -0760 74 lee 3) 4 
16 ‘0760 -0769 -0778 -0788 -0797 -0807 -:0816 -0826 -0835 -0845 -0855 73 1 © oe 3) [Aes 
17 0855-0865 =-0874 -0884 -0894 -0904 -0914 -0924 -0934 -0945 -0955 72 ) We 3d Ae 
18 70955-0965 -0976 -0986 -0996 -1007 -1017 -1028 -1039 -1049 -1060 71 1 98224 35> 49S 
19 "1060 -1071 -1082 -1092 -1103 -1114 -1125 “1136 1147 +1159) “1170 70 lL 2a 304 ao 
20 1170) peli8l well92  -12045 s- 1215 61226 -1238eN-1249 BIG 127s 28469 len2ey 3) SRG 
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5.1. Basic Definitions and Formulae 


5.1.1. Definitions of Symbols 


I,: Energy of X-radiation falling normally on unit 
area per second. 

I: Total energy of radiation per second in a limited 
X-ray beam. 

e, m: Electronic charge and mass. 

A: Wavelength of X-rays. 

c: Velocity of light. 

h: Planck’s constant. 

k: Boltzmann’s constant. 

py: Linear absorption coefficient. 

26: Angle between incident and diffracted beams. 

a, b, c: Lengths of edges of unit cell. 

V: Volume of crystal, or of irradiated part of a powder 
sample. 

V.: Volume of unit cell. 

N: Number of unit cells per unit volume. 

Xr, Yr» Zr: Co-ordinates of an atom r, expressed as 
fractions of a, b and c. 

hkl: Indices of diffraction. 

Jy: Atomic scattering factor for atom at rest. 

F(hkl): Structure factor, for the unit cell, of the order 
of diffraction Akl. 

|F(hkl)|: Modulus of the structure factor—the struc- 
ture amplitude. 

A: Transmission factor. 

A*: Absorption factor. 

p: Integrated reflection from crystal element. 

p': Integrated reflection from extended crystal face. 

L: Lorentz factor. 

p: Polarization factor. 

p’: Multiplicity factor for single crystal methods. 

p’: Multiplicity factor for powder method. 


5.1.2. Formulae for Scattering by an Electron 
Under the influence, of a polarized wave of unit 
amplitude, an electron scatters a coherent wave which 
has an amplitude, at a distance r, of 
e2 
rmc? 


iran 
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if the electric vector is perpendicular to the plane con- 
taining the incident and scattered beams. If the electric 
vector is parallel to the plane of the incident and 
scattered beams, the amplitude of the scattered radia- 
tion is 


cos 26 


(2) 


mc? 


If the radiation is unpolarized, with unit mean ampli- 
tude, the mean amplitude of the scattered wave is 


ere 


The function (1+ cos? 26)/2 is tabulated in Table 5.1.2. 


e2 
rmc? 


1+ cos? 20 
vs 


3) 


5.1.3. Formula for the Atomic Scattering Factor /, 


An atom contains electrons distributed over a finite 
region in space; for any given scattering direction, the 
electrons at different points contribute waves with 
different paths and consequently different phases, and 
thus the total scattering by an atom depends upon the 
distribution of electrons within it. If U(r)dr is the 
number of electrons lying between the distances r and 
r+dr from the centre, and the electron distribution is 
spherically symmetrical, the atom will scatter at any 
particular angle 20 as though it were equivalent to 
Jo electrons, where 


U(r) sin (47r sin 6/A) ‘ 


(4 
Ant sin O/A o 


fo= 
0 


At very small values of 6, f, approximates to Z, the 
atomic number. 

Consult 2.5.3.2(a) (page 70) and 6.3.3 (page 323) for 
expressions for fy when the electron distribution is not 
spherically symmetrical. 


ous 


BASIC DEFINITIONS AND FORMULAE 


TABLE 5.1.2 
2 
Polarization Factor, pe as a Function of sin 6 

sin 6 0000 0-001 0-002 0-003 0-004 0-005 0:006 0-007 0-008 0-009 

0-00 10000 1:0000 1:0000 1-0000 1:0000 1-0000 0-9999 00-9999 0-9999 00-9998 
0-01 0:9998 0:9998 0:9997 0:9997 0:9996 0:9996 0:9995 0:9994 0-9994 00-9993 
0-02 0:9992 0-9991 00-9990 0-9989 0:9988 0:9988 0:9986 0-9985 0-9984 0-9983 
0-03 0:9982 0:9981 0-9980 0:9978 0:9977 0:9976 0:9974 0-9973 0:9971 0-9970 
0-04 0:9968 0:9966 0:9965 0:9963 0:9961 0:9960 0:9958 0:9956 0-9954 0-9952 
0-05 0:9950 0:9948 0:9946 0:9944 0-9942 0:9940 0-9937 0:9935 0-9933 0-9931 
0-06 0:9928 0:9926 0-9923 0-9921 0:9918 0:9916 0:9913 0:9911 0:9908 0-9905 
0-07 0-9902 0:9900 0:9897 0-9894 0-9891 0-9888 0:9885 0-9882 0:9879 0-9876 
0-08 0:9873 0-9870 0:9866 0:9863 0:9860 0:9857 0-9853 0:9850 0-9846 0-9843 
0-09 0:9839 0:9836 0-9832 00-9829 0-9825 0:9821 0-9817 0-9814 0-9810 0-9806 
0-10 0:9802 0:9798 0:9794 0:9790 0:9786 0:9782 0:9778 0:9774 0:9769 0-9765 
0-11 0:9761 0:9757 0:-9752 0:9748 0:9743 0-9739 0:9735 0:9730 0:9725 0-9721 
0-12 0:9716 0:9711 0-9707 0:9702 0:9697 0:9692 0-9688 0:9683 0-9678  0-9673 
0-13 0:9668 0:9663 0-9658 0:9652 0:9647 0:9642 0:9637 0:9632 0-9626 0-9621 
0-14 0:9616 0:9610 0:9605 0:9599 0-9594 0-9588 0:9583 0:9577 0:9572 0-9566 
0-15 0:9560 0:9554 0-9549 0-9543 0-9537 0:9531 0:9525 0:9519 0-9513 0-9507 
0-16 0-9501 0:9495 0-9489 0-9483 0:9477 0:9470 0:-9464 0-9458 0-9451 0-9445 
Or? 0:9439 0:9432 0:9426 0:9419 0:9413 0:9406 0-9400 0-9393 0-9386 0-9380 
0-18 09373 0:9366 0-9359 0-9353 0:9346 0-9339 0-9332 0-9325 0-9318 0-9311 
0-19 0:9304 0-9297 0-9290 0-9283 0:9276 0-9268 0-9261 0:9254 0-9247 0-9239 
0-20 0-9232 0:9225 0-9217 0-9210 0-9202 0:9195 0-9187 0-9180 0:9172 0-9165 
0-21 0-9157 0-9149 00-9142 0:9134 0:9126 0-9118 0-9110 0:9103 0-9095 0-9087 
0-22 0:9079 0-9071 0-9063 0:9055 00-9047 0:9039 0-9031 0-9023 0:-9014 0-9006 
0-23 0-8998 0:8990 0-8981 0-8973 0:8965 0:8956 0-8948 0-8940 0-8931 0-8923 
0-24 0:8914 0-8906 0-8897 0-8889 0-8880 0:8872 0-8863 0:-8854 0:8846 0-8837 
0-25 08828 0-8819 0-8811 0-8802 0-8793 0:8784 0:8775 0-8766 08757 0-8748 
0-26 0:8739 0-8730 0:8721 0-8712 0-8703 0-8694 0-8685 0-8676 0-8667 0-8658 
0:27, 0-8648 0-8639 0-8630 0:8621 0:8611 0-8602 0-8593 0:8583 0:8574 0:8564 
0-28 0°8555  0-8545 0-8536 00-8527 0:8517 0-8507 0:8498 0-8488 0-8479 0-8469 
0-29 0-8459 0:8450 0-8440 0-8430 0:8421 0-8411 0:8401 0-8391 0-8382 0-8372 
0-30 0-8362 0-8352 0-8342 0-8332 0:8322 0:8313 0-8303 0-8293 0:8283 0:8273 
0-31 0-8263 0-8253 0-8243 0-8233 0-8223 0-8212 0-8202 0-8192 0-8182 0-8172 
0-32 0-8162 0-8152 0-8141 0-8131 0-8121 08111 0-8100 0-8090 0-8080 0-8070 
0-33 0-8059 0-8049 0-8039 0-8028 0-8018 0:8007 0:7997 0-7987 0:7976 0-:7966 
0-34 0:7955 0:7945 0-7934 0:7924 0:7913 0:7903 0:7892 0-7882 0:7871 0:7861 
0-35 0-7850 0-7840 0:7829 0-7818 0-7808 0:7797 0-:7787 0:7776 0:7765 0:7755 
0-36 0:7744 0-7733 0-7723 0-7712 0:7701 0:7690 0-7680 0-7669 0-7658 0-7648 
0-37 0:7637 00-7626 0-7615 0:7605 0:7594 0:7583 0-7572 0-7561 0-7551 0-7540 
0-38 0:7529 0:7518 0-7507 0:7497 0:7486 0-7475 0:7464 0:7453 0-7442 0-7432 
0-39 0-7421 0-7410 0-7399 0-7388 0:7377 0:7366 0:7356 0:7345 0-7334 0-7323 


5.1. BASIC DEFINITIONS AND FORMULAE 


TABLE 5.1.2 (continued) 


2 
Polarization Factor, pe as 2 Function of sin 0 

sin @ 0-000 =60-001 0-002 0-003 0-004 0-005 0-006 0-007 0-008 0-009 

0-40 OP eee 50 7 29010-72190 72689 70-7258" 170: 7247) "07236" '0-7225.. 0-7214 
0-41 Oe ee ty et St ee le 7160 810: 714970: 7138) '0-7127 °°0-7116 | 0-7105 
0-42 0-7094 0:-7083 00-7073 0-7062 00-7051 0-7040 0-7029 0-7018 0:7007 0:-6997 
0-43 0-6986 0:6975 0:-6964 0-6953 0-6942 0-6932 0-6921 0-6910 0-6899 0-6888 
0-44 00-6878  0:6867 0:6856 0:6845 0:6835 0:6824 00-6813 0-6802 0-6792 0-6781 
0-45 0-67 70806759, 106749; 5.0°6738 0:6727 0:6717, .0°6706 0°6695. .0-6685  0-6674 
0-46 0-6663 0:6653 0:6642 0:6632 0:6621 0-6611 00-6600 0-6589 0:-6579 0-6568 
0-47 0-6558 0:6547 0:-6537 0:6527 0:6516 0:-6506 0:6495 0-6485 0-6474 0-6464 
0-48 0:6454 0:6443 0-6433 0-6423 0-6412 0:6402 0-6392 00-6382 0:6371 0-6361 
0-49 0-635! 0:6341 0:6331 0:6320 0:-6310 0:6300 0-6290 0-6280 0:6270 0-6260 
0-50 0-6250 0:6240 0:6230 0:6220 0:6210 0:-6200 0:6190 0-6181 0-6171 0-6161 
0-51 0-6151 0-6141 0:6132 0:6122 0-6112 00-6102 0-6093  0-6083 0-6073 0-6064 
0-52 0:6054 0:6045 0-6035 0:6026 0:6016 0-6007 0:-5997 0-5988 0:5979 0-5969 
0-53 0:5960 0:5951 0:5942 0:5932 00-5923 0-5914 0-5905 0:5896 0:5887 0-5878 
0-54 0-9869" "0°5860" ~O-5851 ~~ 0°5842° 00-5833 0-5824 O-5815 00-5806 0-5798 0:5789 
0-55 Wo SOam wy ot | len 7 03% | O57 549%0'5746) —0°573 740-5729 ~O-5720° 0°5712 0-5703 
0-56 OF9695) 0908 79°.0°56787 0735670) 0°5662: "05654, 05645 °0-5637 (0-5629 = =0-5621 
0:57 O56 1 3Ne 0 0009610959756 107555 9" 60?5582-700'95 745 05566" (075558605551 = 0-5543 
0:58 O55 34m 902580: 5020, 0-5) | 38 71055052) 0°54980 60-549 05483 0°5476 = 0-5469 
(0-59 0:5461 0:5454 0:5447 0:5440 0:5433 0:5426 0:5419 0-5412 0:5406 0-5399 
0-60 Q°5392 05385 0:5379 0°5372 00-5366 0-5359 00-5353 0:5346 0:5340 0:5333 
0-61 Da 7 ee Oo oe 0-509) 1055031025297 1EOS29 100-5285. 0*5279. 0-5273 
0-62 9767700262, 079256 "0-5250_ -0:5245" 9 05239 © 03234  0:5228 0°5223. 0-5218 
0-63 O77 tse 0207075202 05197" 05192" O 5187905182" 05178 O0-5173 0-3168 
0-64 075163" "0°5159° 05154 05150 0°5145 0:5141 0-5137 0-5132 0-5128 0-5124 
0-65 0:5120 00-5116 00-5112 00-5108 0:5105 0:5101 0:5097 00-5093 0-5090 0-5086 
0-66 0:5083 0:5080 0:5076 0:5073 0:5070 0:5067 0:S064 00-5061 0:5058 0-5055 
0-67 0:5052 0:5050 0:5047 0:5044 0-5042 0-5039 00-5037 0:5035 0-5033 0-5030 
0-68 0-5028 0:5026 0:5024 0°5022 0:5021 0-5019 0:5017 0-5016 0-5014 0-5013 
0-69 0-5011 5010 00-5009 00-5008 00-5007 0:5006 00-5005 0-5004 0-5003 0-5003 
0-70 0:5002 0:5001 00-5001 0-5001 0:5000 0:5000 0-5000 0:5000 90-5000 0-5000 
0-71 0:5000 0:5001 0-5001 0:5001 0-5002 0-5003 00-5003 0-5004 0-5005 0-5006 
0-72 0-5007 0:5008 0-5009 0:5010 0:5012 0-5013 0-5015 0:5016 0:5018 0-5020 
0-73 0:5022 0:5024 0-5026 0:5028 0:5030 0-5032 0-5035 0:5037 0:5040 0-5043 
0-74 0:5045 0:5048 0-5051 0:5054 0-5057 0:5061 0:5064 0:5067 0-:5071 0-5074 
0-75 0:5078 0:5082 0:5086 0:5090 0-5094 0-5098 0:5102 0:5107 O-SI111 0-5116 
0-76 05120000-5125900'5130 0:5135 05140 00-5145 0-5151 05156 0:5161 0°5167 
0-77 507308 0:5178 1075184 0:5190 0°5196 05202 0:5209 0°5215 ° 05222 0.5228 
0-78 0-5235 0:5242 0:5249 0:5256 0:5263 0:5270 0°5278 0:5285 05293 0-5300 
0-79 0-5308 0:5316 0:5324 0-5332 0:5340 0-5349 0-5357 0:5366 0:5374 0-5383 
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5.1. BASIC DEFINITIONS AND FORMULAE 


TABLE 5.1.2 (continued) 


Polarization Factor, p= 


0-001 


0-002 


0-003 


0-5401 
0-5497 
0-5606 
0-5726 
0-5859 


0-6005 
0-6165 
0-6338 
0-6525 
0-6727 


06944 
0-7177 
0-7425 
0-7690 
0-7972 


0-8271 
0-8587 
0-8922 
0-9275 
0:9648 


0-5410 
0-5508 
0-5617 
0-5739 
0-5873 


0-6021 
0-618] 
0-6356 
0-6545 
0-6748 


0-6967 
0-7201 
0-7451 
0-7718 
0-8001 


0-8302 


0-5419 
0-5518 
0-5629 
O:5952 
0-5887 


0-6036 
0:6198 
0-6374 
0-6564 
0-6769 


0-6990 
O25 
0-7477 
0-7745 
0-8030 


0-8333 
0-8653 


1+ cos? 20 


2 


0-004 


0-5429 
0-5529 
0-5641 
0-5765 
0-5902 


0-6052 
0-6215 
0-6393 
06584 
0-6791 


0-7012 
0-7250 
0-7503 
COTS 
0-8060 


0-8364 
08686 
0-9026 
0-9385 
0-9763 


240 


, aS a Function of sin 6 


0-005 


05438 
0-5539 
0-5652 
0-5778 
05916 


0-6067 
0-6232 
0-6411 
0-6604 
0-6812 


0-7035 
0-7274 
0-7529 
0-7801 
0-8089 


0-8395 
0-8719 
0-9061 
0-9422 
0-9802 


0-006 


0-007 


0-5448 
0-5550 
0-5664 
0;5791 
0-5931 


0-6083 
0-6250 
0-6430 
0-6624 
0-6834 


0-7059 
077299 
0-7556 
0-7829 
0-8119 


0-8427 
0-8752 
0-9096 
0-9459 
0-984] 


0-5458 
0-5561 
0-5677 
0-5805 
0-5945 


0-6099 
0-6267 
0-6449 
0-6645 
0-6856 


0-7082 
0-7324 
0-7582 
0-7857 
0-8149 


0-8459 
0-8786 
0-9132 
0-9497 
0:9881 


0-008 


0:5467 
0-5572 
0-5689 
05818 
0-5960 


0-6115 
0-6284 
0-6468 
0-6665 
0-6878 


0-7105 


0-009 


0-5477 
0-5583 
0-5701 
0-5832 
0:5975 


0-6132 
0-6302 
0-6487 
0-6686 
0-6900 


0-7129 
0-7374 
0-7636 
0-7914 
0-8210 


0-8523 
0-8854 


5.2. Intensity of Radiation Diffracted by a Crystal 


5.2.1. Structure Factor 


The unit cell of a crystal contains atoms in various 
positions, and the waves scattered in any order of 
diffraction hk/ by the different atoms will have various 
phase differences with respect to each other. The 
amplitude of the resultant wave, when ‘‘atomic func- 
tions” (2.5.3.2(a), page 70) are used, is given by the 
expression 

F(hKI)=Z fy, exp 27i(hx,+ky,+lz,) ....(1) 
where f,,, is the scattering factor of the rth atom. The 
modulus of F(hk/) is known as the structure amplitude, 
and is the ratio of the amplitude of the wave scattered 
in the order hk/ by the atoms in one unit cell to the 
amplitude of the wave scattered by a single electron 
under the same conditions. |F(hk/)| is thus a pure 
number. 

The ratio of the structure amplitude of a reflection 
to the maximum possible at the corresponding Bragg 
angle (that is, if all the atoms were scattering in phase) 
is called the unitary structure amplitude. The unitary 
structure amplitude of a reflection can be derived by 
dividing the observed structure amplitude by the sum 
of the scattering factors, at the corresponding angle, 
of the atoms in the unit cell. 

The quantity F(hk/) is known as the structure factor. 
Only its modulus can be observed experimentally. In 
general, F(hk/) is acomplex quantity (that is, the phase 
of the scattered wave may have any phase difference 
with respect to that of a wave scattered by an atom at 
the origin of the unit cell). 


Then |F(hkI)|?={2f, , cos 2a(hx,+ky,+1z,)}? 
+{2fo7 sin 2a(hxpbky,+1z,)}? 
A. (2) 
If, however, the crystal has a centre of symmetry, the 
structure factor is real and is given by the equation 


F(hkl)=2fy,, cos 2n(hx,+ky,+lz,) ....G) 


This expression may be positive or negative (that is, 
the phase of the scattered wave is 0 or z with respect to 
the phase of a wave scattered by an atom at the origin). 

For other symmetries, various other expressions for 
the structure factor arise; these are given in detail in 
Volume I. 


5.2.2. Temperature Factor 


The structure amplitudes calculated by means of 
equations 5.2.1 (1), (2) and (3) cannot be directly com- 
pared with observed values because the values of fp 
are computed for atoms at rest; normally, atoms in a 
crystal have movements due to temperature, so that at 
any instant corresponding atoms are not separated by 
exact multiples of the cell dimensions. Thus two such 
atoms will not scatter exactly in phase in any particular 
order, and the structure factor will be smaller than 
calculated. The effect can be allowed for by reducing 
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the scattering factor of each atom to f=f, exp (—M), 
where 

M=8r?2u,? sin? 6/A2=272u,?/d? ..(4) 
u,” being the mean square displacement of the atoms, 
from their mean positions, in a direction perpendicular 
to the reflecting planes, interplanar spacing d (Debye 
[7] [8]. 

This treatment is only approximate. Each atom 
should have its own value of M, which itself may be 
dependent upon the orientation of the reflecting planes. 
For much X-ray work, however, it is sufficient to 
assume that a mean value of M is appropriate; the 
structure-factor formula 5.2.1(1) then becomes 
F(hkl)=Xf),, exp 27i(hx,+ky,+lz,) exp (—M) 

=L fo, exp 2ai(hx,+ky,+lz,) exp (—B sin? 6/A?) 

ee aC) 

where Bis aconstant. The probability that B will vary 

from atom to atom, and with direction in the crystal, 

should always be borne in mind. The least-squares 

derivation of individual temperature factors is given in 
6.4.1.2 (y) (8), page 327. 

Values of exp(—B sin? 6/A?) to cover the range 
normally met with in practice are given in Table 
5.2.2A. 

The quantities B=87?u,? are not easily derived 
theoretically, as they depend in a complicated way 
upon temperature and upon the interatomic forces. 

tee 


Debye gives the expression 
4 226) 
Xx 


Be 6h? 
mak@ 
where @ is the characteristic temperature, ma is the 
mass of the atoms or vibrating systems, x is the ratio 
of © to the absolute temperature, and 
Lae 
Bo)=— | ae () 
0 
Equation (6) is, however, strictly applicable only to 
cubic crystals containing one type of atom. 
Values of (x) as a function of x are given in Table 
512.225 
Waller [15] and Waller and James [16] give an 
equation for u,?: 
u,2=BT +yT--+8T-"+ ... . (8) 
where T is the absolute temperature, y=h?/487?mak, 
and f and 6 are constants which depend upon the 
interatomic forces and cannot easily be derived, 
although for certain simple crystals 8 can be derived 
from the elastic constants, and 
5! 13a@2 


288 An? 
In this equation A is the mean atomic weight and n is 


the number of atoms per c.c. 
(Continued on page 265) 


10=18 - (9) 


TABLE 5.2.2A 
exp (—B sin? 6/A”) 


0-4 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/X?) 


TABLE 5.2.2A (continued) 


exp (—B sin? 0/A?) 


0-6 


0-542 
0-536 
0-529 
O-523 
0-516 


0-510 
0-503 
0-497 
0-490 
0-484 


0-477 
0-471 
0-465 
0-459 
0-452 


0-446 
0-440 
0-434 
0-428 
0-421 


0-415 
0-409 
0-403 
0-398 
0392 


0-386 
0-380 
0-374 
0-368 
0-363 


0-357 
0-352 
0-346 
0-340 
0-335 


0-330 
0-324 
0-319 
0-314 
0-309 


0-303 
0-298 
2298 
0-288 
0-283 


0-278 
0-273 
0-269 
0-264 
0-259 


0-490 


0-476 
0-469 
0-462 


0-455 
0-449 
0-442 
0-435 
0-429 


0-422 
0-416 
0-409 
0-403 
0-396 


0-390 
0-384 
0-377 
0-371 
0-365 


0-359 
0-353 
0-347 
0-34] 
0-335 


0-329 
0-323 
0-318 
O2312 
0-306 


0-301 
0-295 
0-290 
0-285 
C279 


0-274 
0-269 
0-264 
0-259 
0-254 


0-249 
0-244 
e239 
0-234 
0-230 


0-225 
0-220 
0-216 
0-211 
0-207 


0-442 
0-435 
0-428 
0-421 
0-414 


0-407 
0-400 
0-393 
0-387 
0-380 


0-373 
0-367 
0-360 
0-354 
0-347 


0-341 
0-334 
0-328 
0-322 
0-316 


0-310 
0-304 
0-298 
02292 
0-287 


0-281 
0-275 
0-270 
0-264 
01259 


0-253 
0-248 
0-243 
0-238 
0-233 


0-228 
0-223 
0-218 
0-213 
0-208 


0-204 
0-199 
0-195 
0-190 
0-186 


0-182 
0-178 
OS We) 
0-169 
0-165 


399 
0:392 
0-385 
0-378 
0-371 


0-364 
0-357 
0-350 
0-343 
0:337 


0-330 
0-323 
0-317 
0-310 
0-304 


0-298 
0-292 
0-286 
0-280 
0-274 


0-268 
0-262 
0-256 
0-251 
0-245 


0-240 
0-234 
0-229 
0-224 
0-218 


0-213 
0-208 
0-204 
0-199 
0-194 


0-189 
0-185 
0-180 
0-176 
0-171 


0-167 
0-163 
0-159 
0-155 
0-151 


0-147 
0-143 
0-139 
0-136 
0-132 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 


exp (—B sin? 6/A2) 


2-4 


0-495 
0-482 


0-442 


0-429 
0-416 
0-403 
0-391 
0-378 


0-366 
0-354 
0-342 
0-331 
0-320 


0-308 
0-298 
0-287 
0-277 
0-266 


0-256 
0-247 
07237 
0-228 
O219 


0-210 
0-202 
0-193 
0-185 
0-178 


0-170 
0-163 
0-156 
0-149 
0-142 


0-136 
0-130 
0-124 
0-118 
OANZ 


0-107 
0-102 
0-097 
0-092 
0-087 


0-083 
0-079 
0-075 
0-071 
0-067 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 
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TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 


exp (—B sin? 6/A?) 


B=31 3-2 3-3 3-4 3-5 
0-447 0-435 0-424 0-413 0-402 
0-432 0-421 0-410 0399 0-388 
0-419 0-407 0:396 0385 0-374 
0-405 0-393 0-382, «03710360 
0-392 0-380 0:369 = 0358 ~—(0-347 
0378  0:367 0:355 = 0-344. (0-334 
0365 0-354 0342 0331 0:321 
0-352 0-341 0330» 0-319 (0-308 
0-340 0-328 ~=—0317 «03060296 
0328 0:316 0:305 0:294 0-284 
0-316 0:304 0-293 0-282 0-272 
0304 0:292-0:281= «0-271 ~—(0-260 
0-292 0-281 0:270 0-259 0-249 
0-281  0:270 0:259 0:248 ~—-0-238 
0-270 0-259 0-248 0:238 ~—-0:228 
0-259 0-248 0-238 = 0:227—S «0-218 
0-249 0-238 «= 0-227 Ss «0217S «(0-208 
0-238 0-228 0:217 0-208 ~— 0-198 
0-229 0-218 + = 0-208 ~— 0198 0-189 
0-219 0-208  0:198 0-189 0-180 
0-210 0:199 0-189 0180 0-171 
0:200 0:190 0181 0-172 0-163 
0-192 0-182 0-172 0163 0-155 
0-183 0-173 0-164 0-155 0-147 
0-175 0:165 0-156 0148 0-140 
0-167 0-158 0-149 0140 0-132 
0-159 0-150 0-141 0133 0-126 
0-152 0-143 0-134. 01260119 
0-144 0136 =05128 0120S 0113 
0-138 0-129 0-121 O13 0-106 
0-131 0-123 O-115 0-107 0-101 
0-124 0116 0:109 0-102 0-095 
0-118 0-110 0103 0-096 0-090 
0-112 0-105 0:097 0-091 0-085 
0-106 0:099  0:092 0-086 ~—0-080 
0-101 0-094 0:087 0-081 0-075 
0-096 0-089 0-082 0076 0-071 
0-091 0-084  0:078 0-072 0-067 
0-086 0:079 0:073 0-068 ~—-0-063 
0-081 0-075 0:069 0-064 0-059 
0-061 0-056 0-051 0-046 0-042 
0-045 0-041 0:037 0:033 0-030 
0-033 0-029 0:026 0-024 0-021 
0023 0-021 0-018 0-016 0-014 
0-017 0015 0-013 0-011 0-010 
0-012 0-010 0:009 0-007 0-006 
0-008 0-007 0:006 0-005 0-004 
0005 0-004 0:004 0-003 0-003 
0-002 0-002 0:002 0-001 0-001 
0-001 0-001 0:001 0-000 0-000 


TABLE 5.2.2A (continued) 


exp (—B sin? 6/A?) 


4-4 


1-000 
0-998 
0-996 
0-993 
0-989 


0-984 
0:979 
0-972 
0-965 
0-957 


0-948 
0-939 
0-928 
Ol 
0-906 


0-893 
0-881 
0-867 
0-853 
0-839 


0-824 
0-808 
0-792 
0-776 
0-760 


0-743 
0-726 
0-708 
0-691 
0-673 


0-655 
0-637 
0-619 
0-601 
0-583 


0-565 
0-548 
0-530 
07512 
0-495 


0-477 
0-460 
0-443 
0-427 
0-410 


0-394 
0-378 
0-363 
0-348 
0:333 


4:5 4-6 4-7 4-8 4-9 5-0 
1-000 1-000 1-000 1-000 1-000 1-000 
0-998 0-998 0-998 0-998 0-998 0-998 
0-996 0-996 0-996 0-996 0-996 0-996 
0-993 0-993 0-993 0-992 0992 0-992 
0-989 0-989 0-988 0-988 0-988 0-988 
0-984 0-984 0-983 0-983 0-983 0-982 
0-978 0-978 0-977 0077 0-976 0-976 
0-972 0-971 0-970 0-970 0-969 0-969 
0-964 0-963 0-963 0-962 0-961 0-960 
0-956 0-955 0-954 0-953 Q:952 O25) 
0-947 0-946 0-945 0-944 0-942 0-941 
0-937 0-936 0-935 0933 @:932 0-931 
0-927 0-925 0-924 0-922 0-921 0-919 
0-916 0-914 O82 0-910 0-908 0-907 
0-904 0-902 0-900 0-898 0-896 0-894 
0-891 0-889 0-887 0-884 0-882 0-880 
0-878 0-876 0-873 0-870 0-868 0-865 
0-864 0-862 0-859 0-856 0-853 0-850 
0-850 0-847 0-844 0-841 0-838 0-835 
0-835 0-832 0-829 0-825 0-822 0-819 
0-820 0-816 0-813 0-809 0-806 0-802 
0-804 0-800 O97 0-793 0-789 0-785 
0-788 0-784 0-780 0-776 0-772 0-768 
0-772 0-767 0-763 0-758 0-754 0-750 
0-755 0-750 0-745 0-741 0-736 0-732 
0-738 0°733 0-728 0723 0-718 Oks 
0-720 0-715 0-710 0-705 0-700 0-695 
0-703 0-697 0-692 0-686 0-681 0-676 
0-685 0-679 0-673 0-668 0-662 0-657 
0-667 0-661 0-655 0-649 0-643 0-638 
0-649 0-643 0-637 0-630 0-624 0-618 
0-631 0-624 0-618 0-612 0-605 0-599 
0-613 0-606 0:599 O7593 0-586 0-580 
0-594 0-588 0-581 0-574 0-568 0-561 
0-576 0-569 0-562 0-555 0-549 0-542 
0-558 0-551 0-544 0-537 0-530 0-523 
0-540 0-533 0:3525 0-518 O51 0-504 
O22 0-515 0-507 0-500 0-493 0-486 
0-504 0-497 0-489 0-482 0-475 0-467 
0-487 0-479 0-471 0-464 0-457 0-449 
0-469 0-462 0-454 0-446 0-439 0-431 
0-452 0-444 0-436 0-429 0-421 0-414 
0-435 0-427 0-419 0-412 0-404 0-397 
0-418 0-410 0-403 0-395 0-387 0-380 
0-402 0-394 0-386 0-378 0-371 0-363 
0-386 0-378 0-370 0-362 0-355 0-347 
0-370 0-362 0-354 0-346 2339 0-331 
0-355 0-347 0-339 0331 0-323 0-316 
02339 O33 0-324 0-316 0-308 0-301 
0325 0-317 0-309 0-301 0-294 0-287 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 
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TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 
exp (—B sin? 0/\?) 


TABLE 5.2.2A (continued) 


exp (—B sin? 6/4?) 
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TABLE 5.2.2A (continued) 


exp (—B sin? 6/A?) 
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TABLE 5.2.2A (continued) 


exp (—B sin? 6/A?) 


pe) 


TABLE 5.2.2A (continued) 
exp (—B sin? 0/A?) 
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TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


TABLE 5.2.2A (continued) 
exp (—B sin? 0/A?) 
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TABLE 5.2.2A (continued) 
exp (—B sin? 6/A?) 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.2A (continued) 
exp (—B sin? 6/X?) 


ee B=9:1 92 9-3 9-4 ps) 9-6 oe 9-8 9:9 10-0 
0:51 0-094 0-091 0-089 0-087 0-085 0-082 0-080 0-078 0-076 0-074 
0-52 0-085 0-083 0-081 0-079 0-077 0-075 0-073 0-071 0-069 0-067 
0-53 0-078 0-075 0-073 0-071 0-069 0-067 0-066 0-064 0-062 0-060 
0-54 0-070 0-068 0-066 0-065 0-063 0-061 0-059 0-057 0-056 0-054 
0-55 0-064 0-062 0-060 0-058 0-056 0-055 0-053 0-052 0-050 0-049 
0:56 0-058 0-056 0-054 0-052 0-051 0-049 0-048 0-046 0-045 0-043 
0-57 0-052 0-050 0-049 0-047 0-046 0-044 0-043 0-041 0-040 0-039 
0-58 0-047 0-045 0-044 0-042 0-041 0-040 0-038 0-037 0-036 0-035 
0-59 0-042 0-041 0-039 0-038 0-037 0-035 0-034 0-033 0-032 0-031 
0-60 0-038 0-036 0-035 0-034 0-033 0-032 0-030 0-029 0-028 0-027 
0-61 0-034 0-033 0-031 0-030 0-029 0-028 0-027 0-026 0-025 0-024 
0-62 0-030 0-029 0-028 0-027 0-026 0-025 0-024 0-023 0-022 0-021 
0-63 0-027 0-026 0-025 0-024 0-023 0-022 0-021 0-020 0-020 0-019 
0-64 0-024 0-023 0-022 0-021 0-020 0-020 0-019 0-018 0-017 0-017 
0-65 0-021 0-021 0-020 0-019 0-018 0-017 0-017 0-016 0-015 0-015 
0-66 0-019 0-018 0-017 0-017 0-016 0-015 0-015 0-014 0-013 0-013 
0-67 0-017 0-016 0-015 0-015 0-014 0-013 0-013 0-012 0-012 0-011 
0-68 0-015 0-014 0-014 0-013 0-012 0-012 0-011 0-011 0-010 0-010 
0-69 0-013 0-013 0-012 0-011 0-011 0-010 0-010 0-009 0-009 0-009 
0-70 0-012 0-011 0-010 0-010 0-010 0-009 0-009 0-008 0-008 0-007 
0-71 0-010 0-010 0-009 0-009 0-008 0-008 0-008 0-007 0-007 0-006 
OF72 0-009 0-008 0-008 0-008 0-007 0-007 0-007 0-006 0-006 0-006 
0-73 0-008 0-007 0-007 0-007 0-006 0-006 0-006 0-005 0-005 0-005 
0-74 0-007 0-006 0-006 0-006 0-006 0-005 0-005 0-005 0-004 0-004 
0-75 0-006 0-006 0-005 0-005 0-005 0-005 0-004 0-004 0-004 0-004 
0-80 0-003 0-003 0-003 0-002 0-002 0-002 0-002 0-002 0-002 0-002 
0-90 0-001 0-001 0-001 0-000 0-000 0-000 0-000 0-000 0-000 0-000 
TABLE 5.2.2B 


x 


Values of espa { nae as a Function of x 
e — 


x 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


For x>7, ¢(x) is given to a sufficiently close approximation by the expression 1:642/x. The values of ¢(x) at 
integral values of x up to 20 are as follows: 


x ii 8 9 10 1] 12 13 14 15 16 i 18 19 20 
d(x) 0-234 0-205 0-183 0-164 0-150 0-137 0-127 0-117 0-110 0-103 0-097 0-091 0-087 0-082 
(Continued from page 241) 5.1.2). Under any ordinary conditions the quantity 
In general, however, B must be treated as an N?e4\3/m2c4 can be treated as a constant. 
empirical constant, derived either by Wilson’s method Note that the integrated reflection p is proportional 


[19] or by the comparison of observed intensities with to the volume of the reflecting crystal or crystal 
those calculated by successive refinement from an element and has the dimensions of cm*. It is, however, 
approximate structure. Typical values of B will be independent of the shape of the crystal or crystal 
found in Volume III. element. 


; (6) Integrated Reflection from an Extended Crystal 
5.2.3. Integrated Reflection Face; to be used when crystal or polycrystalline block 
(a) Integrated Reflection from a Crystal Element; to be _ is large enough to intercept the entire incident beam. 
used when crystal or polycrystalline specimen is A different quantity, p’, also termed integrated 
bathed in a beam. reflection, is more appropriate for measuring diffracted 
The structure amplitude |F| does not define the beams from a large crystal face or from a large block 
amplitude of the radiation scattered in a particular _ of crystalline powder. Its definition is 
direction when the crystal is set in a particular ote 


orientation; this amplitude depends upon a number of aad | R'(6)d pe (12) 
incidental factors, such as the perfection of the crystal. i ey ‘sca 
A more significant quantity is obtained by considering Po—« 
the power (energy per second) of the diffracted beam In this case R’(@) is the ratio of the power of the 
as the crystal is rotated through the reflecting position, reflected beam, at angle 0, to the power of the incident 
starting and finishing in orientations for which no beam. 
appreciable scattering occurs. The integrated reflection Note that p’ is a dimensionless quantity that is 
is then defined as characteristic of the crystal and the wavelength 
Gore employed. 
p= [ROG eae O) 
5.2.4. Correction of Intensities for Angle Factors 


6,—€ 

where R(@) is the ratio of the power of the diffracted 
beam to the incident intensity, when the rays are 
incident at an angle @ with the reflecting planes. The 
angle 6) is the angle of maximum diffracted power, 
and « is chosen to include effectively all the diffracted 
radiation. 

An alternative definition of the integrated reflection 


Although equations 5.2.3 (11) and (12) are the basic 
ones, they have to be adapted to the type of specimen 
used and to the experimental conditions, which may 
introduce a different form for the Lorentz factor. The 
following are some of the important cases: 


5.2.4.1. SINGLE CRYSTAL: BEAM NORMAL TO ROTATION 


is as follows. Let the crystal be turned with angular AXIS a 
velocity w about an axis parallel to the reflecting (Oscillation and rotation photographs; normal inci- 
planes. As it passes through a small angular range in dence Weissenberg photographs.) 

the neighbourhocd of the reflecting angle 4), a total 1+ cos? 26 Ata 


amount of energy E is reflected. Then the integrated oes sin20 (cos? d— sin? 6) A(hkl)p'|F |? ... (13) 


reflection is defined as Ew/Iy. 

If an infinitesimally small block 8V of crystal reflects 
X-rays, it can be shown that the integrated reflection 
p 1s proportional to 85V. 


where ¢ is the angle between the axis of rotation and 
the reflecting planes, A(ik/) is a transmission factor, 
and p’ is the multiplicity, that is, the number of 
superimposed reflections. 


eas see ANNES) If ¢ is zero, as for zero-layer lines on oscillation, 
and geenea., Ne?|F| “yal + cos? 20 ....(11b)  Totation and Weissenberg photographs, the expression 
sin 260 \ mc? 2 reduces to 
The quantity 1/sin 26 is known as the Lorentz factor pe 1+ cos? 26 A(hkl)p'|F|? 4) 
and the final term is the polarization factor (Table sin 2 
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5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


5.2.4.2. SINGLE CRYSTAL: EQUI-INCLINATION 
WEISSENBERG PHOTOGRAPH 
2 
elo REIN: es 
€cos 6 


where € is the usual cylindrical co-ordinate of the 
reciprocal-lattice point. 


5.2.4.3. DEBYE-SCHERRER LINES ON CYLINDRICAL FILM 
1+ cos? 26 
eee SPE Le 
sin? @ cos 6 Sy 
where p” is the multiplicity, or number of superim- 
posed reflections, appropriate to this method. 


A(®)p"|F|? 


5.2.5. Lorentz-polarization Factors 


Let us put the equation for the integrated reflection 

from a small crystal of volume V in the form 

p< V.Lp|F|? 
where L is the Lorentz factor (Section 5.2.3) and p is 
the polarization factor (Section 5.1.2). 

The Lorentz factor depends on the way in which 
P,, the reciprocal-lattice point (hk/),, passes through 
the reflecting sphere. For a given experimental arrange- 
ment, the component Vp of the velocity of P, normal 
to the surface of the sphere will be proportional to the 
angular velocity w. The ratio w/Vn gives L. In the 
particular case where the axis of rotation is perpen- 
dicular to the plane containing the incident and 
reflected beams, L~!= sin 20 (Section 5.2.3). As the 
Lorentz factor L and the polarization factor p always 
occur together, it is in practice convenient to be able 
to correct for them simultaneously. The function 
(1+ cos? 26)/sin 26 is tabulated in Table 5.2.5A. This is 
theform of Lpappropriate to zero-layer reflections when 
the apparatus is set up to make oscillation, rotation 
or Weissenberg recordings. The same factor applies 
to reflections from planes parallel to the surface of an 
extended, infinitely thick crystal plate (cf. Section 5.3.1). 

The intensity of Debye-Scherrer lines on a cylin- 
drical film depends on (1+ cos? 26)/sin? 6 cos 0, the 
function which is tabulated in Table 5.2.5B. A still 
different factor, (1+ cos? 20)/sin @ cos? 6, applies to re- 
flection through an infinitely thin, extended crystal plate 
from a set of planes normal to its surface (cf. Section 
5.3.3). Thi. Sunction is-tabulated in Table 5.2.5C. 

For a single crystal, in the more general case where 
the axis of rotation makes an angle (7/2)—» with the 
incident X-ray beam and the reciprocal-lattice point P 
is on the n-layer (this layer being perpendicular to the 
axis of rotation), it may be shown that 

LS 6s jreos'y sintY fae tl 
The semi-angle of the cone of diffraction for n-layer 
reflections is (7/2)—v, and Y is the projection on the 
zero layer of the angle 26 between incident and reflected 
beams. For each experimental arrangement L can also 
be expressed as a function of € and ¢, the radial and 
axial cylindrical co-ordinates of P. The following are 
the most generally used arrangements for the photo- 
graphy of the reciprocal lattice. 
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5.2.5.1. NORMAL-BEAM METHOD, ».=0 
(Section 4.4.1(a)) 


There are three equivalent expressions for L. 
L-!= cos v sin Y 
(cos? ¢— sin? 6)# 
cos 8 
L-1=(sin? 26—£?)# 


Lt=ssin 20 apnicloy 


and 


The angle ¢ is that between the axis of rotation and the 
reflecting plane. 

Buerger and Klein [3] point out that for an n-level 
Weissenberg photograph, cos v is constant and Y can 
immediately be found from the location of the diffrac- 
tion spot on the film. Their paper includes a table of 
L= cosec Y as a function of Y. 

Cox and Shaw [6] have published a chart which, 
when drawn to scale and superimposed on a rotation 
photograph, enables (cos? ¢— sin? 6)?/cos @ to be read 
off for each reflection. 

Kaan and Cole [11] have constructed a similar but 
more convenient chart for rotation photographs which 
gives the value of the combined factor (Lp)- for each 
reflection. The necessary data for the construction of 
this chart are given in Table 5.2.5D. 

Cochran [5] has expressed the combined factor 
(Lp) as a function of € and ¢ and gives a chart which 
can be used in conjunction with a drawing of a zero 
layer of the reciprocal lattice to find the value of the 
correction appropriate to any reciprocal-lattice point. 
The necessary data for the construction of this chart 
are given in Table 5.2.5E. 


5.2.5.2. EQUI-INCLINATION METHOD, p=—v 
(Section 4.4.1(5)) 


Weissenberg cameras are often used in this position. 
The three equivalent expressions for L are 


L7*="cos* u sin 


in? 6— sin? p)* 
Lots: sin go Siha 4s INAH) a ») Y. PCL 


and L+=¢cos'é 

As before, cos? » is constant for each layer line. The 
Lorentz factor may therefore conveniently be found 
from the Buerger-Klein table of cosec Y. 

Tunell [14] has evaluated (€, ») curves of constant 
“rotation factor” (sin? 6— sin? )#/sin 6. It is, however, 
much more convenient to be able to derive the value of 
Lp in one operation. Chia-Si Lu [13] has prepared a 
chart which covers the range 0< ¢< 1, and for a given 
value of ¢ gives cos? »« sin Y/(1+ cos? 26) as a function 
of Y. Lu’s chart can therefore be used in conjunction 
with the Weissenberg photograph to find the value of 
(Lp)-! for each reflection. 

Kaan and Cole [11] have prepared a similar chart, 
but they have omitted the factor cos? p, as it is constant 
on a given layer line. Their chart covers the range 
O0< p< 30°. The necessary data for the construction of 
this chart are given in Table 5.2.5F. 


es 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


Chia-Si Lu [13] and Cochran [5] have expressed 
(Lp)-} as a function of € and ¢. Curves on which the 
value of € cos @/(1+ cos? 26) is constant are drawn ona 
chart which covers the whole range of values which € 
and ¢ can assume. This chart is to be used in conjunc- 
tion with a drawing of a zero layer of the reciprocal 
lattice. Data are given in Table 5.2.5G. 


5.2.5.3. THE PRECESSION METHOD (C. E. Nordman) 


The Lorentz factor for recording with the Buerger 
precession camera is extremely complicated. The 
camera is constructed so that the normal to the 
reciprocal-lattice layer being photographed moves on 
the surface of a circular cone of semi-angle fz. This 
precession takes place with a constant angular velocity 
Q. In such circumstances w is not constant, and L is 
found to depend on all three cylindrical polar co- 
ordinates (€{7) of a reciprocal-lattice point.f For the 
particular case 7=30° (a convenient value in practice) 
the functions {L(é0r)p}-? and {L(é¢r)p}-! have been 
evaluated and the results presented in the form of 
contoured charts by Waser [17], Burbank [4] and 
Grenville-Wells and Abrahams [10]. An extension of 
these calculations has been made, and the values of 
(Lp)- corrections are presented in Table 5.2.5H, in 
the form of the radial co-ordinates of various contours 
of constant (Lp)-! where these intersect a set of 
‘“‘spokes” of given angular co-ordinates. 

Table 5.2.5I (prepared by J. Kraut) gives relative 
values of (Lp)~ at points of a Cartesian co-ordinate 
system in the reciprocal plane, for zero-level precession 
photographs for odd precession angles between 11° and 
29°. Values for even precession angles may be obtained 
by interpolation provided that points near to the outer 
edges of the tables are avoided. If preferred, the data 
can be normalized to a maximum Lp value of unity. 


5.2.5.4. OTHER METHODS OF RECORDING 

The Lorentz factor appropriate to the de Jong- 
Bouman method of recording has been derived by 
Bouman and de Jong [1] and by Buerger [2]. 

For the retigraph where there is no azimuthal 
variation, A. L. Mackay {Acta Cryst., 13, 240, 1960} 
gives the following previously unpublished formulae. 
For unpolarized incident radiation: 

LPS? sintipea(C*=20cos p+ €*)* 

One Pies? costa 4 (C220 sin ps")? 
The angle @ is defined in Section 5.2.5.3 and it is the 
complement of the angle » as defined in Table 4.3.1 
(p. 175) and again in Section 5.2.5.1. The expression 
is identical with the more usual form in terms of 
4(1+cos? 26). 
For monochromatized incident radiation: 
p=+4c0s? 26,(2 —d**)?+ 4d*4(cos? 26), — 1) 

tan? (A+ p’) 

where 0), is the Bragg angle for the reflection from the 
monochromator; the axis about which the film plane 
is tilted lies in the plane of reflection of the mono- 


chromator; pu’ is the cone semi-angle for the layer in 
question; d*=A/d. 

Kartha [12] has prepared a chart from which the 
value of (Lp)- can be read off when the anti-equi- 
inclination method of recording zero-layer Weissea- 
berg photographs has been used. 


5.2.5.5. GENERAL REMARKS ON THE USE OF CHARTS 
AND TABLES 


The methods which give Lp as the product of two 
factors, each of which must be looked up separately, 
are less convenient than the others. The methods of 
Buerger and Klein [3], Cox and Shaw [6], Tunell [14], 
and Goldschmidt and Pitt [9] fall in this category. 
The remaining methods may be divided into two 
groups: 


(a) Those where Lp is expressed as a function of ¢ 
(or ») and Y. The charts are used in conjunction 
with the X-ray photograph. 


(b) Those where Lp is expressed in terms of € and ¢. In 
this case the charts are used in conjunction with a 
drawing of a layer of the reciprocal lattice. 


On a rotation photograph taken with a camera of 
radius r, the co-ordinates (xy) of a spot on the film are 
related to Y and ¢ by the equations 

Keats yorl/y/ (1—C*) 

(y is along the direction of the rotation axis). Table 
5.2.5D gives the values of x, for a range of values of y, 
for which (Lp)—! assumes the values of 0, 0-1, 0:2,..., 
2:0. The numbers refer to a camera of radius 5 x 2-865 
cm, but the change to any other radius is a matter of 
simple proportion. The chart is symmetrical about the 
line-Y=90*. 

From this table, charts appropriate to an n-level 
normal-beam Weissenberg photograph can also be 
constructed. 

For an equi-inclination Weissenberg photograph, 
pw is constant and 


(Ep) = 


Table 5.2.5F gives the values of Y, for a number of 
values of y, at which 2 sin Y/(1+ cos? 20) assumes the 
values 0, 0-1, 0°:2,..., 2:0. From this table a chart can 
be constructed which is appropfiate to an n-level equi- 
inclination Weissenberg photograph. 

The remaining tables are for the construction of 
charts to be used with a drawing of the reciprocal 
lattice. Table 5.2.5E gives values of é, for a range of 
values of £, at which (Lp)~! assumes the values 0, 0-1, 
0-2, ..., 2:0. It is for the normal-beam method of 
recording. Table 5.2.5G contains the data for a similar 
chart appropriate to the equi-inclination method. 


2 cos? w sin Y 


————_——_ eee) 
1+ cos? 26 2°) 


+ Note that (€f7) as used here and by Waser, etc. [17] [4] [10], 
correspond to the (£4) co-ordinates adopted in Section 4; é is 
the radial, ¢ the axial and 7 the angular cylindrical co-ordinate 
of the reciprocal lattice point P(é¢r). 


TABLE 5.2.5A 


2 
Lorentz-polarization Factor, 2p as a Function of sin @ 
si 


sin 6 0-000 0-001 0-002 0-003 0-004 0-005 0-006 0-007 


0-00 00 1000 500-0 33373 250-0 200-0 166-7 142°8 
0-01 99:95 90-89 83°32 76:90 71-41 66°64 62°48 58°80 


0-008 


125-0 


0-009 


Lb leh 
52°60 


TABLE 5.2.5A (continued) 


2 
Lorentz-polarization Factor, Pines ecobae” 
sin 26 


0-002 0-003 
1-435 1-431 
1-394 1-390 
1-356 1-352 
1-319 13.15 
1-284 1-281 
1-252 1-249 
1222 1209 
1-193 1-190 
1-166 1-164 
1-142 1-139 
| WW i Bi 
1-098 1-096 
1-079 1-077 
1-062 1-061 
1-047 1-046 
1-034 1-033 
1-023 1-22 
1-014 1-013 
1-007 1-007 
1-003 1-002 
1-000 1-000 
1-000 1-000 
1-003 1-003 
1-008 1-008 
1-015 1-016 
1-026 1-027 
1-040 1-041 
1-056 1-058 
1-077 1-079 
1-101 1-104 
1-129 Bie 
1-162 1-166 
1-200 1-204 
1-243 1-248 
1293 1-298 
1-350 1-356 
1-415 1-422 
1-489 1-497 
175 1-584 
1-674 1-684 
1-789 1-802 
1-925 1-940 
2-087 2°105 
2:284 2:307 
231 O59 
2°849 2°886 
3-282 3-334 
S221 4-004 
5-020 S179 
W433 8-289 


0-004 


1-427 
1-386 
1-348 
1-312 
1-278 


1-246 
1-216 
1-188 
| Bah We 
Lal37 


ies ke 
1-094 
1-076 
1-059 
1-044 


as a Function of sin 0 
0-005 0-006 0-007 
1-422 1-418 1-414 
1-382 1-378 1-375 
1-344 1-341 133% 
1-308 1-305 1-302 
1-274 L-2hl 1-268 
1:243 1-240 1-236 
1-213 1-210 1-207 
1-185 1-182 1-179 
1-159 1-156 1-154 
1-135 1-132 1-130 
Lelt2 1-110 1-108 
1-092 1-090 1-088 
1-074 1:072 1-070 
1-058 1-056 1-054 
1-043 1-042 1-040 
1-031 1-030 1-028 
1-020 1-019 1-018 
1-012 1-011 1-010 
1-006 1-005 1-005 
1-002 1-002 1-001 
1-000 1-000 1-000 
1-001 1-001 1-001 
1-004 1-004 1-005 
1-010 1-010 1-011 
1-018 1-019 1-020 
1-030 1-031 1-032 
1-044 1-046 1-048 
1-062 1-064 1-066 
1-084 1-086 1-088 
1-109 112 jis) Hs 
1-139 1-142 1-145 
1-173 1A) a 1-180 
1-212 217 1-221 
1-258 1-262 1-267 
1-309 1-315 1-320 
1-368 1-375 1-381 
1-436 1-443 1-451 
1-513 1*522 1-530 
1-603 1-612 1-622 
1-706 1-718 1-729 
1-827 1-841 1-854 
1-970 1-986 2-002 
2°142 2-161 2-181 
25352 2:376 2-400 
2°617 2°648 2:679 
2:964 3-004 3-047 
3-445 3-504 3-566 
4-182 4-280 4-383 
5-543 5°753 5:986 
9-861 11-05 12-80 


0-008 0-009 
1-410 1-406 
1 Sid 1-367 
1333 [330 
1-298 1-295 
1-265 1:262 
1-234 1-230 
1-204 1-201 
NE WAS 1-174 
IeISh 1-149 
1-128 1-126 
1-106 1-104 
1-086 1-085 
1-069 1-067 
1-053 1-051 
1-039 1-038 
1-027 1-026 
1-018 1-017 
1-010 1-009 
1-004 1-004 
1-001 1-001 
1-000 1-000 
1-001 1-002 
1-005 1-006 
1-012 1-013 
1-021 L022 
1-034 1-035 
1-049 1-051 
1-068 1-070 
L091 L093 
1:118 1-120 
1-148 T-152 
1:184 1-188 
eo) 1-230 
212 MP | 
1-326 332 
1-388 1-394 
1-458 1-466 
1-539 1-548 
1632 1-642 
1-741 752 
1-868 1-882 
DO19 22035 
2201 2221 
2-425 2°451 
2741 2°744 
3-090 3-136 
3-630 3-698 
4-493 4-611 
6:247 6°542 
ea | 22°26 


TABLE 5.2.5B 


2 
Correcting Factor SUP Sos get as a Function of sin 6 
sin @ sin? @ cos @ 


sin 8 0-000 0-001 0-002 0-003 0-004 0-005 0-006 0-007 0-008 0-009 


0-02 | 4997 4532 4129 3778 3469 3197 2956 2740 2548 2313 
O03 7) 2219 2078 1950 1834 1727 1630 1540 1458 1382 132 
0:04 | 1247 1187 Pest 1079 1030 984-7 942°2 902°4 865-1 830-0 


0-05 797-0 765:°9 736°7 709-0 682-9 658-2 634°8 612°6 S91-5 my AES 
0-06 552°6 534°5 SLys3 500-9 485-3 470:4 456:1 442-5 429-5 417-1 
0-07 405-2 393°8 382°8 S125 362-2 3520 343-3 3343 320°) Bh ie 
0-08 Dee) 301°8 294:5 287-3 280:5 21S 267°4 261:3 2))°3 249-5 
0-09 243-9 238-5 233°3 228°3 223-4 218-6 214-0 209-6 205:3 201:1 


0-10 197-0 yee 189-3 185-5 181-9 178-4 175-0 se Gai) 168-5 165-4 
0-11 162:3 159-4 156:5 yew) 150-9 148-3 145-7 143-1 140-7 138-3 
0-12 1'3,5:9 133-6 131-4 129-2 Liat 125-0 123-0 121-0 119+] Lide2 
0-13 115-4 113-6 111-8 110-1 108-4 106°8 105-2 103-6 102-1 100-6 
0-14 99-10 97-65 96-24 94:86 93:51 92:18 90:89 89-61 88°37 87°15 


OSS Be) 85-95 84-78 83-63 82°50 81-40 80°31 19-29 18°20 77°18 76°18 
0-16 75:20 74:23 73°28 qe 71-44 70°54 69-66 68-79 67:94 67°11 
0-17 66°28 65:48 64-69 63:91 63°14 62:39 61:65 60°92 60-21 59°51 
0-18 58°82 58°14 57°47 56°81 Sov, eh os. 54:91 54:29 53°69 53:09 
0-19 52°50 51-92 51:36 50-80 30:25 49-70 49-17 48-64 48-12 47-61 


0-20 47-11 46-62 46-13 45-65 45:18 44-7] 44-25 43-80 43-35 42:91 
0-21 42:48 42-05 41-63 41-2] 40-80 40-40 40-00 39-60 39-22 38-84 
0-22 38-46 38-09 i 2 37:36 37-00 36°65 36°30 35:96 35-62 35:29 
0-23 34:96 34-63 34-3] S509 33-68 S371 33:07 Shh 32:47 327 
0-24 31:88 31-60 aileey? 31-04 30-76 30°49 30-22 29°95 29°69 29-43 


0-25 29-18 28-92 28°67 28-43 28:18 27:94 27:70 27:47 Zis23 27:00 
0:26 26°78 2OP5> 20°99 26:11 Vise) 25-68 25:47 2S 205 24:84 
Or 24-64 24-44 24:24 24-05 23'S) 23-66 23-47 23°28 23-10 Zoot 
0-28 Pai dah i Divi 2a 30 22:20 223 21°85 21-68 2152 21°35 21-18 
0-29 21-02 20-86 20-70 20-54 20:38 20:23 20-08 $995 19-78 19-63 


0-30 19-48 19:33 Loe 19-05 18-91 18-77 18-63 18-49 18-35 18-22 
0-31 18-09 17:96 17:82 17:70 LiL 17:44 17-32 17:19 17:07 16:95 
0:32 16°83 16-71 16:59 16:47 16:35 16:24 16:12 16:01 15-90 |e) 
0-33 15-68 15:57 15-46 15-36 152) [5-15 15:04 14-94 14-84 14-74 
0-34 14-64 14°54 14-44 14-34 14-24 14-15 14-05 13-96 13-87 (3-77, 


0-35 13-68 13°59 13-50 13-41 1332 13-24 13-415 13-06 12:98 12:89 
0:36 12°81] 12-73 12-64 12:56 12:48 12-40 12:32 12:24 1216 12-09 
0-37 12-01 11-93 11-86 11-78 ery 11-63 11:56 11:49 11-42 11-34 
0-38 127 11-20 OS ks 11-06 11-00 10:93 10-86 10-79 10-73 10°66 
0-39 10-60 10-53 10-47 10-40 10-34 10-28 10-22 10-15 10-09 10-03 


0-40 9:973 9913 9-854 9-795 9-736 9-679 9:62] 9-564 9-508 9-452 
0-41 9-396 9-341 9-286 9:232 9-178 9-124 9-071 9-019 8-966 8-915 
0-42 8-863 8-812 8-761 8-711 8-661 8-612 8°562 8514 8-465 8°417 
0-43 8-370 8:322 S25 8:229 8-182 8-136 8-091 8-046 8-001 7-956 
0-44 UOL2 7868 7825 7:781 7:738 7696 7-654 7-612 7:570 ie 
0-45 7-488 7447 7-406 7366 7:326 7:287 7248 7:208 7-170 RISE 
0:46 7-093 7055 7-018 6:980 6:943 6907 6°870 6°834 6:798 6°762 
0-47 6:727 6692 6°657 6°622 6°588 O7553 Cato 6486 6°452 6°419 
0-48 6°386 6°353 6°321 6:288 6:256 6:224 6:193 6:162 6°130 6°100 
0-49 6-069 6:038 6-008 OTS 5-948 5-918 5°889 5-860 5°831 5-802 


270 


TABLE 5.2.5B (continued) 


2 
Correcting Factor ae weeer 28 as a Function of sin 0 
sin @ sin? @cos @ 


0-98 9-668 92935. Se10i22 10-54 10-88 L1=25 11-67 1213 12-65 1323 
0-99 13-90 14-68 15299 16-70 18-06 19-82 22-20 25:67 31-49 44-57 


271 


Correcting Factor 


TABLE 5.2.5C 


4Lp 1 +cos? 26 
cos @ sin @ cos? 6 


as a Function of sin 6 


sin @ 0-000 0-001 0-002 0-003 0-004 0-005 0-006 0-007 0-008 0-009 
0-00 co 2000 1000 666°7 500-0 400-0 35079 285:7 250-0 Zane 
0-01 200-0 181°8 166:6 [53*8 142°8 13373 1250 117:6 PEI 105-2 
0-02 100-0 95-20 90-86 86:91 83°29 80-00 76°87 74-02 71:37 68-91 
0-03 66°61 64:45 62°44 60:54 58°76 X07 55-48 53-98 52:56 51-20 
0-04 49-92 48-70 47°54 46-43 45:37 44-35 43-39 42-46 41-57 40-72 
0-05 39:90 39911 38°36 37-63 36°93 35725 35-60 34:97 34:37 33°78 
0-06 SoZ] 32°67 32813 31-62 31e12 30°64 i 29872 29:28 28-85 
0-07 28-43 28-03 27°63 29025 26°88 26P52 26°16 25°82 25:49 25:16 
0-08 24:84 24-53 24-23 23°93 23-64 23236 23-09 22°82 22S 5S 22-30 
0-09 22:04 21-80 21:56 DESZ 21-09 20°86 20-64 20:43 PA Ug | 20:01 
0-10 19-80 19-60 19-4] 19:21 19-02 18-84 18-66 18-48 18-31 18-13 
0-11 17:96 17:80 17:64 17-48 [G32 17:16 LO 16°86 fGy72 L657, 
0-12 16-43 16:29 16°15 16-02 15-88 15:75 15-63 15.50 15:37 15725 
0-13 $3 15-01 14-89 14-78 14-66 14-55 14-44 14-33 14-22 14-12 
0-14 14-01 13°91 13°81 1374 13-61 [351 13-41 13332 [3:22 13213 
0-15 13-04 E295 12:86 Per? 12-69 12-60 [2:52 12-43 [235 12°27 
0-16 219 ie BI 12:03 DDS 11-88 11-80 Htey3 11-65 11-58 ht31 
0-17 11-43 11-36 eT29 VE23 11-16 11-09 11-02 10-96 10-89 10°83 
0-18 10-76 10-70 10-64 10-58 10°51 10-45 10-39 10:33 10-28 10-22 
0-19 10-16 10-10 10-05 9992 9-936 9-882 9-828 9-774 O72 1 9-669 
0-20 9-617 9-565 9-514 9-464 9-414 9-364 315 9-266 O72 18 9-170 
0-21 9:14.25 9-076 9-030 8-984 8-938 8-893 8-848 8-804 8-760 8-716 
0-22 8°673 8-630 8:588 8546 8-504 8-463 8422 8-381 8:34] 8:301 
0-23 8:26] 87222 8183 8-144 8-106 8-068 8-030 E993 7-956 TOD 
0:24 7883 7-846 7811 iro 7:740 T10) 7-670 7:635 7-601 7:°567 
0-25 Ned 33 7500 7:467 7-434 7401 7:369 7:336 7:304 T:273 7:24) 
0-26 7:210 ELI9 7148 7118 7-087 T-OS7 7-027 6:998 6:968 6-939 
0:27 6:910 6°881 6°852 6°824 6:796 6°768 6:°740 6:712 6:685 6658 
0-28 6630 6:604 6:°577 6°550 6:°524 6498 6-472 6:446 6-420 6°395 
0:29 6:370 6°345 6:320 6°295 6:270 6246 6:222 6:198 6-174 6°150 
0-30 6°126 6-102 6:079 6-056 6:033 6:010 5-987 5-965 5-942 5-920 
0-31 5:898 5:876 5-854 5:832 5:810 5-789 5-767 5-746 5:125 5-704 
0-32 5-683 5-662 5-642 5-621 5-601 5:58] 5-560 5-540 5°521 5-501 
033 5-481 5:462 5-442 5:423 5-404 5:38.) 5-366 5:347 323.26 5:310 
0:34 5:29] 203 a:2909 5:236 5-218 5-200 5:182 S165 5-147 5-130 
0-35 elt 5-095 S0i7. 5-060 5-043 5-026 5-009 4:992 4:976 4-959 
0-36 4-943 4-926 4-910 4-394 4-378 4-862 4-846 4-830 4-814 4-798 
0-37 4-783 4-767 4-752 4-736 4-721 4-706 4-691 4-676 4-661 4-646 
0-38 4-631 4-617 4-602 4-588 4-573 4-559 4:544 4-530 4-516 4-502 
0-39 4-488 4-474 4-460 4-447 4-433 4-419 4-406 4-392 4-379 4-366 
0-40 4-352 4-339 4-326 4-313 4-300 4-287 4:274 4-262 4-249 4-236 
0-41 4-224 4-211 4-199 4-186 4-174 4-162 4-150 4-138 4-126 4-114 
0-42 4-102 4-090 4-078 4-066 4-055 4-043 4-032 4-020 4-009 3998 
0-43 3-986 S975 3:964 3953 3-942 B93 i 3920 3-909 3-898 3°887 
0-44 SSH 7 3°866 3-856 3-845 3-835 3°824 3-814 3°804 S193 3-783 
0-45 S713 3-763 S78 3°743 ee as/23 3-713 3-704 3-694 3-684 
0-46 3°675 3:665 3-656 3-646 3637 3°628 3°618 3-609 3-600 3°59] 
0-47 3-582 33573 3-564 33502 3:546 32537 B29 3-520 S51) 3-503 
0-48 3-494 3-486 3°477 3-469 3-460 3-452 3-444 3-436 3°427 3-419 
0-49 3-411 3-403 32395 3-387 3-380 33372 3°364 3-356 3-348 3-341 


TABLE 5.2.5C (continued) 


4Lp_ 1+ cos? 26 


Correcting Factor —— 


cos @ sin 6 cos? 6 


as a Function of sin 0 


sin 0 0-000 0-001 0-002 0-003 0-004 0-005 0-006 0-007 0-008 0-009 
0-50 3-333 3-326 3-318 3°31] 3-304 3-296 3-289 3-282 3-274 3-267 
0:51 3-260 39253 3-246 3-239 3-232 3-225 3-218 3-212 3-205 3-198 
0:52 3-192 3-185 3-178 3-172 3-166 3-159 3-153 3-146 3-140 3-134 
0:53 3-128 3-122 3-115 3-109 3-103 3-097 3-092 3-086 3-080 3-074 
0-54 3-068 3-063 3-057 3-051 3-046 3-040 3-035 3-029 3-024 3-019 
0:55 3-013 3-008 3-003 2-998 2-993 2-988 2-983 2:978 2:973 2:968 
0:56 2:963 2-958 2:954 2-949 2-944 2-940 2:935 2°931 2-926 2:922 
0-57 2:917 2:913 2:909 2-905 2-900 2°896 2:°892 2:888 2°884 2:880 
0:58 2:876 2872 2°869 2°865 2°861 2°858 2°854 2°850 2:847 2°843 
0-59 2:840 2:837 2°833 2:830 2°827 2°824 2°820 2°817 2°814 2°811 
0-60 2-808 2°805 2:803 2:800 2:797 2:794 2:792 2:789 2:787 2:784 
0-61 DEED 2:779 2:777 2:775 ORS hp 2-770 2:768 2:766 2:764 2-762 
0:62 2:760 2:758 2:756 2155 2°753 2°751 2:750 2-748 2:747 2:745 
0-63 2:744 2:742 2-741 2:740 2:739 2:°738 213) 2:736 2:735 2°734 
0-64 2:°733 PAH Ds 2152 2:731 2:730 2:730 2:729 2-729 2:728 2°728 
0°65 2:728 2:728 2-728 2:728 2:°728 2-728 2:728 2:728 2°728 2°729 
0:66 2°729 2:730 2-730 2°731 2:731 2-732 2°733 2:°734 2:734 2:°736 
0:67 2731 2:738 2:739 2:740 2:742 2:743 2:744 2:746 2:748 2-749 
0:68 2151 2:753 2:755 2°157 2:759 2:761 2°763 2:765 2:768 2:770 
0:69 2413 27715 2:778 2:781 2:784 2:°786 2:789 2:792 2°796 2:799 
0-70 2-802 2-806 2-809 2°813 2°816 2°820 2°824 2:828 2-832 2°836 
0:71 2-840 2-845 2:849 2:854 2:858 2°863 2-868 2:872 2:878 2:883 
0:72 2:888 2-893 2-898 2-904 2-910 2:915 2°921 2:927 2-933 2:939 
0-73 2-945 2:952 2-958 2-965 2-972 2:978 2-985 2-992 2-999 3-007 
0:74 3-014 3-022 3-029 3-037 3-045 3-053 3-061 3-070 3-078 3-086 
0-75 3-095 3-104 3-113 3-122 3-131 3-141 3-150 3-160 3-170 3-180 
0:76 3-190 3-200 3-211 3°22 3-232 3-243 3254 3-266 B77 3-288 
0:77 3-300 3-312 3-324 CHEW 3-349 3362 3-374 3-388 3-401 3-414 
0:78 3-428 3-442 3-456 3-470 3-484 3-499 3-514 3-528 3-544 3-559 
0-79 3557) 3°591 3-607 3-623 3-640 3-657 3-674 3-691 3-708 3-726 
0-80 3-744 3-763 3-781 3-800 3-819 3-839 3-858 3-878 3-898 3-919 
0-81 3-940 3-961 3-982 4-004 4-026 4-048 4-071 4-094 4-117 4-141 
0:82 4-165 4-189 4-214 4-239 4-265 4-290 4-317 4-343 4-370 4-398 
0-83 4-426 4-454 4-482 4-511 4-54] 4-571 4-601 4-632 4-663 4-695 
0:84 4-727 4-760 4-793 4-827 4-862 4-896 4-932 4-968 5-004 5-041 
0-85 5-079 +117 5-156 5:196 5:236 5:276 5-318 5:360 5-403 5-446 
0-86 5:49] 5:538 5-581 5-628 5-675 5:723 5°772 5-822 5-872 5-924 
0:87 5:976 6-030 6-084 6-139 6:195 6-252 6:310 6-°370 6:430 6-491 
0-88 6°554 6-618 6-683 6-749 6:°816 6-885 6:955 7:026 7:099 7-173 
0-89 7-249 7-326 7-405 7-485 7:567 7-650 7:736 7-823 7:912 8-003 
0:90 8-096 8-190 8-287 8-386 8-488 8-591 8-697 8-805 8-916 9-029 
0:91 9-145 9-264 9-385 9-510 9-637 9-768 9:902 10-04 10-18 10:32 
0-92 10-47 10-62 10-78 10:94 11-11 11-28 11-45 11-63 11-81 12:00 
0-93 12:20 12-40 12°61 12-82 13-04 19:27 13-50 13-74 13-99 14:25 
0:94 14-52 14-79 15-08 15:38 15-68 16:00 16-33 16-68 17:03 17°41 
0-95 17:79 18-19 18-61 19-05 19-51 19-98 20:48 21-00 21553 22:13 
0:96 22:73 23:37 24-03 24:74 25°48 26:27 27°11 27:99 28:93 29:93 
0:97 31-00 32:15 33°37 34-69 36:11 37:64 39-30 41-11 43-08 45-23 
0:98 47-61 50-23 53-15 56°41 60-08 64:24 68:99 74-48 80-88 88:44 
0-99 97:52 108:6 122-5 140-3 164-1 197: 247°3 330°5 496-7 994-1 
48 213 


TABLE 5.2.5D 
Data for the Construction of Constant (Lp)? Curves for Rotation and Oscillation Photographs 


The table gives the relationship between the x and y film co-ordinates in cm for constant (Lp)-! values from 
Y=0° to 45° or 90° to 45°. Data for camera radius of 5x 2-865 cm; y is parallel to the rotation axis. 


igs 


10:05, 12:5 


LO Liew 20-U eee a 


0-10 1-43, 1-43. 1:43 1:43 1-437 0044 146 ©1490 53) | 1238 l-6Saler2 ee 
0-20 2:83, 2°83_,.2:83 2:33 6, 2°84-0 2:86 2°39 2296304) ae ees See 
0-30 4:18 418 4:18 418 4:20 4:23 429 4:39 4-53 4:70 490 5:12 5:37 
0-40 5-46 5:47 5:47 5:47 549 5:55 5:64 5:78 5:97 621 649 680 7:15 
0-50 6°68 668 6:68 6:69 6:73 680 6:94 7:13 7:38 7:69 8:06 8-48 8-95 
0-60 7T:82-. 7°83 7:83 784° 7-89)8:00 817. 8-42°.8:75 9:15% 9-621016 10-77 
0-70 8°89 8:90 8:91 891 899 9:13 9-36 9-67 10:08 10°59 11-19 11-88 12-68 
0-80 9:90... 9:91...9:92 9-93 .10-03..10:22 10:50,.10°89..11-40 12-:03512-7913-65 l4g0 
0-90 10:86 10°87 10°88 10:90 11:02 11-25 11-60 12:09 12-71 13-50 14:47 15:68 17:26 
1-00 L1:77<11-78.11:80 11°82.11:97,.12:26 12°68513-27 514-05 15:05516-35anleehe 

1-10 12-64 12°66 12:68 12:70 12-89 13-23 13:75 14:47 15-45 16-77 18-75 

1-20 13-48 13:51 13:53 13:55 13-79 14:20 14-83 15-72 17-00 18-97 

1-30 14:30 14:34 14:36 14:39 14-67 15:17 15:94 17-09 18-91 

1-40 ISPD STS 164 SAD 15225156064) lows 

1-50 15:94 15-98 16:02 16:06 16-47 17:22 18-50 21:56 

1-60 16°77 16°83 16°87 16:93 17-43 18-41 20-42 

1-70 17:66 817-73, A7-78 17:86,018°50, 19-91 These figures give the 

1-80 18-64 18:73 18-80 18-90 19-82 x film co-ordinates in cm. 

1-90 19-83 19:97 20:08 20-24 

1-95 20-63 20°84 21-02 21-30 

1-98 DAS Se A ee ry, 
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Values of €, for a Range of Values of ¢, at which (Lp)—1 assumes the Values 0, 0-1, 0-2, .. ., 2:0 


For normal-beam recording (Lp)~!= 


0-1 


0-2 


TABLE 5.2.5E 


205 


0-4 


0-083 
O27 
0-207 
0-292 
0-376 


0-455 
0-530 
0-601 
0-667 
0-730 


0-789 
0-846 
0-901 
0-955 
1-008 


1-063 
1-120 
1-185 
12275 


1-433 
1-508 
1-557 


1597 
1-632 
1-664 
1-694 
1-722 


1-749 
1-774 
12799 
1-822 
1-844 


1-864 
1-881 
1-896 
1-907 
1-914 
ed hy, 


2(sin? 20—¢?)# 
1+cos? 20 


0-5 


0-6 


0-200 
0-220 
0-270 
0-335 
0-405 


0-476 
0-545 
0-613 
0-677 
0-740 


0-800 
0-860 
0-920 
0-981 
1-046 


1122 
1-281 


1-28] 


1-421 
1-478 
1522 
1-560 
1-594 


1-625 
1:653 
1-680 
1-704 
1-727 


1-747 
1-765 
1-780 
1791 
1-798 
1-800 


0-7 


0-286 
0-299 
0-336 
0-388 
0-448 


0:512 
0-576 
0-641 
0-704 
0-767 


0-830 
0-894 
0-962 
1-038 
1-144 


TABLE 5.2.5F 
Data for the Construction of Constant (Lp)! Curves for Equi-inclination Weissenberg Photographs 
The table gives the relationship between Y and yp in degrees for constant (Lp)-! values 


Lp) B 008 25S 0 F100 12S SO 0 ee ee 


0-10 57ST S655 S152 50 AB A 5d eS Beers 
0:20 11:3. 11-3 11-1 109 10:7 103 99 95 90 85 81 76 Tl 
0-30 16-7 167 16:5 162 158 15:3 148 141 13:4 12:7 12:0 11:3 10-7 
0-40 21-9 21-8 21-6 21:2 20-7 20-1 194 186 17:7 169 15:9 15-1 14-2 
0-50 26-7 26:6 26-4 26:0 25-4 24-7 239 22:9 21-9 20:9 19-8 187 17-7 
0-60 31°3° 31-2 - °30°9°"30-5°29:8 29:0" 28-191 1259 24-7 as5 Paes By 
0-70 35-6 35:5 35-2 34-7 340 33:2 32:2 31:1 29:8 285 27-2 258 24-5 
0-80 39-6 39-5 39-2 38-7 38:0 37:1 361 34:9 33:6 32:2 30:7 29:3 27-9 
0-90 43-4 43:3 43-0 42-5 41-8 40-9 39-8 38:6 37:2 35:8 342 32:7 31:3 
1-00 47-1 47-0 46:6 46:1 45-4 445 43:4 42:1 40:7 39:2 37-7 361 346 
1:10 50:5 50-4 50:1 49-6 48:9 47:9 46:8 45-6 44-2 426 41-1 39-5 37-9 
1-20 53-9 53-8 53:5 53:0 52:2 51:3 50-2 49:0 475 46:0 44-4 42-8 41-2 
1:30 57-2 571 568 563 55:6 546 535 52:3 50:9 49-4 47:8 46-2 44-6 
1-40 60-5 60-4 60:1 595 588 57:9 569 556 54:2 52:7 S12 49:6 48-1 
1-50 63-7 63:6 63:3 62:8 621 61:3 60:2 59:0 57:7 562 547 531 51-4 
1-60 67-1 67:0 66:7 66:2 65:5 64:7 63:7 625 61:2 598 58:3 569 55-5 
1:70 70-6 70:5 70-3 69:8 691 683 67:3 662 65:0 636 62:3 61:0 59-8 
1-80 746 74:5 74-2 73:7 731 72:3 71-4 70-4 69:2 68:0 668 65:7 64-7 
1:90 79-3 79:2 79-0 78:6 78:0 77-3 764 75:5 74:5 73:5 726 72:0 71-9 
1:95 82:5 82-4 82:2 81:8 81-3 80-6 79:8 79:0 78-2 77:5 77:2 77-7 

1-98 85-3 85:2 85:0 84:6 841 83:5 82:9 82:3 81:9 82:3 

2-00 90-0 

1-98 94-7 94:6 944 941 93-6 92:8 91:9 90-6 88:9 861 

1-95 97-5 97-4 97:2 968 96-4 95:8 95:0 93-9 92:6 90:9 88-6 853 

1:90 100-7 100-6 100-4 100-1 99-7 99-1 98-4 97:5 96:4 95:0 933 91-1 g84 
1:80 105-4 105-4 105-2 105-0 104-6 104-1 103-4 102:7 101-7 100-6 99:3. 97-7 95-7 
1:70 109-4 109-3 109-2 108-9 108-6 108-1 107:6 106-9 106-1 105-1 103-9 102-6 101-0 
1-60 112-9 1129 112-7 112-5 112-2 111-8 111-3 110-7 110-0 109-1 108-1 106-9 105-6 
1-50 116-3 116-2 116-1 1159 115-6 115-3 114-8 114:3 113-6 112-9 112-0 111-0 109-8 
1-40 119-5 119-5 119-4 119-2 119-0 118-6 118-2 117°8 117-2 1165 115-7 114-9 113-9 
1:30 122-8 122-8 122-7 122-5 122-3 122-0 121-6 121-2 120-7 120-1 119-5 118-7 117-8 
1:20 126-1 1261 126-0 125-8 125-6 125-4 125-1 124-7 124-3 123-8 123-2 122-5 121-8 
1-10 129-5 129-4 129-4 129-2 1291 128-9 128-6 128-3 127-9 127:5 127-0 126-4 125:8 
1:00 132-9 132-9 132-9 132-8 132-6 132-4 132:2 131-9 131-6 131-3 130-9 130-4 129-9 
0-90 136-6 1366 136-5 136-4 136-3 136-2 136-0 135-8 135-5 135:2 134-9 134-5 134-1 
0-80 140-4 140-4 140-3 140-3 140-2 140-1 139-9 139-7 139-5 139-3 139-1 138-8 1384 
0-70 144-4 144-4 144-4 144-3 144-3 144-2 144-1 143-9 143-8 143-6 143-4 143-2 143-0 
0:60 148-7 148-7 148-7 148-7 148-6 148-5 148-5 148-4 148-3 148-1 148-0 147-9 147-7 
0:50 153-3 153-3 153-3 153-2 153-2 153-2 153-1 153-1 153-0 152:9 1528 152-7 152-6 
0:40 158-1 158-1 158-1 158-1 158-1 158-1 158-0 158-0 158-0 157-9 157-9 157-8 157-8 
0:30 163-3 163-3 163-3 163-3 163-3 163-3 163:2 163-2 163-2 163-2 163-2 163-1 163-1 
0:20 168-7 168-7 168-7 168-7 168:7 168-7 168-7 168:7 168-7 168-7 168-6 168:6 168-6 
0-10 174-3 174-3 174-3 174-3 174-3 1743 174-3 174-3 174-3 174-3 174-3 174:3 1743 


Points of inflection for (Lp)-!=1-95, »=43-2° and Y=80-5°; for (Lp)1=1-98, »=34-4° and Y=84-5°. 
It should be noted that in this table the function designated (Lp)~ is 2 sin Y/(1+ cos? 2). The true value of 


(Lp)~* is in fact 2 cos? » sin Y/(1+ cos? 26), but the factor cos? » has been omitted, as it is constant for all reflec- 
tions on the same layer line. 
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Values of €, for a Range of Values of ¢, at which (Lp)~! assumes the Values 0, 0-1, 0:2, .. 


0 0 
0-100 0-099 
0-197 0-196 
0:29), _0:290 
0:379; 0-378 


0-462 0-461 
0:539 0-538 
0-611 0-609 
0-678 0:676 
0-740 0-738 


0-798 0:797 
0-854 0-852 
0-907 0-905 
0:958 0-956 
1-007 1-005 


1-056 1-055 
1-105 1-104 
1156212155 
E21) 1-201 
M276 A217 


1-540 1-534 
E591 1:587 
1-632 1-628 
1:667 1-663 


1-698 1-695 
1-728 1:724 
£756. 1752 
783 L779 
1-809 1-805 


1-834 1-831 
1858 1855 
S82) 1379 
1:904 1-902 
1926.41°923 


1-946 1-943 
1-964 1-961 
1-9:79--1-976 
1-990 1-988 
1993 1-995 
2:000 1-997 


For equi-inclination recording (Lp)~!=————_. 
4 ings) 1+ cos? 20 


TABLE 5.2.5G 


Pay | 


2€ cos 6 


., 2.0 


A. Zero Level 


Entries are the values of the radial co-ordinate 
103x€ (in dimensionless reciprocal-lattice units) for 
which (Lp)~? has the value given in column at left, 


T 


(Lp) 


0-05 
0-10 
0-15 
0-20 
0-25 


(Lp)-} at max. 


Corresponding 
value of 103. é 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H 
(C. E. NORDMAN) 
Lorentz-polarization Corrections for the Precession Method, 2.=30° 


while values of the angular co-ordinate 7 are given at 
the top of each column. Values and locations of 
maxima are given at the bottom of each column. The 
horizontal direction on the film corresponds to 7=0°. 


0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
30 30 31 32 33 35 36 38 38 38 
a9 60 62 63 67 og G2 76 7% 78 
89 90 92 94 100 106 108 lis 117 118 
118 120 123 126 134 141 146 153 156 158 
149 151 154 158 168 176 182 190 193 195 
179. 18] 186 191 202 212 219 228 232 233 
210 212 218 224 236 247 254 265 269 271 
241 243 250 20" 270 281 290 301 306 307 
274 276 282 290 304 at7 326 337 343 345 
306 308 314 325 338 350 361 312 378 380 
338 340 347 356 S02 386 396 407 413 415 
370 373 380 390 406 421 431 443 449 451 
404 407 415 425 442 457 467 478 484 485 
442 445 454 464 480 495 505 515 521 522 
482 485 493 504 519 532 542 552 556 559 
524 528 536 547 561 571 580 588 593 95 
Di 3/5 583 594 605 613 621 627 630 632 
630 633 639 646 653 660 665 668 670 672 
671 674 678 681 685 688 691 693 694 695 
761 734 125 724 723 eG 721 

765 756 Tot 749 

817 

826 851 864 870 

764 807 835 860 873 883 886 

199 803 811 826 842 861 879 890 897 900 
826 829 836 849 862 878 893 901 907 910 
865 866 872 882 892 903 914 921 925 927 
889 89] 896 904 912 920 929 935 938 939 
909 910 914 921 92) 934 941 946 948 949 
924 926 929 934 939 946 951 954 957 958 
949 950 Py) 956 oy 963 967 969 970 971 
966 967 968 971 973 975 978 979 980 980 
992 995 
1000 1000 
0941 0:942 0:945 0-951 0:958  0:969 0:982 0-991 0-997 1-000 
741 745 751 762 (a: 786 798 808 814 817 
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5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 
Lorentz-polarization Corrections for the Precession Method, p=30° 


B. Upper Levels 

Entries are the values of the radial co-ordinate 
10x € for which (Lp)—1 has the value given in the 
column at left, while the axial co-ordinate ¢ and the 
angular co-ordinate 7 have the values given at the top 
of each table. Values and locations of maxima for 
each ¢ and 7 are given at the bottom of the tables. The 
€ values were derived from a set of graphs of (Lp)? vs. 
€ for ¢ and + =const. by means of graphical inter- 
polation. No attempt has been made to eliminate 
possible interpolation errors by smoothing in the 


7=0° 


0-05 0-10 
78 1078 143 1143 
101 155 
140 184 
187 1070 220 
236 ©1062 96258 
287 1054 299 
339 1043 341 
396 ©1029 386 
454 1011 434 
519 987 484 1078 
589 954 536 1059 
680 895 593 1036 
657 1004 
740 954 
(Lp) at max. 0-987 1-159 1-364 
Corresponding 
value of 103. é 752 800 854 


ae, 


directions of the ¢ and 7 co-ordinates. The scale of 
(Lp)~} is the same as that used in the zero-level table. 
The horizontal direction on the film corresponds to 
7=0. 

€ and ¢ are in dimensionless reciprocal-lattice units. 

There are two columns under each Z; 10° € increases 
downward in the first column until the maximum 
(Lp) is reached, and then increases upward in the 
second column as (Lp~) decreases. All values are 
not included in the second column, since the incre- 
ments are so small. 


0-15 0-20 0-25 0-35 
198 1198 246 1246 288 1288 357 1357 
208 253 294 360 
230 Die 308 370 
258 296 328 386 
288 322 352 404 
322 350 376 424 
356 380 402 445 
395 412 430 468 
434 446 459 490 
475 480 490 514 
519 516 520 538 
563 555 Doz 563 
612 1100 594 587 589 
664 1075 636 621 616 
725 1043 682 659 645 
800 992 730 1106 697 674 

786 1073 741 1158 705 
Soot 1023" 9188 1132 7/38 
842 1098 772 1228 
923 1035 808 1209 
846 1188 
895 1156 
954 1108 
1-558 1-744 1-923 2256 
904 945 981 1038 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 


Lorentz-polarization Corrections for the Precession Method, 2.=30° 


c=15° 
$ 0-01 0-05 0-10 0-15 0-20 0-25 0-35 

(Lp)* 

0-0 oT TOV, 78°" 1078 © -"143""'1143"" “Y98' "1198" 246°" 1246 "288 1288 557 ees 

0-1 63 101 156 208 255 psf) 360 

0-2 120 142 186 251 271 308 370 

0:3 180° 1005 189° 1069" 222 260 296 328 385 

0-4 2455 99T "0239" 1062 260 291 324 351 404 

0-5 306, 986) 42907 105559 302 325 351 378 424 

0-6 371 970 343 1044 344 360 383 405 446 

0-7 440 950 402 1031 391 400 416 433 470 

0-8 S12" 919° 462" 1013) 439 440 450 463 493 

0-9 606 874 531 990 490 1080 482 486 495 S17 

1-0 600 O'956' 99543.81062 $8526 522 526 542 

Ist 695 £898 ‘GOlas1038 4257/2 562 558 568 

1-2 6714¥L005: .4623° #2102 602 593 595 

Nhs) 153, M0952, 678 MMOT7 VAG4S 629 623 

1-4 738 1042 692 667 652 

| 818 988 740 1107 708 682 

1-6 802, 81074 Wo753 Chls7i 714 

[27 886,01013 besO2 Piigse 745 

1:8 857 1096 780 1230 

1-9 961 1014 818 1210 

2:0 860 1187 

21 909 1154 

ps9) 980 1100 
(Lp)-} at max. 0-984 1-153 1-353 1-544 1-730 1-906 2231 
Corresponding 
value of 10%. é 760 805 860 910 952 988 1042 
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(Lp)7? at max. 


Corresponding 
value of 10%. é 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 


Lorentz-polarization Corrections for the Precession Method, %7=30° 


0-978 


774 


0-05 

78 1078 
196 1070 
248 1064 
304 1058 
359 1048 
421 1035 
486 1020 
SDR 97 


6270965 
729 = 904 


1-144 


821 


143 
156 


l 


0-10 


1143 


1087 


1069 
1045 
1012 

953 


334 


878 


281 


0-15 


19S E198 
208 


1:518 


928 


0-20 


246 1246 
Zoe 


Tidy VS 
841 1077 


1-699 


971 


0-25 


288 1288 
292 


738 

787 1166 
$390 1136 
906 1093 


1-867 


1014 


0-35 


350 
360 


1357 


[235 
1214 


1188 
1146 


2279 


1060 


(Lp)-? at max. 
Corresponding 
value of 108. € 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 


Lorentz-polarization Corrections for the Precession Method, 1=30° 


0-01 0-05 0-10 0-15 0-20 0-25 0-35 
17 eOl7 78 1078 143 1143 198 1198 246 1246 288 1288 357 1357 
70 102 154 206 2S2 292 360 
136 149 186 229 269 306 368 
202 1008 206 1070 231 262 296 326 383 
270 1001 264 1066 278 301 329 354 402 
339 12993 7323 M1060; 3327 342 364 385 427 
410 980 386 1052 378 386 402 418 452 
484 965 447 1040 433 433 442 453 480 
564. 941 3515 1026 488 480 484 490 510 
650 904 582 1006 546 1093 529 527 527 540 
659 980 604 1078 582 570 566 570 
756 2%926 6669: M1058: 2634 616 606 603 
740 1025 690 1121 663 647 635 
836 973 746 1097 711 690 670 
814 1064 763 734 705 
926° 9995 F821. Likes = Fas 740 
887 11090: 7830 P1177 giao 
887 1150 818 
962 1100 856 1246 
903) $1225 
954 1195 
1025 1146 
0-985 1-144 1-330 1-506 1-679 1-841 2°134 
800 851 908 960 1000 1040 1091 
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5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 
Lorentz-polarization Corrections for the Precession Method, 2=30° 


™= 60° 
4 
0-01 0-05 0-10 0-15 0-20 O25 0-35 
(Lp) 
0-0 17 94017 13, O1078 Pets3 P1143 “F198 91198 ©4246 1246 +288 1288 357° 1357 
0-1 74 101 154 204 251 291 360 
0-2 145 155 186 228 267 304 367 
0-3 218 1009 218 236 262 294 324 380 
0-4 290 1002 282 290 308 330 354 400 
0-5 362 995 345 1062 346 35) O72 388 426 
0-6 432 985 410 1055 404 408 417 426 454 
0-7 504 971 476 1046 462 460 462 468 487 
0-8 580 952 542 1034 520 512 510 510 S21 
0-9 661 922 608 1017 579 563 558 552 557 
1-0 780 849 680 994 637 1087 616 605 598 592 
I} 763 956 698 1070 670 654 642 629 
1-2 763 1044 723 702 685 667 
13 847 1002 779 11t10 750 730 706 
1-4 842 1085 800 TD 743 
ie’ 927 11030 ©853 F1T41 2821 781 
1-6 916 1110 868 1190 820 
17 921 1166 860 
1:8 991 1127 901 1258 
946 1238 
2:0 996 1212 
2:1 1067 1164 
(Lp) at max. 1-008 1-167 1-351 1522 1-688 1-848 2:130 
Corresponding 
value of 10%. é 818 870 930 985 1026 1064 1 a) 


5.2, INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 
Lorentz-polarization Corrections for the Precession Method, 2=30° 


7=75° 
0-01 0-05 0-10 0-15 0-20 0-25 0-35 
(Lp) 

0-0 17 PAOLT 78 1078 «143° 1143. 198°. 1198 » 246 1246: 288'7 1288 357791357 

0-1 78 100 152 204 250 291 359 

0-2 154 160 186 226 265 303 366 

Oo) 22810098 228 240 262 292 322 379 

0-4 302 1004 300 300 312 332 352 398 

0-5 STSMRROISS 36390639 362 367 378 390 424 

0-6 446 988 430 1058 424 424 429 434 456 

0-7 SISBSDTSS 496500500 485 480 482 482 492 

0-8 SSPOIS8! S58 103880 543 534 5382 528 532 

0-9 661 932 621 1024 600 589 583 575 572 

1-0 753 886 689 1004 656 1093 641 632 622 612 

ik 762 974 714 1078 692 679 667 653 

12 TTIZEAOSS BAT 43 125 712 694 

13 845 1020 794 1122 772 756 734 

1-4 852 1097 819 798 (ee: 

1ES 921 1059 868 1154 843 810 

1-6 9227 11250 8899 12007 848 

Lai 1005 1076 936 1179 886 

1-8 993 1149 927 1268 

1:9 968 1250 

2:0 LOUSP hI 225 

2a 1073 1190 
ne Naeem (nce ene Lean eee ees ME Ee 
(Lp)-? at max. 1-032 1-189 F377 1-550 1-716 1-873 2-146 
Corresponding 
value of 103. € 829 880 951 1002 1042 1077 1132 
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5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.5H (continued) 


Lorentz-polarization Corrections for the Precession Method, 2=30° 


0-01 0-05 


1017 78 1078 


100 
162 
1008 234 
1004 302 


758 979 

866 890 
(Lp)-? at max. 1-043 1-202 
Corresponding 


value of 103. 832 885 


143 
152 
186 


1 


0-10 


1143 


1095 
1080 
1060 
1030 


:387 


955 


198 
204 


749 
798 
852 


918 


is 


1 


0-15 


1198 


1124 
1103 


1071 


562 


008 


246 
Zod 


872 
924 
993 


] 


0-20 


1246 


1160 
L132 
1094 


728 


048 


288 
291 


939 
992 


1 


0-25 


1288 


1205 
1184 
1156 


886 


082 


351, 
359 


2 


] 


0-35 


1357 


1275 
1256 


1232 
1199 


158 


140 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.51 
(J. KRAUT) 
(Lp)-! for Zero-level Precession Photographs, for Odd Values of 


The following tables list Lorentz-polarization correc- 
tion factors (Lp)—' for zero-level precession photographs 
only, and are designed to facilitate the convenient 
preparation of charts such as that published by Waser 
[17] for the precession angle 30°. They represent 
Waser’s function, suitably scaled,-evaluated at points 
0-05 reciprocal-lattice units (r.].u.) apart in one quad- 
rant of the zero-level reciprocal lattice plane. The 
remaining quadrants are obtained by reflection across 


the axes. The horizontal table co-ordinate corresponds 
to the horizontal direction on the film. 

Tables are given for odd precession angles 7 
between 11° and 29°; values for even precession angles 
may be obtained by interpolation, provided that points 
near the outer edges of the tables are avoided. 

The tables were prepared with the aid of an IBM-650 
digital computer. 

The reciprocal-lattice units are dimensionless. 


p=11° 
r.l.u 0:00 0-05 0:10 O15 020 O25 0:30 #&£0:35 
$$$ $< $l’ = ()° 
0-00 — 0650 1268 1817 2254 2513 2484 1883 
0:05 0627 0896 1396 1892 2295 2525 2463 1799 
0:10 1228 1371 1706 2085 2398 2545 2380 1483 
0-15 1771 1856 2069 2319 2508 2521 2163 0342 
0:20 221 2264 238 2504 54 354 Ol 
0:25 2500 2516 2544 2528 2362 1822 
0:30 2506 2487 2407 2190 1630 
0:35 1932 1845 "1522 ©0351 
7=90° 
5=13° 
r.l.u 000 005 O10 O15 O20 O25 030 O35 # £40:40 
0-00 — 05537 81086 > 15802011) 2346502540) 2519 meen 
0:05 0525 0758 1196 1649 2054 2371 2548 2506 #£207i1 
0:10 1037 1164 1469 1830 2171 2435 2561 #2459 1915 
0-15 TS1SI 15981 S06 2072 ee 32S al ee Om 4D OS 
0-20 1949 2000 2137 2315 2478 2563 2484 2085 0575 
0:25 2300 2330 2409 2503 2563 2519 2260 £1488 
0:30 2526 2537 2560 2565 2499 2271 1673 
0:35 2546 2536 2492 2379 2119 1509 
0-40 21815 21358 1976516150593 
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5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.51 (continued) 


(Lp) for Zero-level Precession Photographs, for Odd Values of 


u=15° 
r.lu 0-00 0:05 0:10 0-15 0-20 0-25 0-30 0-35 0-40 0°45 0-50 
7=0° 
0-00 — 0481 0950 1395 1800 2147 2415 2567 2550 2256 1327 
0-05 0449 0656 1045 1455 1841 2175 2430 2572 2542 2229 # £1239 
0-10 0891 1006 1282 1619 1955 2251 2473 2581 2512 2136 0905 
0-15 1316 §=©1391 1587 1846 2118 2359 2529 2582 2443 1946 
0-20 1714 1765 1904 2096 2299 2474 2576 2549 2298 1568 
0-25 2070 2104 2199 2331 2465 2563 2577 2438 #2005 0565 
0-30 2360 2382 2439 2513 2574 2582 2480 2168 1357 
0-35 2552 12560) 92580" 2592) 2568 2459 2182 1527 
0-40 2585 2579 2554 2489 2346 2046 1380 
0-45 2338 2310 2216 #2020 1629 0586 
0:50 1410 1316 0961 
7=90° 
u=17° 
r.l.u 0-00 0:05 0-10 0-15 0-20 0-25 0-30 0-35 0-40 0-45 0:50 0-55 
0-00 — 0426 O845 1247 1623 1963 2251 2471 2594 2581 2354 £1716 
0-05 0390 0576 0926 1300 1660 1989 2270 2481 2597 2575 2336 1669 
0:10 0776 0881 1134 1446 1766 2065 2321 2511 2604 2555 2275 1514 
0-15 1154 1223 1406 1653 1922 2179 2398 2552 2607 2510 2156 #1178 
0:20 1516 1565 1700 1891 2106 2313 2485 2591 2591 2420 1939 
0-25 1854 1890 1989 2133 2295 2449 2565 2608 2531 2249 1533 
0-30 2158 2183 2253 2354 2465 2560 2609 2572 2386 1921 0415 
0-35 2409 2425 2469 2528 2585 2614 2581 2433 2077 #1208 
0-40 2579 2586 2603 2619 2614 2561 2414  +°2093 1374 
0-45 2624 2620 2606 2567 2481 2308 #1969 1232 
0:50 2453 2435 2375 2253 2028 1602 0433 
0°55 1838 1789 1622 1263 
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5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.51 (continued) 
(Lp) for Zero-leyel Precession Photographs, for Odd Values of 


p=19° 
r.l.u 0:00 0-05 0:10 015 020 0-25 030 035 0:40 0-45 0-50 80:55 0-60 0-65 
ss > 0° 
0-00 — 0383 0761 1127 1476 1800 2090 2335 2520 2623 2612 2429 1948 0325 
0-05 0343 0512 0831 1174 1509 1825 2109 2348 2528 2625 2608 2416 1918 
0-10 0684 0780 1013 1303 1605 1896 2161 2385 2549 2630 2593 2374 1822 
0-15 1020 1084 1256 1490 1748 2006 2243 2441 2580 2633 2562 2293 1633 
0-20 1348~ 11395), 1524:, (L710) ) 19245 21435 92344" 25087 2612625502 ee oo 80 
0-25 1663 1699, 1798 1944, 2015 2292 2452 25747 92632, 2591) 2393) 191090381 
0:30 1960 1986 2061 2173 2305 2438 2552 2624 2623 2507 2196 1468 
0:35 2228 2247 2301 2382 2474 2562 2624 2634 2557 2332 1832 
0-40 2452 2465 2500 2550 2602 2639 2638 2569 2383 1984 1024 
0-45 2610 2616 2631 2648 2654 2630 2548 2367 2002 1196 
0-50 2665 2663 2654 2631 2578 2470 2267 1886 1048 
0:55 2548 2536 2495 2414 2269 2015 1546 
0-60 2106 2074 1971 1768 1386 0358 
0-65 | 0363 
Y 
7=90° 
a=21° 
r.l.u 000 005 O10 O15 0-20 #0:25 0:30 035 040 045 050 #£0:55 0-60 0-65 
0-00 — 0348 0692 1029 1353 1660 1943 2196 2408 2566 2654 2644 2491 2107 
0-05 0304 0460 0754 1070 1383 1682 1960 2209 2417 2572 2655 2640 2482 2086 
0-10 0607 0697 0913 1183 1468 1747 2011 2246 2443 2587 2659 2629 2451 2020 
0-15 0908 0968 1130 1351 1598 1850 2090 2306 2485 2610 2661 2607 2392 1895 
0-20 1205. 1250 1373 1552 1761 1980 2192 2383 2537 2636 2657 2564 2293 1681 
0-25 1496 1530 1627 1771 1945 2130 2310 2469 2591 2656 2637 2490 2132 1303 
0-30 1777 1804 =61880)§=61995 2136 = 2286) 39 2432) «2555 = 2639'S «2660 )=s« 2585 «= 2360 )=s «1865 ~=—s: 0279 
0-35 2044 2064 2123 2213 2322 2438 2546 2628 2665 2628 2478 2137 #1375 
0-40 2286 2301 2345 2411 2490 2570 2636 2670 2647 2535 2274 #«231729 
0-45 2493, 2503 =2532) = 2575S 2622S 2662 )Ss 2679 = - 2652S « 2552S « 2329'-Ss«1882 }3=: 0765 
0:50 2644 2649 2663 2680 2692 2684 2640 2532 2316 1903 0965 
0-55 2709 2708 2704 2690 2656 2587 2455 2220 1789 0785 
0-60 2633 2624 2595 2538 2438 2270 1984 1460 
0-65 2302 2280 2209 2074 1841 1427 0305 
0-70 1328 1261 1025 0310 
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03" 
roel ea 0:00 0:05 
0:00 — 0319 
0-05 0271 0417 
0:10 0542 0626 
0-15 0812 0870 
0-20 O82 SIDS 
0-25 1349 1382 
0-30 1613 1639 
0-35 1869 1890 
0-40 2113 2130 
0-45 2338) 235i 
0:50 2534 2543 
0:55 2682 2687 
0-60 isa sy) 
0-65 2713 2706 
0:70 2460 2443 
0:75 1756 1716 
Y 
7=90° 
jp—25° 
ela 0:00 0-05 
0-00 — 0295 
0:05 0243 0380 
0:10 0486 0566 
0-15 0730 0785 
0:20 0975 1016 
0-25 12208 1252 
0-30 1464 1490 
0:35 1707 1728 
0-40 1945 1962 
0-45 2174 2187 
0-50 2387 2398 
0:55 2576 2584 
0-60 2724 2729 
0:65 2809 2809 
0:70 2790 2786 
0:75 2595 2583 
0-80 2050 2022 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


0-10 


0636 
0689 
0830 
1022 
1243 


1476 
1714 
1950 
2178 
2387 


2567 
2700 
2755 
2685 
DBS OL 


1585 


0:10 


0589 
0635 
0758 
0930 
iy ipas) 


1342 
1564 
1789 
2011 
2227) 


2429 
2605 
2740 
2809 
2770 


2543 
1931 


0-15 


0947 
0983 
1082 
1232 
1414 


1617 
1829 
2044 
2252. 
2443 


2605 
2716 
2747 
2644 
2295) 


1322 


0-15 


0:20 


TABLE 5.2.51 (continued) 
(Lp)? for Zero-level Precession Photographs, for Odd Values of 1 


0:25 


0-30 


0-35 


0-40 


0-45 


0:50 


0:55 


0:60 


0-65 


0-70 


1249 
1275 
1350 
1468 
1617 


1788 
1972 
2161 
2345 
Pas) 


2648 
LYB)| 
2726 
2573 
2134 


0763 


0:20 


1539 
1559 
1618 
1711 
1832 


1975 
2130 
2291 
2446 
2584 


2688 
2734 
2680 
2454 
1870 


0:25 


1812 
1828 
1874 
1948 
2046 


2163 
2291 
2422 
2546 
2650 


ARN 
Zl 
2592 
2259 
1409 


0:30 


2063 
2076 
2112 
PATA 
2248 


2340 
2441 
2541 
2631 
2695 


ea MWR 
2646 
2436 
1935 


0-35 


2286 
2296 


2323 


2368 
2427 


2495 
2568 
2635 
2686 
2703 


2660 
2510 
2164 
ib3}3372 


0-40 


2472 
2479 
2499 
2530 
2570 


2615 
2657 
2688 
2693 
2652 


2529: 


225)/ 
1671 


0-45 


2611 
2615 
2626 
2644 
2664 


2682 
2691 
2678 
2626 
2507 


2268 


1787 
0211 


0-50 


2686 
2687 
2690 
2692 
2689 


2676 
2643 
2574 
2445 
2209 


1764 
0596 


0:55 


2677 
2674 
2665 
2648 
2616 


2563 
2472 
Bie 
2068 
1607 


0205 


0-60 


2546 
2538 
2514 
2470 
2397] 


2282 
2100 
1801 
1245 


0-65 


2226 
2210 
2161 
2071 
1924 


1686 
1272 


0:70 


0878 
0909 
0996 
#129 
1293 


1479 
1678 
1883 
2089 
2290 


2477 
2638 
2757 
2806 
2739 


2470 
1761 


1161 
1183 
1249 
1354 
1489 


1647 
1820 
2003 
2189 
2370 


ZIT 
2678 
DHS 
293 
2686 


2351 
1464 


1435 
1452 
1504 
1588 
1698 


1831 
1980 
2139 
2302 
2460 


2603 
2a) VT, 
2782 
2762 
2599 


2164 
0885 


1696 
1710 
1752 
1820 
LOM 


2021 
2147 
2282 
2420 
2552 


2667 
2749 
2113 
2701 
2459 


1863 


1942 
1953 
1987 
2042 
2116 


2207 
2310 
2421 
252 
2635 


2717 
2760 
2735 
2593 
2234 


1335 


2167 
2176 
2203 
2247 
2306 


2319 
2460 
2546 
2630 
2700 


2743 
2737 
2647 
2407 
1861 
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2367 
2374 
2394 
2428 
2473 


2527 
2587 
2647 
2699 
2782 


2728 
2660 
2481 
2092 
1141 


2532 
ESSN 
2552 
2576 
2607 


2642 
2679 
2710 
2726 
2713 


2649 
2498 
2186 
1516 


2655 
2658 
2666 
2679 
2695 


2710 
2720 
2716 
2688 
2617 


2472 
ZOS 
1641 


2720 
Pu 
PN [pep2 
2923 
DPR| 


2712 
2689 
2643 
2556 
2403 


21132 
1617 


2710 
2708 
2700 
2686 
2662 


2621 
2555 
2448 
2275 
1985 


1450 


2594 
2588 
2569 
2534 
2478 


2391 
2259 
2053 
1714 
1057 


0-75 


1528 
1492 
1378 
1149 
0664 


0-75 


2318 
2306 
2269 
2200 
2091 


1923 
1656 
1189 


>7=0° 


5.2. INTENSITY OF RADIATION DIFFRACTED BY A CRYSTAL 


TABLE 5.2.51 (continued) 
(Lp)~* for Zero-level Precession, Photographs, for Odd Values of u 


=27° 
r.l.u 0:00 0:05 0:10 O15 0:20 0:25 0:30 0:35 0-40 0-45 0:50 0:55 0:60 0:65 0:70 0:75 0:80 0:85 0:90 
0-00 — 0275 0549 0819 1085 1344 1594 1833 2056 2260 2440 2589 2698 2756 2744 2638 2393 1915 0772 
0-05 0219 0349 0588 0845 1104 1359 1606 1843 2064 2267 2446 2593 2701 2756 2742 2633 2384 1897 0704 
0-10 0438 0514 0696 0922 1162 1405 1643 1873 2089 2287 2461 2604 2707 2756 2735 2617 2353 1839 0432 
0-15 0659 0711 0849 1039 1254 1479 1704 1923 2130 2320 2487 2622 2716 2756 2723 2588 2299 1732 
0-20 0881-0920: .1029° 1187 11375° 1579-51787." 1992" 218722366 2521 26467 272827530 2703.) 25451 2214559 
0-25 1105 1136 1224 1356 1519 1700 1889 2077 2258 2422 2564 2674 2740 2746 2670 2475 2087 1275 
0-30 1331 1356 1429 1540 1680 1840 2008 2178 2341 2489 2613 2704 2749 2729 2619 2374 1895 0723 
OD 1559 1579 1639 1733 1854 1992 2141 2290 2433 2561 2665 2732 2750 2696 2540 2222 1593 
0-40 1786 1803 1853 1933 2035 2154 2281 2409 2530 2635 2714 2752 2735 2636 2415 1987 1045 
0-45 2011 2025 2067 2133 2218 2318 2424 2530 2626 2704 2752 2755 2692 2531 2215 1597 
0:50 2229 2241 2275 2329 2399 2479 2563 2644 2713 2759 2769 2725 2600 2351 1880 0757 
0-55 2436 2445 2472 2513 2567 2627 2688 2741 2777 2784 2746 2639 2427 2035 1234 
0:60 2621 2628 2647 2676 2713 2751 2784 2804 2800 2757 2654 2457 2104 1422 
0-65 2772 2775 2786 2802 2819 2831 2831 2810 2753 2641 2441 2096 1446 
0-70 2866 2866 2867 2866 2859 2838 2796 2718 2585 2365 1996 1298 
0-75 2869 2865 2853 2830 2789 2723 2618 2452 2190 1753 0825 
0-80 2718 2708 2677 2620 2527 2385 2167 1820 1190 
0-85 2278 2256 2188 2063 1858 1519 0860 
0:90 0965 0880 0540 
Y 
yeele 
.=29° 
r.lu 0:00 0:05 0:10 0-15 0:20 0:25 0:30 0-35 0:40 0:45 0:50 0:55 0:60 0:65 0:70 0:75 0:80 0:85 0:90 0:95 
0:00 — 0258 0514 0768 1019 1265 1504 1735 1954 2159 2346 2510 2645 2743 2792 2778 2678 2455 2034 1167 
0-05 0197 0322 0548 0791 1036 1278 1515 1743 1961 2165 2351 2514 2648 2744 2792 2776 2673 2446 2019 1130 
0-10 0396 0469 0642 0857 1085 1317 1547 1770 1983 2183 2366 2525 2655 2748 2791 2770 2659 2421 1973 1010 
0-15 0596 0646 0778 0960 1166 1382 1600 1814 2020 2214 2390 2544 2668 2754 2790 2758 2635 2376 1891 0757 
0-20 0798 0836 0940 1093 1274 1471 1674 1876 2072 2257 2425 2571 2686 2762 2786 2740 2597 2307 1760 
0-25 1003 1033 1118 1246 1405 1582 1768 1955 2139 2312 2469 2604 2708 2771 2779 2713 2541 2206 1559 
0:30 1212 1236 1306 1415 1553 1710 1878 2050 2219 2379 2523 2643 2732 2778 2765 2671 2460 2058 1235 
0-35 1424 1444 1503 1596 1715 1854 2004 2159 2311 2455 2583 2687 2757 2780 2740 2609 2342 1839 0558 
0-40 1638 1655 1705 1785 1888 2009 2141 2278 2413 2538 2647 2730 2777 2772 2696 2514 2167 1489 
0-45 1855 1869 1911 1979 2067 2172 2286 2404 2519 2625 2711 2769 2786 2745 2620 2368 1896 0799 
0-50 2071 2083 2118 2175 2250 2338 2434 2533 2627 2708 2768 2796 2775 2686 2494 2135 1433 
0-55 2282 2292 2322 2369 2430 2502 2580 2657 2727 2781 2809 2797 2728 2572 2281 1741 
0-60 2485 2493 2516 2553 2601 2656 2713 2767 2808 2829 2817 2754 2617 2365 1909 0901 
0-65 2670 2675 2693 2719 2752 2789 2823 2848 2855 2834 2768 2636 2399 1983 1138 
0-70 2824 2827 2837 2852 2869 2883 2889 2879 2842 2764 2623 2384 1973 1159 
0-75 2927 2928 2930 2930 2926 2913 2882 2825 2727 2565 2303 1863 0954 
0-80 2949 2946 2936 2918 2886 2834 2752 2625 2428 2118 1591 
0-85 2833 2825 2799 2753 2678 2566 2397 2141 1730 0924 
0-90 2468 2450 2396 2298 2141 1898 1502 0677 
0-95 1493 1446 1292 0968 
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7=0° 


5.3. Absorption Corrections 


(a) Small Crystal bathed in Narrow Beam 

The transmission factor A(Ak/) included in equations 
5.2.4 (13), (14), (15) and (16) occurs when the intensity 
of any particular reflection from a crystal is affected by 
absorption in the crystal. If dV is a volume element 
in the crystal, and p and q are the lengths of the paths 
of the incident and reflected beams in the crystal, then 
the X-rays reflected by the crystal are reduced in 
intensity by the factor 


us | exp{—n(p+g)}dV 80) 


Vv 
the integral being taken over that volume of the 
crystal which is bathed in X-rays. If the beam were 
not of uniform intensity, the expression would be more 
complicated. 

The integral can be evaluated rigorously only for 
certain shapes of specimens. An evaluation of this 
transmission factor, which is dimensionless, is given in 
5.3.5 and 5.3.6. A general discussion is also given in 
Bet: 


(6) Large Crystal or Crystalline Powder Block inter- 
cepting the Entire Narrow Beam 

In this case, where p’ instead of p is to be determined, 
the effect of absorption can be expressed by a quantity 
Ac, as follows: 


25a 
Pail g 2) 
Ac has the dimensions of cm. and is given by 
1 
5. exp{—py(p+q)}dV vA) 
0. 


Values of Ac are given in 5.3.1, 5.3.2, 5.3.3 and 5.3.4. 


5.3.1. Reflection of Narrow Beam from Planes Parallel 
to Extended Face of Crystal 
(a) Crystal of Sufficient Thickness to give Negligible 
Transmission 

If S is the area of the beam, the area of crystal 
irradiated is S cosec 6, and the volume element at a 
depth t has volume dV=S cosec 6 dt. 

Also p=q=t cosec 0. 

Then 


(oe) 


A= fexp{—n(2 cosec 8)} cosec eds 
be 


0 


. (4) 


(6) Transmission not Negligible, Crystal Thickness t 
ist —exp{—2t cosec 6} 


A 
c Hn 


(5) 
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5.3.2. Reflection from Crystal Planes inclined at Angle 
¢ to Extended Face of Crystal Block of Negligible 
Transmission. The normal to the crystal face is in the 
plane of the incident and reflected beams. 


1 
sin | 
where the incident beam is at an angle (9+¢) to the 


1 
ol Bos . (6) 
ee 
Slee SARE 
crystal face. 


5.3.3. Transmission when the Reflecting Planes are 
Perpendicular to the Surfaces of the Block, of Thickness 
t. The normal to the surfaces is in the plane of the 
incident and reflected beams. 


All the paths, p+q, are equal to ¢ sec 0 for a given 
value of 6, and thus 


Ac=t sec 6 exp(—pt Sec 8) er) 
5.3.4. Transmission when the Reflecting Planes are 
inclined at an Angle (7/2)—¢ to the Surfaces of the 
Block of Thickness ¢. The normal to the surface is in 
the plane of the incident and reflected beams. 


A [exp t=et sec (0+ $)}~ exp {=mt sec (8 9)}] 
i 1 See (8+ ¢) 

Hf sec ven | 

. een(S) 


The incident beam is at angle (@—¢) to the normal to 
the surface of the block. 


5.3.5. Cylindrical Crystal of Radius R, bathed in a 
Uniform Beam of X-rays Normal to its Axis(W. L. Bond) 
5.3.5.1. The 1935 International Tables for the Deter- 
mination of Crystal Structures gave X-ray absorption 
correction tables based on Claassen’s paper [23]. 
Claassen’s method was a graphical one. Bradley [21] 
later developed a quasi-rigorous method for calculat- 
ing the absorption in terms of »R (y linear absorption 
coefficient, R radius of cylinder) which is reasonably 
accurate for wR>2. Bradley’s results were checked 
by graphical integration by Taylor and Sinclair [39]. 
To avoid the graphical approach one can use 
modern automatic computing methods. Consider a 
circular cross-section of the cylinder and a beam 
entering from the upper right at an angle @ to the y 
axis, being reflected from an element of volume about 
the point of co-ordinates Rx, Ry, then leaving towards 
the lower right, the deflection angle being 26. It is 
readily deduced that the path length P inside the 
circle is 
P=Rv/{1—(x cos 6—y sin 6)?} 
+R/{1—(x cos 6+y sin 6)?}—2xR sin @ ....(9) 


For 6 values of 0°, 5°, 10°, . . ., 90° and path lengths 


5.3. ABSORPTION CORRECTIONS 


0-1R, 0-2R,..., an I.B.M. card Programmed Elec- 
tronic Calculator solved this equation and integrated 
to give the areas AS of the regions. If we attribute a 
mean path length / to each region the results are as in 
Table 5.3.5A. This gives AS and / for successive values 
of 6 and hence the transmission factor A=ZLe-#8/.AS, 
As an example of the use of this table consider the case 
R=2, @=0, »=1, for which 


A =0-00005e~2*0"5+.0-00037e-2*'15+.0-0010e-2%025 
+... +0-3910e-2x1°95 


Itis often more convenient in use to replace the trans- 
mission factor A by the absorption factor A*=A-}, 
i.e. the number by which the apparent intensity should 
be multiplied to get the “true” intensity. In this way 
Table 5.3.5B has been prepared. 


5.3.5.2. For large values of u»R (>8) this method gives 
erroneous results, since almost all the reflection is from 
the zone of shortest path length and the “‘mean path 
length’ concept is too crude for such a rapidly varying 
function. However, we can use series expansions as 
Claassen did, basing them on the values of AS given 
in Table 5.3.5A (using only the first few AS, since the 
penetration is small for large »R). We then write our 
series as 


A=(A*)!=a(uR)-+b(uR)-2+ ... (10) 


Table 5.3.5C gives the values of the coefficients 
a, b,-¢,? . 2 for-d>intervals' of 2) We-can find Avand 
hence A* for intermediate values of @ by plotting A 
against sin? 0 (A. J. Bradley [21]). Note that for small 
6 values a=262/37. 


TABLE 5.3.5A (W. L. BonpD) 


Norte: For recent and more accurate data for Tables 5.3.5 A and B, reference should be 
made to Weber, K. (1967), Acta Cryst., 22, —. 


Data for Calculation of Transmission Factor A for Cylinder, Radius R, where A= Xe-“8/.AS 
AS and / Values for Successive Values of the Bragg Angle 0 


9=0° g=5° 6=10° 
AS l Aste og! Ny 
0-00005 0:05 | 0-0003 0-05 | 0:0009 0:05 
000037 0-15 | 0-:0008 0-15 | 0-0016 0-15 
000102 0:25 | 0-0014 0:25 | 0:0025 0:25 
000200 0:35 | 0-0022 0-35 | 0:0035 0:35 
0-00332 0-45 | 0-0036 0:45 | 0-0046 0-45 
0-00502 0:55 | 0-0053 0:55 | 0:0060 0:55 
000713 0-65 | 0-0073 0:65 | 0:0076 0:65 
000968 0:75 | 0:0098 0:75 | 0:0104 0:75 
001273 085 | 0-0128 0-85 | 0-0132 0-85 
001635 0-95 | 0:0164 0:95 | 0-0166 0-95 
0-02065 1-05 | 0-0206 1:05 | 0:0206 1-05 
002577 1-15 | 0-0257 1-15 | 0:0254 1-15 
0-03191 1:25 | 0-0317 1-25 | 0-0311 1-25 
0-03939 1:35 | 0-0390 1:35 | 0:0381 1-35 
0-04869 1-45 | 0-0482 1-45 | 0:0466 1-45 
006068 1-55 | 00599 1:55 | 0:0576 1-55 
007698 1-65 | 0-0758 1:65 | 0-0723 1-65 
0-10138 1-75 | 0-0994 1:75 | 0-0939 1-75 
0-14587 1-85 | 01420 1-85 | O-1311 1-85 
039101 1-95 | 03110 1:95 | 0-2458 1-95 
0-0867 2-004 | 0:1703 2-015 


_—_ oS |_| eee 


C= 15" G=20° @=25* 
AS l AS l AS l 

0:0019 0-05 0:0031 0-05 0-0046 0-05 
0:0028 0-15 0:0042 0-15 0-:0059 0-15 
0:0039" 0:25 0-0055 0:25 0:0073 119025 
0:0051 9.035 0:0069 0-35 0:0089 0-35 
0:0065 0-45 0-:0084 0-45 0-0105 0-45 
0-0080 0-55 O-0101% 0:35 O-01Z3960°55 
0:0097 0-65 O-O1 190-65 0-0142 0-65 
00-0116 0-75 O'0I59" SiS 0:0162 0-75 
O-0737 ““"Us5 0:0161 0-85 0:0184 0-85 
0:0160 0-95 0:0185 0-95 0-:0208 0-95 
0:0202 1-05 00212 a, 1:05 0-0234 1-05 
O-0Z50" FietS 0-0241 1-15 0:0262 1:15 
0-0302. Wi25 0:0274 1-25 0:0294 1-25 
0:0366 1-35 0-0333 1385 00328 #1535 
0:0443 1-45 0:0414 1-45 0-0368 1-45 
0:0541 1:55 0:0498 1-55 0:0414 1-55 
0-0671 1-65 0:0607 1-65 0:0510 1-65 
G-O857 ~ T75 070759" 1-75 0:0656 1-75 
0-1154 1-85 0:0996 1-85 0-0832 1-85 
O1967 I-95 0.1519" * 1-95 0-1180 1-95 
0-2454 2-04 0-2437 2-05 0-1734 2-05 

0:0722 2-114 O-1867 2715 

0:01:29. 2-203 


292 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.5A (continued) 
Data for Calculation of Transmission Factor A for Cylinder, Radius R, where A= De-#®! AS 


AS and / Values for Successive Values of the Bragg Angle 6 


ee SSS eee ee SS aa SSS 


0-1243 2:05 | 0:0816 2:05 | 0:0626 2-05 | 0:0511 2:05 | 0:0437 2:05 | 0-0386 2-05 | 0:0349 2-05 
De o1oe 2lome0-0864 62-1 5970:0037 22-15 00514 .2-15.| 00435, 2:15, »|-0-0382. 2-15 |.0-0345. 2-15 
OMa65 2 Com 0950 02-2 58ne00050 92°25 10-0514 2:25) 00432, 2:25.+-0-0377, 2:25 |.0-0340. 2-25 
02000801103 2-359190:0604 92-35 90-0512) 2:35 «|. 0-0426, 2:35, ,| -0-0371,, 2-35 | 0-0333, 2:35 

0:0478 2-421} 0:0685 2-45 | 0-0506 2-45 | 0-0418 2-45 | 0-0363 2-45 | 0:0326 2:45 


O00 791) $2-5570-0495 0 2°55.61910:0406, 2:55) 2), 0-0352;,2°55. |,.0-0316,,2°55 
00097 2-605’) 10-0477 2:65. | 0-0389, 2:65.) 0-0339 2:65 |.0-0306. 2-65 
004472708 00367 2 1Siee0-0323. 2-75 |:0-0293. 2-75 
OOMDTE 2-814 (5'0-0333, 2:85:01 0:0303,, 2°85 |. 0-0278,52:85 


0:0106 3-032) 0-0242 3-05 | 0-:0240 3:05 
O-O191s #3°25 pe O-0214) 3:15 
0:00315 93°238'.0-018 1 3325 
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5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.5A (continued) 
Data for Calculation of Transmission Factor A for Cylinder, Radius R, where A=Ze-#®/.AS 


AS and / Values for Successive Values of the Bragg Angle 6 


0-:0230 0:05 0-0255 0-05 0:0278 0:05 0-0298 0-05 0-0313 0-05 0:03183" 0:05 
0:0243 0-15 0:0266 0-15 0:0285 0:15 0-0304 0-15 0:0314 0-15 0-03181 0-15 
UU Sa U2) O-02735. 025 C0291" 25 0-:0306 0-25 0°03 15"5 0-25 0-03 1P47) Oza 
G-0263- "0°35 0-078T 70:35 O°0297" 0:55 O0509 1. 10235 0°03 1655035 OST TIF WSs 
0-0273 0:45 0:0289 0-45 0:0302 0-45 0-0311 0-45 0:0315 0-45 0-:03163 0-45 


(0253 paso 0-0296" (0°55 005074 24) 55 O03 13) 20°55 0-031555 0-55 0-03153? 0-35 
0:0292 0-65 0:0302 0-65 0-:0310 0-65 O-03131) "0:05 0:0314 0-65 0:03141 0-65 
0:0300 0-75 0:0308 0-75 O'03 1345 0-75 O03 TS OLD 0031359 0-79 0-03126 0-75 
0:0308 0:85 0:0313 0-85 0:0314 0:85 0:0313 0-85 O-O3 TSS U:85 0-03110 0-85 
OUs1S" "0-95 0-0317° 0:95 COs. 1095 O-0312" "0-95 0:0310 0:95 0-03092 0:95 


O°0321 50 05 0:0320 hal-05 O-0315%) He05 OOS iT bt-05 0-0308 1:05 0-03071 1-05 
0-:0326 1:15 O03 21S 0:0314 1-15 00309 eole iS 0-0306%4 1-15 0-03049 1-15 
U0330 naa 0:0322- 71:25 OOS TS esl 2o 0307) “He 25 003035" 1-25 0-03024 1-25 
VW HSI helene (fe) 03 72" E135 O-O31 72 35 03051 “e355 0-0301 1-35 0-:02996 1:35 
0:0335 1-45 0:0321 1-45 0-0310 1:45 0-0302 1-45 0-0298 1-45 0:02967 1-45 


00335. 1a) OG 3195 125 O-0307% 11953 C0799; *h DD C029 SLES 0-02934 1-55 
0:0334 1:65 0-0317 1-65 0:0305 1°65 C0296.) BGS. 0-0291 1:65 0:02899 21-65 
0033255 US 0:0314 1-75 0:0301 1:75 00293), “75 0-0288 1:75 0-02862 1-75 
O-03307- 185 O-0311" 3185 00298" 185 00289 935 0:0284 1-85 0:02822, «1585 
003267" "1-99 0-0307 1-95 0-:0294 1-95 00285; W-95 0:0280 1-95 0:02779 1-95 


0:0322 2:05 0-0303" *)2:05 0:0289 2-05 0:0280 2:05 0-0275-"2:05 0-02733. 2:05 
G-0318~ 5215 0:0293" 2-15 O-025 eto oi 0-027) = 15 0:0270-4 2-15 0-02684 2-15 
O-03107 2:25 0-0293" 2-25 Q:0279' %2725 O-0270 2-25 0:0263-—"2-25 0:02632 2:25 
0-0306 2:35 0:0287 2-35 00273" 1235 0:0264 2-35 O:02590 992-35 0-02576- 82:85 
0:0299 2-45 0-0280 2-45 0:0267 2-45 0:0258 2-45 0-0253 2-45 0:02516 2-45 


002915" 2°55 0:0273" “2°55 0-0260' 2:55 O025 5 2755 0-0247 2-55 0:02452 2:55 
0-0281 2:65 0:0264 2-65 0:0752 1270) 0:0244 2-65 0:0240 2-65 0-02384 2-65 
O-02715 "2:75 00255" - 2775 0:0244 2-75 OO237 2415 0-0232 °(2+75 O-02311 42:95 
00259" > * 2:85 0:0245 2-85 O-0235' 12°85 0-0228 2-85 0-0225 2°85 0-02233: 12585 
0:0246 2-95 0-0234 2-95 0:0220° 12-95 O-0219 2:95 O0216; 2-95 002150" "F295 


002307 =3705 0:0722", “3°05 O-0215 {3-05 0-0210 3-05 0:0207 3:05 0-:02059 3-05 
©0213 731) 0-0208 3-15 00203" $315 O-0199. 3415 0-0197" 3:15 0-01961 3°15 
001975" 3:25 0-0192° 325 O-O190: 13°25 0-0188 3-25 0:0186 3-25 0-01835- 13:25 
OOL6TE- "3:35 0:0174 3-35 O0O175 1335 OO17S 335 0-0174 3°85 0-01739 (3335 
OUIS Sr 3145 0:0153 3-45 0:0158 3-45 0:0160 3-45 00161 3:45 001610 3-45 


0:0088 3-55 O-0127 355 O-0139° 3:55 0:0144 3-55 0:0146 3-55 -0-01466 3-55 
0:0009 3-613 0-:0092 3-65 0-0116= 3:65 W015) rissG0 0:0129 3-65 0-01301 3-65 
0-0027 3-729 0:0085 3-75 O-0102: .3*75 0-0109 3-75 0:01106 33:75 

0:0027 3-832 0:0070 3-85 0-0082 3-85 0-:00859 3-85 

0-:0012 3-920 0:0037 3-942 0-:00473 3-95 
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TABLE 5.3.5B 
(W. L. Bonp) 
Absorption Correction Factors A* for Successive Values of @ 
Cylinders, Radius R 


| aa it 
ahs 6°86 6°84 6:74 6:57 6°35 6-10 5°84 ENS) Spey 1:2 
5 7:96 ae ee. 13D i) 6:92 6:58 6:23 Bed His) 
1-4 9:23 9-18 8:97 8°65 8:25 7°82 137 6:94 6°53 1-4 
Les, 10-7 10-6 10:3 9-88 o:35 S79 o'22 7:68 GA9 Wes) 
1:6 t23 122 sb leks 11-2 10-6 9-84 Ga 8-47 181 1-6 
Lah 14-2 14-0 | peg) Wasi 11-9 11-0 10-1 9-30 8:58 Ly, 
1:8 16-3 16:0 15-4 14-4 135 122 VB a 10:2 9:32 1:8 
a) 18-6 18-3 Ay-5 16:2 14:8 135 1232 Lied 10-1 1:9 
2:0 vA oe) 20:9 19-8 18-2 16:5 14-8 1353 12720 109 2:0 
Dag 24-2 resell yapbe) 20:3 18-2 16-2 14:5 Pate, V7 ves 
22 yah ke PASI) JS 22:6 20:1 Ley Lod, 13:9 | Ce) Zo. 
JR or2 30-4 oul 201 220 19:3 16-9 14-9 Io IAS) 
2:4 35:3 34-2 31-4 PANS | 24-1 20:9 18-2 16-0 14-2 2°4 
ae) 39-8 38-5 34-9 30:5 26:2 225 19% 17:0 15:0 DE 
=O 44-7 43-1] ae 33-4 2) 24-2 20:8 18-1 WES, 2°6 
a Du 48-1 42:8 36°5 30:8 26:0 PP 1922 16:8 say 
2°8 56:1 si ) 47:2 eye | B52 27:8 2370 aS 1 ie 2°8 
2:9 62:5 59:4 51:8 43-1 Re) 2956 250) 21:4 18-6 29 
3-0 69-5 65:8 07 46:6 38-2 SiS 26:4 225 I sae) 3-0 
Sig! Tie 72:6 61-8 50:3 40-8 33-4 Vaio) Mest 20:4 otal 
ps 85-4 7199 67:3 54-0 43-5 35-4 De 24-8 21-4 32 
a3 94:2 87-6 (Pas) ST-9 46:2 313 30:8 26:0 223 oS 
3-4 104 95:9 7139 61:9 48-9 3993 3253 Dard PRS) 3-4 
Sie) 114 105 85-0 65-9 Sy ew 41-3 33:8 28:3 24:2 3 

3-6 125 114 91-4 70-1 54-6 43-3 BPM) ae 3) poy 3-6 
a 136 124 98-0 74-4 57-4 45-4 36:9 a0, 26:1 ahd! 
3°8 149 134 105 CgSeu] 60:4 47-5 38-4 Bulge) 27:0 3:8 
39 162 145 112 83-1 63:3 49-5 39:9 33:1 28-0 39 
4-0 175 156 m9 87:6 66:3 S176 41-5 34-3 28-9 4:0 
4-1 190 168 1s O21 69-3 53-8 43-1 BRES) ag Vs) 4-] 
4:2 206 180 134 96-7 Epis) eee) 44-6 36-7 309 4-2 
4:3 Dae 193 142 101 75:4 58-0 46:2 Sie) 31:8 4-3 
4:4 239 206 150 106 78°5 60-2 47:8 3931 32:8 4-4 
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TABLE 5.3.5B (continued) 
Absorption Correction Factors A* for Successive Values of 6 
Cylinders, Radius R 


a a 
CONDNN HPWH KE 


TABLE 5.3.5B (continued) 
Absorption Correction Factors A* for Successive Values of 0 
Cylinders, Radius R 


45° 50° SD 60° 65° 70° TS° 80° SS" 90° 
1-00 1-00 1-00 1-00 1-00 1-00 1-00 1-00 1-00 1-00 
1:18 1-18 1-18 1-18 1-18 1-18 1-18 1-18 1-18 1-18 
139 1:39 1:38 1-38 1:38 1-38 1-38 37. 3s) 139 
1-62 1-62 1-61 1-61 1-60 1-59 1-59 I-59 59 Bay 
1-89 1-87 1-86 1-85 1-84 1-83 1-82 1°32 1-81 1-8] 
2:18 2°16 2°13 2°12 2:10 2:08 2:07 2:06 205 2°05 
2°50 2°47 2°43 2:40 234 2:35 2°33 2°31 2°30 2:30 
2°85 2°80 ZS 21 2°66 2-63 2°60 2°58 2°56 2°56 
3-24 3-16 3-09 3-03 Pao | 2-92 2°88 2°85 2°84 2°83 
3-65 g°OD 3-46 B°3i/ 3°29 3°23 3-18 3-14 311 ott 
4-10 397 3°84 3°43 3-63 3D) 3-48 3-43 3-40 3°39 
4-58 4-40 4-24 4-10 5°97 3°87 3719 Bie) 3°69 3°68 
5-08 4-86 4-66 4-49 4-33 4-20 4-11 4-03 3-98 397 
5-61 5°34 5:09 4-88 4-70 4-54 4-43 4-34 4-28 4:27 
6:16 5-83 5°54 ¥29 5:07 4-89 4-75 4-65 4-58 4-57 
6°74 6°35 6:00 are 5-45 5-24 5-08 4-96 4-89 4-87 
7:34 6°87 6-47 6°13 5°84 5-60 5°42 3°28 719 5) W/) 
7:96 7°42 6°95 6°57 6°23 5-96 ST 5-60 5°50 5-48 
8:59 797 7°45 7-01 6°63 6°33 6:09 5:92 5°81 5°78 
9°29 8-54 7-94 7°45 7:03 6-69 6-44 6°24 6:12 6-09 
9-91 O12 8°45 Tee 7-44 7-06 6°78 6°56 6-43 6-40 
10-6 O74 8:97 8°36 7:84 7-44 TAM3. 6°89 6°75 671 
[£3 10-3 9-49 8°82 8-26 7-81 7-47 We22, 7-06 7:02 
12-0 10-9 10-0 929 8-67 8-19 7:82 7:54 738 1:33 
12-7 1 10-5 9-76 9-09 8:57 8:17 7:87 7:69 7:64 
13-4 121 Mel 10-2 951 8:95 8°53 8-20 8-01 7:96 
14-2 12:8 Ii-6 10-7 9-95 9:33 8°88 8-53 8-33 8-27 
14-9 13-4 12) 12 10-4 OF 9:23 8°87 8-64 8-58 
15-6 14-0 12-7 Lig 10-8 10-1] 9°39 9-20 8-96 8-90 
16-4 14-6 13-2 12 | 1h 10-5 9-95 9°33 9-28 9 
17-1 15-3 13-8 12-6 11-6 10-9 10-3 9-86 9-60 9:53 
17:9 13:9 14-3 13>] 1?*1 Li 1027 10-2 9-92 9-84 
18-7 16-6 14-9 13-6 123 17. 11-0 10:5 10-2 10-2 
19-4 EZ 15°53 14-] 129 12:0 11-4 10:9 10-6 10:5 
20-2 ey 16-0 14-6 13-4 12:4 Lie? Lid 10-9 10-8 
21-0 18-5 16-6 15-1 13-8 12°8 [2-1 LIS Lf-2 11-1 
207, 19-2 17-1 15-6 14-2 13°2 £2°5 D9 11-5 11-4 
225, 19-8 jlo) 16:1 14-7 13-6 12:8 jy 11-8 11-7 
23'3 20:5 18-3 16-6 LSet 14-0 1392 12:6 12-2 12" 
24-1 22 18-8 1721 15-6 14-4 13-6 [29 125 12:4 
24-9 21:8 19-4 17-6 16-0 14-8 13-9 13-2 12:8 127 
2o°t 2s 20-0 18-1] 16-4 15-2 14-3 13-6 13k 13-0 
26:5 23:2 20-6 18-6 16-9 1S6 14-6 1339 [35 13°3 
Zi 23°8 21 19r] L7e3 16-0 15-0 14-3 13-8 137 
28:1 24:5 PAT 19-6 17:8 16-4 15-4 14-6 14-] 14-0 
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TABLE 5.3.5B (continued) 
Absorption Correction Factors A* for Successive Values of 6 
Cylinders, Radius R 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.5C 


Alternative Method of Calculating Transmission Factor A for Cylinder, Radius R, where 
A=(A*)-!=a(uR)-!+b(uR)-2+ ... 


9 i a b (w 

0 0 (0) 0:3183 

5 0:001615 0:0314 0:0648 
10 0:00642 0-053 0-179 
15 0:01442 0-086 0-061 
20 0:0254 0-105 0-080 
25 0:0394 0-123 0-073 
30 0-0560 0-139 0 
35 0-0752 0:150 —0-022 
40 0:0966 0-159 —0-:10 
45 0:1199 0-164 —0:16 
50 0:1448 0:16 —0:20 
55 0:1741 0-13 —0-30 
60 0:1984 0-11 —0:21 
65 0:226 0-10 —0-33 
70 0:250 0-105 —0:48 
a5 0:274 0:08 —0-52 
80 0-295 0-064 —0:64 
85 0:3107 0:03 —0:5 
90 0:3183 0 —0-53 


5.3.5.3. UPPER LEVELS OF EQUI-INCLINATION 
WEISSENBERG PHOTOGRAPHS 

A proper absorption correction can be made for 
upper levels of equi-inclination Weissenberg photo- 
graphs by using p sec v in place of », and Y/2 in place 
of 6 for compiling the tables. Here 

sin Y/2= sec v»/(sin? 6— sin? v) 

(from Section 4.3.2 (4), (8), (9), pp. 176, 177). 

Finally, the irradiated volume is greater for larger 
values of v by the factor sec v, and this should be 


allowed for by multiplying the resulting correction 
factor by cos v. Hence the resulting correction factor is 


A*=cos o{A*(uR sec », Y/2)} —... AD) 
Here »v is the angle between the generator of the given 
layer line and the equatorial plane (normal to the 
rotation axis); and Y is the angle between the projec- 


tions of the incident and diffracted beams on to the 
equatorial plane. 


5.3.5.4. OPTIMUM SIZE OF A CYLINDER 

Plots of (uR)?/A* show that for 6=0 the optimum 
cylinder radius is that for which »«R=1-35; for 0=10° 
it is given by »R=1-45 and for 6=20° it is given by 
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d e hs g 
0 0-955 0 fia! 
0-835 0-14 
0-057 
0-33 
0-13 
—0:16 


#R=1:9. Above 6=25° there is no optimum, since 
(uR)?/A* rises continuously from »R=0 to uR=~- if 
6>25°. Hence a practical optimum radius for cylinders 
is that for which pR=1°5. 


5.3.6. Sphere of Radius R, bathed in a Uniform Incident 
X-ray Beam (W. L. Bond) 


A machine integration of 


1 
a u(p +4) 
A fe dxdydz 


throughout the sphere gives the results of Table 
5:3.6A. It is worth noting that for 6=0° and for 6=90° 
the equation is integrable. For 6=0° the transmission 
factor is 


(etd?) 


3 
ee To eR R)?2 ee tols3 
ER e#R IF +uR+(uR)?]} (13) 
while for 6=90° 
3 1 
eee 1—(14+4uR)e-*#® 
aa (Gary een chs } 


ee (aey 


Table 5.3.6B (p. 302) has been produced by interpola- 
tion from Table 5.3.6A. 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.6A 
Transmission Factor A for Sphere, Radius R, where 


1 
A=> If i e#O+Ddxdydz 


uR 6 = 0° (ley 30° 

0 

0:5 0-48181 0-48432 0-49166 
1 0-24249 0-24812 0-26372 
Zz 0-07142 0-07941 0-09967 
3 0-02606 0-03350 0-05125 
4 0:01156 0-01785 0-03228 
5 0-075983 0-01122 0-02297 
6 0-0?3470 0-027865 0-01762 
i) 0-072186 0-075924 0-01420 
8 0-071465 0-074691 0-01185 
9 0-071029 0-073851 0-01014 

10 0-0°7499 0-023249 0-078854 


45° 60° (ex 90° 
0-50249 0-51424 0523509 032725 
0-28532 0-30775 0-32541 0-33242 
0-12562 0-15183 0-17289 0-18166 
0-07343 0-09610 0-11498 0-12326 
0-05039 0-06932 0:08557 0-09302 
0-03795 0-05393 0-06796 0-07462 
0:03029 0:04403 0-05630 0-06228 
0-02513 0-03715 0-04801 0-05343 
0-02145 0-03211 0-04184 0-04678 
0:01869 0-02826 0-03706 0-04160 
0-01654 0-02563 0-03326 0-03745 


5.3.6.1. OPTIMUM SIZE OF SPHERES 


Plotting (wR)?/A* shows that there is no optimum 
size for spheres, since the total reflected energy de- 
creases continuously from »R=0 to pR=~ for all 
values of 0. 

The concept of “‘optimum size” is misleading. The 
most desirable condition is that the correction factor 
for 6=0° be not too different from the correction 
factor for €=90°. This is met if ~R<2, when the ratio 
of front to back factors is less than 2:6. 


5.3.7. Crystal of Any Shape, bathed in Uniform Beam 
of X-rays (A. Hargreaves) 


The expression to be evaluated is 


_ fexp (—px)dV 
aq [=e Cen’ va lS) 


Vv 
where x is the path length in the crystal of the rays 
reflected from an element dV, and V is the volume of 
the crystal. Graphical methods for evaluating the 
integral are described by Hendershot [32], Albrecht 
[20] and Howells [33]; none of them is completely 
general. 

Albrecht’s method will be considered when applied 
to zero-layer-line reflections in an oscillation photo- 
graph of a crystal with a cross-section which is constant 
when viewed along the oscillation axis. If the specimen 
is divided into small volume elements we may write 
the approximate solution 


An nieke pk) sett) 


where n is the number of elements. Let the incident 
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beam S, and the diffracted beam S be divided into a 
number of equally spaced rays (Fig. 5.3.7), and let the 
intersection of each pair of ray lines represent the 
centre of a projected volume element. Then the sum of 
the lengths in the crystal of each 
pair of intersecting ray lines 
gives the path length in the crys- 
tal of the beam diffracted by the 
associated volume element. Ex- 
pression (16) may be evaluated 
by measuring, on a scale dia- 
gram, the path length x, for each 
element, obtaining e-“*i from an exponential table 
and then dividing Le-“*i by n, the number of ray inter- 
sections within the cross-section of the crystal. It is 
unnecessary to draw new ray lines for each reflection 
if parallel lines are ruled on two pieces of celluloid. 
The celluloid masks are laid over the scale drawing of 
the crystal section in orientations determined by the 
directions of the incident and diffracted rays appropriate 
for the reflection under consideration. 

Values of exp (—px) may be obtained from Table 8.1 
for the exponential function. 

If the cross-section of the crystal is not constant 
when viewed along the oscillation axis it is necessary 
to repeat the above process for a number of layers. 
The number of layers and the number of rays in each 
layer are determined by the degree of accuracy 
required. 

The computations for non-zero layer lines would, 
in general, be unduly laborious. For equi-inclination 
Weissenberg photographs, however, it is only neces- 
sary to increase the path of each ray by cosec v, where 


5.3. ABSORPTION CORRECTIONS 


v is the inclination of the incident beam to the axis of 
rotation of the crystal; the increase can be effected by 
an appropriate change in the scale of the drawing of 
the cross-section of the crystal. The anti-equi-inclina- 
tion method can be used to eliminate absorption 
corrections for needle-shaped and platy crystals 
(Kartha [12]). 

Howells’ method, which is a development of that 
described by Hendershot, enables equation 5.3(1) to be 
integrated by a semi-graphical procedure after dividing 
the crystal into a small number of suitable areas. The 
number of areas to be considered increases with the 
number of faces of the crystal; the faces are assumed 
to be flat.. For crystals bounded by a small number of 
faces and when moderate or high accuracy is required, 
less computation is needed than in Albrecht’s method, 
particularly in the case of crystals of high absorbing 
power. Howells’ method is applicable to zero and 
non-zero layer lines in oscillation photographs and can 
also be used for equi-inclination Weissenberg photo- 
graphs. In general, the method is not apphcable to 
crystals for which the cross-section is not constant 
when viewed along the oscillation axis. It has, how- 
ever, been extended by Howells to cover zero-layer-line 
reflections in two special cases of crystals of varying 
cross-section, viz. (a) that of a pyramidal form, and 
(6) that of a needle with its length perpendicular to 
the rotation axis. 

Several recent papers have appeared on the subject 
of correction factors in crystals having fairly general 
shapes. Improved graphical methods have been de- 
scribed by Joel, Vera and Garaycochea [34] and by 
Rogers and Moffett [35]. Numerical methods have 
been developed by Grdenié [29] [30; with correction, 
31] and by H. T. Evans [27]. An important develop- 
ment is the high-speed evaluation of transmission or 
absorption factors by means of electronic computers: 
see, for example, Busing and Levy [22]. 


5.3.8. Absorption Corrections in X-ray Examinations 
of Preferred Orientation in Flat Sheet Specimens 
(B. F. Decker) 


The quantity required is a measure of the variation 
in diffracting volume and absorption for rays diffracted 
to different points in a given diffraction ring. 

There are two expressions for the transmission fac- 
tor: one is used when the diffracted rays leave the sheet 
at the face opposite to that entered by the incident 
beam, the transmission case, illustrated in Fig. 5.3.8(1); 
the other is used when the diffracted rays emerge from 
the face at which the incident beam enters the sheet, the 
reflection case. Custers [24] has evaluated both these 
expressions, but in a form which is unnecessarily 
complex. An expression for the transmission case has 
been derived by Decker [25] and Smoluchowski and 
Turner [37]. The form given by Decker is repeated 
here (with correction of an error in the original paper), 
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and an extension of the same treatment has led to the 
expression given for the reflection case. 

In conjunction with the widespread use of counters 
to measure X-ray intensity in preferred orientation 
studies it has been found that two special cases are the 
most useful in practice. Accordingly these special 

(Continued on page 306) 
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Note: The two lower Figs. 
define the convention for 
the diffracted direction. In 
order to be consistent with 
them the top figure must be 
seen from the back. 


Fig. 5.3.8(1) 
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Fig. 5.3.8(2) 
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Fig. 5.3.8(3) 
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TABLE 5.3.6B 
Absorption Correction Factors A* for Successive Values of 4 
Spheres of Radius R 


105 86°8 68-6 54-4 43-7 oBy) 30:1 
112 O15) 719 56:7 45-4 2 We J1*f 
119 96-7 1 5g2 59-0 47-1 38-4 ao" 
126 102 78-6 61:3 48-8 Ebb! 3o°8 
134 107 82:1 63°7 30°5 41:0 34-1 
141 1D 85-6 66:1 Date 42:2 aor! 


TABLE 5.3.6B (continued) 


Absorption Correction Factors A* for Successive Values of @ 


Spheres of Radius R 


70° 
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TABLE 5.3.6B (continued) 


Absorption Correction Factors A* for Successive Values of 0 
Spheres of Radius R 


15 


20° 


pas)? 


TABLE 5.3.6B (continued) 


Absorption Correction Factors A* for Successive Values of @ 


70° 
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Spheres of Radius R 


5.3. ABSORPTION CORRECTIONS 


(Continued from page 301) 
expressions aré also given here, the transmission case 
being that described by Decker, Asp and Harker [26], 
and the reflection case the one called Case III by 
Schwartz [36]. The transmission and reflection counter 
techniques may be used together on the same sample 
to produce the complete pole figure. 

The symbols indicated in Figures 5.3.8(1) (2) and 
(3) are as follows: 


y = acute angle between the sheet normal and the 
incident beam. 


¢ 


azimuthal angle around the diffraction ring; this 
ring intersects the plane containing the incident 
beam and the normal to the surface of the speci- 
men at two points. For the transmission case, ¢ 
is taken as zero at the intersection point which is 
nearest to the sample when the reflecting planes 
are normal to the surface of the sheet. For the 
reflection case, =O at the intersection point 
contained in the reflection region. 


thickness of the sheet. 


x = distance traversed by beam before diffraction 
occurs, projected on to ¢. 


= 


acute angle between the sheet normal and the 
diffracting plane. The sign of a is defined as 
shown in Figs. 5.3.8(2) and 5.3.8(3). 


a constant which includes factors representing 
the intensity of the incident beam and the struc- 
ture factor for the reflection. K will be cancelled 
when taking the ratio of two intensities for the 
same sample, reflection and radiation. 


In the following treatment absolute values of the 
angles have been used; their directions are taken care 
of in the signs in the algebraic expressions. 


5.3.8.1. TRANSMISSION CASE 
(a) General Expression (see Fig. 5.3.8(1)) 


t 


dx A(e®*—1) 
I, v= KA | eF* =K ———_........(17 
my [e cos y B cos y oe 
0 
where A=e—#/C 
B=—n -c} 
cos y 
1 


~ cos y cos 26— sin y sin 20 cos p 


(b) Special Case for Counter Technique (see Fig. 5.3.8(2)) 


y= Coe 
A(e®!— 1) 
1, .=K-———_— 
B cos (8+a) 
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where A=e-“/© 
ee: 
cos (84a) 


~ 


~ COS (0a) 


‘ 


t 
cos 6 


ea Ht/cos 6 


I,-o9=K 


Wore | 
Worn 


7 Woie_g Wore | 


where W is of the form Ws=nt/cos &. 

In practice it is better to use « in the negative region 
only, since unknown factors which seem to be depen- 
dent on the diffracting volume affect the transmitted 
intensity. The change in diffracting volume is small in 
the negative region of «, but increases quite rapidly as 
« increases in the positive region. 

A table of intensity correction factors for this special 
transmission case using counter technique was pre- 
pared by Beatty. This table, expanded to include 
smaller intervals in the value of e-#’, is reproduced as 
Table 5.3.8. The quantity listed is 100I,_)/I_, of 
equation 5.3.8 (18) for specified values of «, 20 and 


enn, 


L-0_w eve 
= 6 


3. wbe) 
+a 


5.3.8.2. REFLECTION CASE 
(a) General Expression 


t 
BE 
lay=K | eS KE meets 
cosy  Bcosy 
0 
l 1 


where B=—p 


(b) Special Case for Counter Technique (see Fig. 5.3.8(3)) 


+a region: y=7—(«+6); d=0 
—a region: y=«—8; d=0 


\COS y ~ cos y cos 20— sin y sin 28 cos ¢ 


(e3— 1) 
I, ,.=K——— 
+B cos (6+«) 
i | 

here B=—p{ ————~- - ———— 

woe “= (8@—«) cos mal 

Worse 
eno Wie ee eee 2200) 

| rae 


elWota-Wo—a) 4 


where W is of the form Ws=1t/cos & and the expres- 
sion for I,» is taken from the above treatment for the 
transmission case. 

In practice it is better to use « in the positive region 
only, since the correction factor changes quite rapidly 
in the negative region. 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.8 


(A recalculation and extension of a table prepared by S. V. D. Beatty, and used by permission of the 
Westinghouse Research Laboratories) 


Intensity Correction Factors for X-ray Spectrometer 


Transmission Pole Figure Determinations 100 me of equation 5.3.8(18) 


aks 


ent 26 = 10° 20° 30° 40° 50° 60° 710° 80° 
a=5° 
0-01 102 103 104 105 106 107 108 109 
0:02 102 103 104 105 106 107 108 109 
0-03 102 103 103 104 105 107 108 109 
0:04 102 102 103 104 105 107 108 109 
0-05 102 102 103 104 105 106 108 109 
0-06 101 102 103 104 105 106 108 109 
0:07 101 102 103 104 105 106 108 109 
0-08 101 102 103 104 105 106 108 109 
0:09 101 102 103 104 105 106 108 109 
0:10 101 102 103 104 105 106 107 109 
0:20 101 102 103 104 105 106 107 109 
0:30 101 102 102 103 104 105 107 108 
0:40 101 102 102 103 104 105 107 108 
0-50 101 101 102 103 104 105 106 108 
0-60 101 101 102 103 104 105 106 108 
0:70 101 101 102 103 104 105 106 107 
0:80 100 101 102 103 104 105 106 107 
0-90 100 101 102 103 104 105 106 107 
a=10° 
0:01 107 109 | 113 116 118 121 124 
0-02 106 108 110 ii LS 118 121 124 
0:03 106 107 109 112 114 Me 120 124 
0:04 105 107 109 111 114 Lig 120 124 
0:05 105 107 109 111 113 116 120 124 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.8 (continued) 
Intensity Correction Factors for X-ray Spectrometer 


Transmission Pole Figure Determinations 100 le=o of equation 5.3.8(18) 


—« 


20° 30% 40° 50° 60° 70° 80° 
120 123 127 131 136 141 145 
1i7 120 124 129 134 140 146 
115 119 13 LaF 133 139 146 
114 117 121 126 131 138 146 
113 116 120 125 130 Wey 145 
112 116 120 124 130 136 145 
2 115 119 123 129. 136 144 
111 114 118 123 128 135 143 
111 114 118 122 128 134 143 
110 113 117 122 127 134 142 
107 110 114 118 123 129 137 
106 109 [iZ 116 120 126 133 
105 108 111 114 118 123 130 
104 107 110 DS, 117 121 127 
103 106 109 112 115 120 1Pe2, 
103 105 108 111 114 118 123 
102 104 107 110 113 117 121 
102 104 107 109 112 116 120 
135 14] 148 155 162 170 176 
130 135 142 150 159 169 1729 
126 132 138 146 156 167 180 
124 130 136 144 153 165 179 
122 128 134 142 151 163 178 
NPE). 126 132 140 150 161 Li 
120 1245 131 le = 148 160 1S 
119 124 130 137 147 159 174 
118 123 129 136 145 Lf 173 
Lig l22 128 135 144 156 172 
112 116 121 128 136 147 161 
109 113 118 124 131 140 153 
107 110 115 120 | Bee 135 146 
105 109 113 118 124 131 141 
104 107 111 116 121 128 136 
103 106 110 114 119 125 132 
102 105 109 112 117 122 129 
101 104 107 111 LID 120 126 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.8 (continued) 


Intensity Correction Factors for X-ray Spectrometer 


Transmission Pole Figure Determinations 100 — of equation 5.3,8(18) 


Ses 


ea 26 = 10° 20° 30° 40° 508 60° 70° 80° 
a=25° 
0-01 152 160 169 179 190 202 214 223 
0-02 142 149 158 168 181 195 212 229 
0-03 136 143 1352 1LG2 174 190 209 230 
0:04 bz 139 147 / 170 186 205 230 
0-05 129 136 144 154 166 182 202 228 
0-06 1h Rx) 141 15a 163 179 199 226 
0-07 125 131 139 148 160 176 197 224 
0-08 123 129 137 146 158 174 194 277 
0-09 121 128 135 144 156 171 192 220 
0-10 120 126 134 143 154 169 190 218 
0:20 112 117 124 131 141 154 172 198 
0-30 107 ii 118 125 134 145 160 183 
0-40 104 109 114 120 128 138 151 170 
0-50 101 106 111 117 124 132 144 160 
0-60 100 104 109 114 120 128 138 LS! 
0-70 98 102 107 Le 117 124 132 144 
0:80 97 101 105 109 115 21 128 137 
0-90 95 99 103 108 112 118 124 131 


5.3. ABSORPTION CORRECTIONS 
TABLE 5.3.8 (continued) 
Intensity Correction Factors for X-ray Spectrometer 


Transmission Pole Figure Determinations 100 1, =0 of equation 5.3.8(18) 


=e: 


e7H! 26 = 10° 20° 30° 40° 50° 60° 70° 80° 
a=35° 
0-01 242 260 281 305 B32 361 391 427 
0:02 208 224 245 DAT | 303 341 388 447 
0-03 190 206 226 2S2 285 B27 380 453 
0:04 178 193 vALE: 238 Ig | 314 872 454 
0:05 170 184 203 IB) 260 304 364 451 
0-06 163 177 195 219 251 295 B57; 448 
0:07 158 171 188 21 243 287 349 444 
0-08 153 166 183 205 236 279 342 439 
0-09 149 162 178 200 230 218 336 434 
0-10 146 158 174 195 224 267 329 428 
0-20 125 135 147 164 188 223 Oia B72 
0:30 114 123 133 148 167 195 240 322 
0:40 107 115 124 136 152 175 212 279 
0-50 102 109 Lie, Wi 141 160 190 243 
0:60 98 104 112 121 132 148 171 212 
0:70 94 100 107 is 125 138 156 186 
0-80 91 97 103 110 119 129 143 164 
0-90 89 94 100 106 113 122 132 146 
a=40° 
0-01 337 366 399 437 478 526 590 701 
0:02 274 300 334 376 427 493 582 736 
0-03 242 267 299 341 395 468 570 746 
0:04 222 245 276 317 372 447 557, 748 
0:05 208 229 259 298 353 430 544 745 
0:06 196 217 245 284 337 415 532 740 
0:07 187 207 234 Oi 324 401 520 733 
0:08 180 199 225 261 312 389 508 726 
0-09 173 192 27 252 302 S09) 497 Tie 
0-10 168 186 210 244 293 367 487 708 
0:20 136 149 168 194 232 293 399 612 
0-30 120 131 146 167 197 246 333 $20 
0-40 109 119 132 149 173 212 282 436 
0:50 102 111 122 136 156 186 241 362 
0-60 96 104 114 126 142 166 207 298 
0:70 92 99 108 118 131 149 180 243 
0:80 88 95 102 111 121 135 157 198 
0:90 85 9] 98 105 113 124 138 161 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.8 (continued) 


Intensity Correction Factors for X-ray Spectrometer 


Transmission Pole Figure Determinations 100 L.=0 of equation 5.3.8(18) 


20° 


30° 


40° 


1140 
910 


—& 


SOF 


1271 
1080 
968 
889 
827 


777 
Te 
698 
666 
637 


450 
345 
279 
224 
187 


157, 
134 
gs) 


60° 


838 
774 
728 
691 
661 


70° 


1020 
999 
973 
948 
923 


900 
878 
857 
837 
818 


660 
538 
439 
356 
288 


232 
186 
149 


80° 


1564 
1637 
1658 
1660 
1653 


1640 
1624 
1605 
1586 
1566 


1349 
1140 
946 
766 
599 


447 
314 
208 


5.3. ABSORPTION CORRECTIONS 


TABLE 5.3.8 (continued) 
Intensity Correction Factors for X-ray Spectrometer 


Transmission Pole Figure Determinations 100 1, =0 
20° 30° 40° 50° 
2000 2052 2182 2566 
1304 1447 1663 2104 
1006 1165 1399 1847 
833 991 1228 1670 
718 871 1104 1537 
634 780 1008 1430 
570 710 930 1341 
520 652 865 1265 
478 605 810 1199 
444 564 763 1140 
267 345 484 769 
195 249 349 566 
155 195 267 429 
129 159 212 330 
111 134 172 255 
98 lS 142 198 
87 100 119 156 
as) 89 102 121 
4960 4729 5078 7328 
2906 3089 3649 5738 
2100 234) 2966 4905 
1656 1955 2540 4353 
1373 1673 2240 3946 
1174 1467 2013 3628 
1026 1308 1834 3367 
912 1182 1686 3149 
820 1078 1563 2960 
745 992 1457 2796 
386 542 862 1802 
255 360 587 1285 
188 260 422 946 
147 198 312 697 
120 156 234 505 
100 126 Led, 354 
85 103 136 236 
74 86 105 150 
312 


of equation 5.3.8(18) 


60° 


5.4. Mosaic Theory 


Equations 5.5 (1)-(11) have been derived on the 
assumption that the intensity of the X-ray beam passing 
through a crystal is not affected by the process of diffrac- 
tion. This is true only if the crystal is composed of 
small parts that scatter quite independently, a condition 
which is completely disobeyed by a perfect crystal. 
(‘“‘Real” crystals, however, do obey the condition ap- 
proximately ; they are composed of small blocks (mosaic 
blocks) which are in sufficient disregistry to scatter in- 
dependently.) Few crystals, however, are sufficiently 
imperfect for equations 5.5 (1)-(11) to apply to all the 
X-ray reflections; on the other hand, none is so perfect 
that equations based on crystal perfection apply. 

The problem was first studied by Darwin [44], who 
showed that a perfect crystal should obey the relation 


8 1+|cos 26| 
R(@)d6=— ———_—. me 
| (Ad 2 sin 20 () 


3a 
The integrated reflection is thus proportional to |F| 
and not to |F|?. Integrated reflections for perfect 
crystals are much weaker than for imperfect crystals. 

The difference between the formulae for the two 
types of crystal arises because of the interaction 
between the scattered radiation and the incident radia- 
tion. It can be shown by the ordinary Fresnel con- 
struction that the rays scattered by a complete plane of 
atoms are such that they have a phase difference of 7/2 
with respect to the rays scattered in the same direction 
by a single point. Reflected rays must be incident upon 
the reverse side of the reflecting planes at the correct 
Bragg angle for reflection, and the twice-reflected rays 
will then have a direction parallel to the incident rays, 
but with a phase difference of 7. They will thus cause a 
reduction of the intensity of the incident beam, which 
does not occur when the crystal is not in a reflecting 
position. There will, of course, be multiple reflections, 
some of which will be in phase with the incident 
beam, but the total effect is a reduction of intensity. 
Although within a very narrow angular range there is 
total reflection, the integrated intensity of the reflected 
beam is weakened compared with the reflection from 
a mosaic crystal. This is called primary extinction. 
This simple picture is reasonably adequate for the 
so-called Bragg case; but when both incident and 
reflected beams emerge on the same side of the crystal 
(the so-called Laue case) or when the crystal is com- 
pletely bathed in the primary beam, the situation is 
more complicated. 

Primary extinction occurs only in regions of a crystal 
which are perfect enough for exact phase relationships 
to apply. If the various parts are slightly out of register 
the phase differences areno longer exact, and amplitudes 
cannot be algebraically added or subtracted. 


e2 


NAF 
Flo 


5.4.1. Distinction between Perfect and Ideally Imperfect 
Crystals 

To decide whether the mosaic blocks in a crystal are 
small enough for a crystal to be considered ideally 
imperfect it is necessary to consider the amplitude of 
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the radiation reflected by a single plane of atoms. If 
q is this amplitude, the condition that primary extinc- 
tion should be absent is that the number of planes m 
in a mosaic block should be such that mg is much less 
than unity. For example, for the 200 reflection from 
rock salt g=2:02 x 10-4; hence m should be less than 
500, corresponding to a thickness of 1400 A. For the 
400 reflection g=6:15 x 10-° and m should be less than 
1600, corresponding to a thickness of 4600 A. 


5.4.2. Primary Extinction 


It can be seen from the previous section that the size 
of crystals necessary for primary extinction to be 
negligible is smaller than is usually attainable, even in 
a fine powder. Because of the strength of the reflec- 
tions it gives, rock salt is not typical, but even for more 
general crystals it is difficult to produce a specimen 
fine enough for primary extinction to be absent. 

When the condition that mg should be much less 
than unity does not obtain, the quantity Q in equations 
5.5 (1)-(11) must be replaced by a quantity such as 
Q’, where (Darwin [45]) 


‘ tanh m 

=n 4 (1) 
Q mg 

Values of (tanh mq)/mq are given in Table 5.4.2. 
TABLE 5.4.2 

Primary Extinction Correction Factor 
TG we tea sa ee 0-4 0:6 0-8 1:0 
(tanh mq)/mq.. 0-971 0-949 0-896 0-832 0-761 
1*5 2:0 3-0 4-0 5:0 


TAGS: Eaieys SORE 
(tanh mq)/mq.. 0-604 0-482 0-332 0-250 0-200 

Primary extinction can affect intensities from both 
single crystals and powders. 


5.4.3. Secondary Extinction 


Secondary extinction can occur together with 
primary extinction, but is different in nature. The 
mosaic blocks of a crystal may be small enough for 
the effects of primary extinction to be negligible, but 
the upper blocks in a crystal, by reflecting the radiation, 
may shield the lower ones, which will not therefore 
give their full contribution (W. H. Bragg [4()]). 

The effect can be allowed for by adding to the 
ordinary absorption coefficient » a quantity gQ, where 
g is constant for a given crystal (Darwin [45]), but 
may vary considerably from specimen to specimen. 
No satisfactory way of determining g is known, 
although it may be derived from the experimental 
results if the structure is known. 

It is sometimes possible to estimate the true structure 
factor by using a series of successively thinner or 
smaller crystals (Bragg, James and Bosanquet [41], 
Cochran [43]) and the mosaicity may sometimes be 
increased and extinction reduced by a thermal shock 
in liquid air or nitrogen. Methods have been suggested 
for estimating the perfection of a crystal (Ramaseshan 
and Ramachandran [46]) and of eliminating primary 
and secondary extinction simultaneously, by the use 
of polarized X-rays (Chandrasekhar [42]). 


5.5. Summary of Formulae for Integrated Intensities 


(a) Crystal Element 
N’e4A38V 1+ cos? 26 


=QS5V= 7 ame en 
rae 2t1-C* sin 26 IF (1) 
(b) Crystal Face 
1. Symmetrical Reflection 
; N7e4A8 1+ cos? 26 
oe ———— |F |? oes he) 


2 4um?’c* sin 20 
2. Asymmetrical Reflection, when the reflecting planes 
are inclined at angle ¢ to the crystal face, and the face 
normal is in the plane of the incident and reflected 
beams. 

Case (i) Angle of incidence (8+¢) and angle of 
emergence (6—¢) 


(1 cone tae oe): 
2u 


Case (ii) Angle of incidence (@—¢) and angle of 
emergence (6+¢) 


Ons cot @ tan ¢) .. (4) 
2h 


a 
(c) Crystal Section of Thickness t 
Reflecting planes perpendicular to surface: 
p' =Qt sec 6 exp (—ypt sec 8) 


N2e4A3¢ 1+ cos? 26 
= —pt OF I* 2. ..65 
4m?2c4 nbcosuer ee | Late ) | (5) 


(d) Powder Halo: no absorption correction included 
P Qp’Vcos@ N?e4A®V 1+ cos? 26 
ee TL OE, OL GG 
8m?2c? sin 0 Pir (6) 


where P is the diffracted power. 


(e) Debye-Scherrer Lines on Cylindrical Film: no 
absorption correction included 
(he Qp’TV — Ne4A5/V_ 1+ cos? 26 aap (7) 
I, 8rsin@ 327m?%c4r sin? @ cos oP ai, 
where / is the length of line measured and r is the radius 
of the camera. P, is the power reflected into length /. 


(f) Reflection from a Thick Block of Powdered Crystal 
of negligible transmission 

ts 204)3 2 
Pi Qp"l ~ N2e4A3/ 1+ cos 26 “EID... .(8) 
I, l67ursin@ 647m?c4ur sin? cos 6 


(g) Transmission through Block of Powdered Crystal of 
Thickness t 


P——-Opwircto 


I, 4zr sin 268 
N2e4A3 /1t5’ 1+ cos? 20 
a — ———p"|F|? ....9 
8am2c4 § sin 20° pase 0) 
where 6’, 6 are the densities of the block of powder and 
of the crystal in bulk respectively. 


(h) Rotation Photograph of Small Crystal, Volume V 


1. Beam normal to axis, where ¢ is the angle between 
the axis of rotation and the reflecting plane, 


goqu inalQMDSd see 
27(cos? d— sin? 6)? 
N’e4A8V 1+ cos? 26 1 
= ———_—_ ————. pF |?,... .(10 
4n7m’c4 —s sin 20 = (cos? d— sin??? | | | (10) 
2. Equi-inclination Weissenberg photograph: 
 » QViog sNicity dak costae? 
: 27écos@ 47m%c* €cosé 


Absorption is neglected in both (g) and (A). 


(Pl? 528 Fer 
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6.1. Formulae for Three-dimensional Electron Density and Patterson Functions 


6.1.1. Electron Density 


The Fourier series for the periodic variation of the 
electron cae in a perfect infinite crystal is 


p(X YZ)=— oy, Si SI F(hkl)exp{—27i(hX +k Y+I1Z)} 
aoe ame eal) 
where 
ee 
F(hkl)= Zilli p(xyz)exp{2mi(hx +ky+1z)}dxdydz 
$00 ..(2) 


Vis the volume of the unit cell, and (X YZ) and (xyz) 
are dimensionless fractional co-ordinates. If the unit 
cell axes are measured in A, V, has the dimensions of 

3, p(X YZ) of electrons/A?, and F(hk/) of electrons/ 
unit cell. 

Let F(hkl)=A'(hkl)+iB' (hkl), where A’ and B’ are 
real, and a(hkl)=tan-(B’/A’). Then, since p(X YZ) is 
real: 


A'(hkl)=V [foo cos {2r(hx+ky+l1z)}dxdydz 


000 3) 
Lit 
B(hkl)=V, | i | p(xyz) sin {27(hx+ky+1z)}dxdydz 
659 eG) 
and F(hkl)=|F (hk) exp{ia(hk])} bent) 
By (3) and (4): 
F(hkl)= A'(hkl)—iB'(hkl) 
=|F (hkl) |exp{—ia(hkl)} ns6) 
so that a(hkl)=—a«(hkl) Pid) 
Further |F(Ak1)|=|F(hk1)| es) 


[This is a formal consequence of definition (2) and 
the reality of p(X YZ). Friedel’s law of the same form 
relates to the amplitudes of the scattered waves, and 
may be explained on the assumption that these ampli- 
tudes are proportional to the right-hand side of (2). 
See Volume III for effects of anomalous scattering.] 

Using (5) and (6), (1) may be written: 


aoe Y, i 
Es oD S: Si |F(AK1)| cos {2n(hX +k Y+IZ)—a(hkl) 


CH. =: —6d. 


ere) 
or alternatively 
p(X YZ)=< 2, Sk Si {A'(hkl) cos 2n(hX+k Y+1Z) 
+B'(hkl) sin 27(hX+k Y+/1Z)} . (10a) 


If the crystal has a centre of symmetry at the origin, 
so that eae ‘(hkl), (9) and (10a) reduce to 


p(X YZ)=— >y Si Si F(hkl) cos 27(hX+k Y+IZ) 
(108) 


€-o -c -—c 


If the electron density is treated as a superposition 
of atomic electron densities 


F(hk1) => fAhk1) expQmi(hx,t+ky+lz)} ....(11) 


where the summation is over all the atoms of a unit 
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cell, with co-ordinates (x;, y,, z,), and 


ao o © 


Thkl)= v.| | [econo exp{2mi(hut+ky+lw)}dudvdw 

ee ot) 

is the scattering factor of atom ¢ whose electron 

density is p,(uvw), (uvw) being co-ordinates referred to 

(x1, Yt, Z:) aS Origin. If the atomic densities are centro- 

symmetrical with respect to their origins the f; are real 

and 

A'(hkl)=S Fhkl) cos {2n(hx,+ky,4+1z,)} 

: (3) 

and B'(hkl)=> F(Akl) sin {27(hx,+ky,4+1z,)} 

f set ELA) 

are also real. If also the atomic densities have at least 

the symmetry of the crystal class, and in particular if 
they are spherically symmetrical, 


A'(hkl) => f,(hkl) A(HKl) as) 
B'(hkl)=> f,(hk1)B(Ak1) Eto. 


where the summation is over the crystallographically 
non-equivalent atoms in the unit cell and 


A(hkl)=S cos {27(hx,+ky,+/z,) es (ha) 


41S) 


where the summation is over the atoms in the unit cell 
related to r by symmetry. Note that (15) and (16) are 
not in general valid for non-spherical atoms, as sym- 
metry-related atoms may then have different f’s. 
Volume IJ, Section 4.7, gives particular forms assumed 
by p(X YZ), A(hkl), and B(hkl) in each space group. 


and B(hkl)=> sin Qa(hx,+ky e+ lz.) 


6.1.2. The Patterson Function 


By the convolution theorem (Section 2.5.3.1 and 
Table 2.5.4D), the Fourier series 


P(UVW)=— >»? «51 |F(AKD|* cos 2n(hU+kV+IW) 
. (1) 
involving only the amplitudes and not the pies of 


the structure factors, represents the function 
tat 


P(uyw)= v.| | { p(xyz)p(x+u, y+v, z+w)dxdydz 
000 oy aan 
This function, introduced by A. L. Patterson [21] [22], 
gives a vectorial pattern of the distances between the 
atoms ina unit cell. On the use of the Patterson function 
see, for example, H. Lipson and W. Cochran [19]. 


C€—c -—O -@ 


6.2. Formulae for Fourier Series, Sections, Lines, Projections and Derivatives 


The formulae in this section relate as they stand to 
the electron density. To make them applicable to the 
Patterson function, |F(Ak/)| must be replaced by 
|F(hkl)|?, and « set equal to 0. The formulae are 
appropriate to the space group Pl. To obtain the 
formulae for other space groups, corresponding modi- 
fications must be made to the electron density expres- 
sions given in Volume I, Section 4.7, or to the Patterson 
function expressions given in Volume I, Section 4.8 
(which also lists the Harker sections). The arrange- 
ment of the expressions for computation is discussed 
in Section 6.5 (p. 333). 


6.2.1. Electron Density Sections 


6.2.1.1. For a plane parallel to (001), intersecting 
ins ) et 
— ay, Sk > |F(Ak1)| cos {2n(hX +k Y+1z,)—a(hkl)} 


Rect) 


Since only one value of Z occurs it is easiest to evaluate 
this by summing first with respect to 7. Thus, as a 
simple example, if there is a centre of symmetry at 
the origin, the section at Z=} is 


p(X ¥)=— >y, Sh C(hk) cos 2n(hX+kY) 


Aceh ars 


where 


C(hk)= > (—1)'F(hkl). 


The Patterson function always has a centre of sym- 
metry at the origin and the Harker sections are AG 
. values of X, Y or Z which are multiples of 4, 4, 3 or 
4, so that they may always be evaluated by expressions 
resembling that given for p(X Y). 


6.2.1.2. For a plane parallel to (h,k,/,), whose equa- 


tion is 
h,X+k, Y+)Z=p, e .(2) 
hl 
I @ ane 7, F(hkl 2 ja 
HO ae 7, 24 Ot IFURED ene Pn (a) x 
+ eh y+ —«(hkl) ree, (3) 
l, h 


It should be noted that the area of the repeat unit of 
this expression is the same as that of the repeat unit 
in the plane (h,k,/,). [(2) can be used to eliminate X, 
Y or Z from 6.1.1(9}. It is usually most convenient to 
eliminate the variable with the smallest non-zero 
Miller index. The preceding equation is one of the 
three possible. ] 
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6.2.2. Electron Density Lines 


6.2.2.1. Along a line parallel to [001] intersecting (001) 
at X1)4: 


pmyiZ)— 
yD Si Sy a (hk1)| cos {2n(hx,+ky,+1Z)—a(hkl)} 
pose may) 


In evaluation it is convenient to sum first with respect 
to hand k. 


6.2.2.2. Fora line parallel to [uvw] passing through the 
point x, y,z,, Whose equation is 


ASX, Yo yi 2-2; 
u vy 


1 ioe) © lee) 

Vays ton F(hkI Deel he k 
AZ) ine <7 DADE D!IECHKD| cos [2] fe +k 
cee 

Ww 


w 


mended 
Ww 


-a(he| wee 2) 
The line density repeats only after traversing a distance 
equal to the repeat distance along [uvw]. (Any one of 
three pairs of variables XY, YZ, ZX may be elimi- 
nated from 6.1.1(9), leaving an equation in one 
variable only. The preceding equation is one of the 
three possible.) 


6.2.3. Electron Density Projections 
6.2.3.1. The contents of the whole unit cell may be 
projected parallel to [001] on to any plane not con- 
taining [001], giving a projected electron density: 
1 
V. 
A(XY)=— p(X YZ)dZ 


0 - 
=< S "St |F(Ak0)| cos {2n(hX+k Y)—e(hk0)} 


..(1) 

where A is the area of the (001) face of the cell. 

Projection on to the plane orthogonal to [001] is 
often preferred. For this, A=V,/c, with axes a’=a sin B, 
b'=bsina. In either case, with the unit cell axes 
measured in A, the dimensions of p(X Y) are electrons/ 
A? of the projection. 

(1) is one of the three principal axis projections. 


6.2.3.2. A projection parallel to [uvw] may be used to 
give the projected electron density of a unit cell having 
[uvw] as one axis. The F(Ak/) for such a projection 
belong to the zone [uvw] and have indices satisfying 
hu+kv+lw=0 ee) 


Such projections are often conveniently evaluated with 


6.2. FORMULAE FOR FOURIER SERIES, SECTIONS, LINES, 


respect to new axes, two of which are taken in the 
plane (uvw). 


6.2.3.3. A bounded projection parallel, say, to [001] 
gives the projection of the contents of the cell between 
two values of Z on to any plane not containing [001]. 
Thus if the limits are Z=z, and Z=z,, the bounded 
projection is 
Z2 
Ba(XY)=— p(X YZ)dZ 
21 

where A is the area of the (001) face of the cell (refer- 
ence [3]). Before integrating it is convenient to 
separate those terms in the electron density series with 
/=0, thus: 


moeer(S) 


1 [8] [6] 
p(X¥Z)=F- > > |F(AKO)| cos {21(hX-+k Y)—a(hk0)} 


D> Dy, SI F(AKD)| cos {2n(hX +k ¥+1Z)—o(hkl)} 


. (4) 
On substituting (4) in (3) and integrating we get 
BX Y)= 


(Z.— GSS > |F(AKO)| cos {20(hX+k Y)—a(hk0)} 


sity iD > > sa |F (HK) [sin {2n(AX+KY+1z,)—a(hkD)} 


—sin {2n(hX+k Y+1z,)—a(hkl)}] Pz (3) 
or 


Bu(XY)= 
(29x AHS ,5 Dé |FVIKO)| cos (2n(hX+k ¥)—a(hkO)} 


A > > DH FAKD|[Cy sin (20(AX +k Y)—a(hkl)} 


7 cos {2n(hX+kY)—o(hkl)}] ....(6) 


Ware C =5(00s 271z.— 


cos 27/z,) 

Ie CZ) 
S,;=—(sin 27/z,.— sin 27/z,) 

2nl 

The summation consists of two distinct parts, the first 
being similar to (1) (it is identical if z,—z,=1) while the 
second is little more elaborate than the trigonometric 
expansion of 6.1.1(9). The factors C, and S, are con- 
stant when / is constant, so that the first summations 
should be made with respect to /. 


6.2.3.4. A number of parallel electron density sections 
may be projected on to acommon plane. Let the planes 
be parallel to (001) and intersect [001] in z,, zo, .. ., Zp. 
Then the required density function is 


p(X ¥z,)+p(X¥z2)+ ...+p(XYzn)=> p(X ¥z,) 
r=1 
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PROJECTIONS AND DERIVATIVES 
Substituting from 6.1.1(9): 


By p(X ¥z,) = 


wa ay Sk Si |F(AKD|[C, cos {2n(hX +k Y)—a(hkl)} 


C_cw —-co -@ 


—S, sin (2n(hAX+kY)—a(hkI}] ....(8) 


h n 
Tie C= > cos 2alz, 


r=] 


pe) 
and La 
RY > sin 2rlz, 
a 


6.2.3.5. The contents of the unit cell may be projected 
in planes parallel to, say, (001) on to any line not 
parallel to (001), giving a projected electron density: 


i 
p(Z)=— i o(XYZ)dXdY 
00 


*S'|F(00)| cos {2lZ—a(00)}... (10) 
d< 

where d is the length of the unit cell in the projection. 
With d in A, the dimensions of p(Z) are electrons/A. 


6.2.4. Differential Syntheses 


The preceding formulae are often used to find the 
positions of the maxima of the electron density by 
interpolation from density values computed at regular 
intervals. An alternative method [5] of finding the 
position of a maximum is to compute the first and 
second derivatives of the electron density at a point 
(xyz) assumed near the maximum. The small shifts 
(€, €y, €2) to give the maximum at (x+e,, y+e,, Z+€,) 
are determined by the following equations: 


Op 0p 0 p. _ ap | 
—eE € z= 
OxA axcoy 7 éxéz* ex 
Bas huh) Op balbgdAn smmlg ap 
Adv. Mavic “gil? 
Op a ap oe Op 
Eq + So aaa T 
Ox OZ eyez” ieee Oz | 
where for the space group P1 
Re cone 
= > Ss | F(hkl)| cos {2n(hx+ky+Iz)—a(hkl)} 
ae 
Ry 
ope Si SUnF (hk1)| sin {2n(hx+ky+1z)—o(hkl)} 
ei 
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with similar expressions for ¢Cp/éy and dp/éz; and 


oy, 


Dy Ss hi F(hkD)| cos (2n(hx+hy-+1z)—a(hkt)} 
Sy os ae 


with similar expressions for 0*p/ 0x dz, 
079/ 0x", 0%p/ dy” and 02p/0z?. 

For other space groups, simplified expressions may 
be obtained by differentiating the appropriate expres- 
sions for the electron density given in Volume I, 
Section 4.7. 

It is often convenient to specify co-ordinates in A 
(or other suitable units) instead of axial fractions, as 
the principal second derivatives then have a more 
direct physical significance, values for similar atoms 
being affected only by thermal vibrations and the 
number of terms in the summation. Let (xyz) specify 
the co-ordinates of (xyz) in A, then (1), (2) and (3) 
become 


0°p/ Oy oz, 


2 2 2 By |) 
ELS CAE fe eee E Cre a | 
OX FCxKcy “OX OZ Ox 
a2 C2 2 Co 
a E €x+ a bee g p ee e .(4) 
Oxedy dy? OY CZ oy 
aeage emai ah age p 
SyGipins G02 ahye 
ex az * AGH ez? oz } 
where ex, €y, €z are the shifts in A and 
oO c 0 oF 
ort sae Reet si etc. 24) 
OX £0"0x oxdy ab éxdy 


If the electron density peak is spherically symmetrical, 
the following relations hold among the second deriva- 
tives at the peak in a triclinic cell: 


Op eb O'p 7 


Ox® Gy? Gz? g (say) 
Op _ Op o*p a O*p _O*p 088 
=— — a, =—— 
exdy or?” dyez Or? éxdz ore” | 
(6) 


where r is any radius of the spherical peak, and «, B 
and y are the interaxial angles. Thus, if the peak is 
assumed spherical, one non-zero second derivative 
gives the values of all the others and (4) simplifies to 


+€y COS y+ez COS B= ye) 
(si € € syd <= 
2 a lel ax/ or? 
Cp | 0p 
€x COS y+ey+€z COS a= —— | — see 
x ges ee hh a ey =a (7) 
Op | 0? 
€x COS Pte, COs x--e,=——- | —© 
Oz] Or 
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The solutions of (7) are, with 


p= (52) (1+ 2c0sxcoseosy— cos" a—cos*B—cos?y), 


5 


7) ) 
—dex=(1— cos? a)—+(cos a cos B— cos ae 
Ox oy 


é 
+(cOS « COS y— cos By 
OZ 


rg 4 
—dey=(cos « cos B— cos ea a COS4 Be 


7) 
+(cos 8 cos y— cos a) 
Z 


7) rs) 
—dez=(COS « COS y— COS By) +(cos B cos y— cos a) 
Ox y 


Cp 
i. 2 pa a 
+(1— cos? y) az| 


oat) 


For a monoclinic cell, with 5 as the unique axis, (7) 
becomes 


Op | e2p | 
Ex +€z cos B=—— aa 
Cp | 0%p 
Het a . (9) 
y Or? 
Op /O 
ex COS Bh en=— = oe 
with solutions 
Opi 
ag sige cos B <? sin? B 
OZ Or 
Op | 0p 
pe seed) Ee :¥@0 
ey éy/ er? r (10) 
7) oe r 
alee COs a\ (SS sin? 
If all the axes are orthogonal, these reduce to 
op Op @p | 
€x=— 
éx/ ér? 
C2 
potatoe? PoP (1) 
oy/ or 
Op [0p 
Ca 3 
@z/ er? 


These simplified equations must be used with caution, 
as electron-density peaks are sometimes appreciably 
ellipsoidal: for accurate work (1) or (4) should be used. 

The use of differential syntheses in refinement with 
allowance for finite series corrections and for phase 
angle refinement in non-centrosymmetric space groups 
is discussed further in Section 6.4.2. 


6.3. Fourier Transforms 
(cf. Section 2.5.3) 


Let (xyz) be the co-ordinates of a point in direct 
space defined by the vector 


xa+yb+ze 


where a, b, ¢ are base vectors enclosing a volume V,, 
and let (72) be the co-ordinates of a point in reciprocal 
space defined by the vector 


€a*+nb*+ Cc* 
where a*, b*, c* are the reciprocal base vectors. 


The Fourier transform of a density function p(xyz) 
is the scattering function 


ao oOo © 


flenD=V. | | i emrneqant en oan 
() 


—-O -O -D 


The inverse Fourier transform is 


co oOo oO 


poy=z I | [reéndexp(—2nitex--ny + C2) dba 
22) 


If a, b, c are orthogonal and of unit length, the co- 
ordinates are in length units and V,=1 disappears from 
the formulae. 

This Section lists a number of useful Fourier trans- 
forms and transform techniques, the latter including 
treatments of diffraction effects (Section 6.3.2) and of 
the effects of crystal shape (Section 6.3.5). Reference 
should be made to Section 2.5.3 for the basic mathe- 
matics of Fourier transform theory. 


-—oO —O -C 


6.3.1. Radial Electron Densities 

In three dimensions, the electron density p(r) for a 
distribution with spherical symmetry about the origin 
is related to the oe ei factor f(s) by 


sin 2nsr 4. 


p3(r)= lens rage or 
0 


where r is the radius in length units in direct space, and 
s=2 sin 6/X, the radius in reciprocal space. 
If U(r)=4nxr?p,(r) is the radial electron density: 


me 


LO = | Seah) sin 2zsrds ge 2) 
: 
0 
This is sometimes used as a series in the form 
U(r)_ = 2anr 
Papa sia (>) ....8) 


where /(n) is the eee factor for the nth order 
spectrum from planes of spacing D. 
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The electron density in a two-dimensional projec- 
tion is 
eo) 


pAlr)= | 27sf(s)Jo(27sr)ds . (4) 


0 
where J,(27sr) 1s the zero order Bessel function. 
The electron density in a one-dimensional projec- 
tion 1s 
[oo) 


pi(r)= |2f(s) cos (2zsr)ds 4a) 


0 


6.3.2. Diffraction Effects 

When the upper limit of integration of 6.3.1(1), (4) 
and (5) is sg=2(sin @max)/A, point atoms with unit 
scattering factor, f(s)=1, are represented by density 
functions as follows: 


3 dimensions: 


i= fon 2 Sin 2msr 2nsr 4. :. 


_ sin Sin 27SoF Sq COS 27Sor 


2728 ar? 


Pc: Pe m—m Cos m) (1) 
B—\ m3 i‘ 
where m=275 or. 
2 dimensions: 
Pym lamer eae ea 
. 
0 
aul ess) Des 
m 
1 dimension: 
n= \|2 608 Ory ieee ee 
Tr 
0 . 
=24(— ) Bibs ji) 
m 


Table 6.3.2 shows the values of sor for the first four 
zeros of 7,(r), 7,(r) and 7,(r). 


TABLE 6.3.2 


First zero 


Second zero 
Third zero 1-5 
Fourth zero 2:0 
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Figure 6.3.2 (taken from R. W. James [14]), shows 
the functions 

3(sin m—m cos m) sin m 

m3 ‘ 


2J,(m) ana 
m 


Fig. 6.3.2 


Curves of (A), 3(sin m—m cos m)/m?; (B), 2J,(m)/m; 
(C), (sin m)/m 


The general effects of finite integration may be 
represented as follows. Suppose that the scattering 
function f(&7f) is observed only within a region S of 
reciprocal space. Then the density function p(xyz) is 
replaced by 


Mxy2)=z { | [rtentvesp(—2niter-+ny-+ t2atcra 
. wabAcy 


(En Dg(én Sexp{—2mi(Ex+ny+ Cz)} 


1 inside S 


Define g(én¢)= i outside S$ 


Then 


wont Fh 


dédndl MS) 

The inverse Fourier transform of g(&€) is 
Gtuye)—z | | | alGndexpl—2niler-+ny+todeandt 
~% -m aA) 


Hence by the convolution theorem (Section 2.5.3.1, 
p. 66, and Table 2.5.4D, p. 82) 


woy2)=V. | | [ecomartux, v—y, w—z)dudvdw 


aid) 

Thus the finite integration density is obtained by 
multiplying the density at every point (wvyw) by the 
function V.G*(u—x, v—y, w—z) and integrating. When 


—O —O —O 
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S is a spherical region of reciprocal space, G* is the 
function 7,(r) of equation (1). Similarly, in two- and 
one-dimensional projections, G* becomes 7,(r) and 
an): 

Equation (7) also holds for the effect of finite sum- 
mation on a periodic density function, if 
1 for every observed lattice reflection (hk/) 
0 for unobserved lattice reflections 
arbitrary elsewhere 


g(én0)= 


This treatment of diffraction effects is the transform 
of the treatment of the effect of crystal shape given in 
Section 6.3.5, 


6.3.3. Various Space Transforms 

6.3.3.1. The scattering factor f(s) at reciprocal radius 
s=2 sin 0/A of a distribution p,(r) with spherical sym- 
metry about the origin is 


ioe) 


TS) aie pr) ————— 
0 
which is the inverse Fourier transform of 6.3.1(1). 


sin ey rae 
7Sr 


6.3.3.2. Fora plane distribution of circular symmetry 
of density p.(r) per unit area: 


ioe) 


JS (s)= |2arp.(r)J((27tr)dr 


0 
where fr is the orthogonal projection of the reciprocal 
vector s=(€f) on a reciprocal plane parallel to the 
distribution. 


£O) 


6.3.3.3. Fora line distribution of density p,(r) per unit 
length: 


ioe) 


f(s) |p(ryexp(2zitr dr 
where ¢ is the orthogonal projection of s on a line in 
reciprocal space parallel to the distribution. 


me)) 


6.3.3.4. Using (2) and (3), the scattering function for a 
distribution p(R,z) of cylindrical symmetry, where z 
is the distance along the axis and R is the distance 
from the axis, is 


Kod={( [ 2x Rp(R2\Ja(2rtR\dR Jexp(2rit\d: 
-0 0 | (4) 


where € is the distance along the reciprocal axis 
parallel to z, and ris the distance from this axis. 


6.3.3.5. Using (1), the scattering function for a spheri- 
cally symmetric atom freely rotating spherically at 
radius r from a point (xyz) is 


f(s)exp{2ai(Ex- ny €2)} ———— 


y 
sin 27sr (5) 


2aSF 
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where s is the reciprocal radius of (72) and f(s) is the 
scattering factor for the atom at rest. 


6.3.3.6. Using (2), the scattering function for a spheri- 
cally symmetric atom rotating about an axis at radius 
r from a centre (xyz) is 


f(s)exp{2mi(Ex+ny+ €z)}Jo(27tr) .. (6) 
where ¢ is the distance in reciprocal space from (€2) 


to the axis through the origin parallel to the axis of 
rotation. 


6.3.3.7. For the scattering from a hindered rotator, 
and for atoms uniformly distributed along a circular 
arc, see M. V. King and W. N. Lipscomb [16] and 
M. Atoji, T. Watanabé and W. N. Lipscomb [2]. 


6.3.3.8. For an exponentially decreasing density 
distribution 
N 3 
pl)=%(8) em 0) 
7 
the scattering function is 
N 
OV i Ose eee at8 
19" Casi 


where s is the reciprocal radius, p is an arbitrary 
parameter and WN is the number of electrons in the 
distribution. 


6.3.3.9. For a Gaussian density distribution 


pa(r)= n(2) em" (9) 
corresponding to 
=N(?) er and p=N(2) ‘opr 
7 7 
the scattering function is 
f(s)=Ner™ OE CTO) 


where s is the reciprocal radius, p is an arbitrary 
parameter and WN is the number of electrons in the 
distribution. 


6.3.3.1G The transform of an infinite helix of radius r 
and niich P, defined with respect to rectangular axes by 
the equations 
x=r cos (272/P) 
y=r sin (272/P) 
Z=Z 


Reet Ey 


vanishes unless £=n/P, where n is an integer and €¢ is 
the distance along the reciprocal axis parallel to z. 
When ¢=n/P the transform is proportional to 


f(tb,n[P)=J,(2ntryexplingh+n/2)] —....(12) 


where f¢ is the distance from the ¢ axis, # is the angle 
from the axis € (reciprocal to x) in the plane perpen- 
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dicular to the ¢ axis, and J,(27?r) is the Bessel function 
of order n. 

If atoms of unit scattering factor are arranged on a 
helix with vertical spacing p between the atoms, the 
transform vanishes unless 

nm 
=—+— 
c Bis 
where / is an integer. 
When P/p is a ratio of whole numbers and so 


Reber yrs) 


Hn nite b 
sae ey) 


where / is an integer and c is the repeat distance along 
the z axis, the structure factor for the helical array of 


atoms is 
Fosd}v3r(osh 


summed for all values of n solving (13), and N=c’/p is 
the number of atoms in the repeat distance and one 
atom is assumed to have z=0. 

Reference [8]. 


£2; 1614) 


6.3.4. Molecular Transforms 


The molecular transform T(é)¢) of a molecule with 
atoms at (x;,y,,z;), having scattering factors f;, is 
defined as 


T (End) => fexp{2ni(Ex,+nyit &)} 
=> fi cos 2n(€x;+ny,4+ 62z,) 
i 
caps f; sin 2n(Ex,+ny;+ Cz,) 


= A(&nl)+1B(E£) malt) 


where (&) are the co-ordinates in the space reciprocal 
to (xyz) and the summation is over all atoms in the 
molecule. 

As examples, the molecular transform of a plane 
hexagon (‘‘benzene’’) consisting of six atoms, with 
unit scattering factors, lying in the xy plane with 
co-ordinates {+a,0,0}, {+a/2, +(»/3)a/2, 0} is 


T(énf)=2 cos 27aé+4 cos ma€é cos 7(4/3)an eA v2) 


and the transform of a tetrahedron with atoms at 
(a,a,a), (a,—a,—a), (—a,a,—a), (—a,—a,a) is 


T(énQ)=4 cos 27aé cos 27an cos 27a 
—4i sin 27a€ sin 27an sin 27a 


we) 

The molecular transform method can be helpful in 
solving crystal structures when the configurations of 
the constituent molecules may be assumed in advance. 
If there is only one independent molecule in the unit 
cell, the approximate crystal structure is solved by 
finding three co-ordinates of orientation (since the 
choice of origin is arbitrary). In principle this is done 
by rotating the molecular transform in the reciprocal 
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lattice until the moduli of the transform at the recipro- 
cal lattice points agree with the structure factor 
amplitudes. Problems in systems of higher symmetry 
are attacked by combining the transforms of individual 
molecules. 

The use of molecular transforms is simplified if the 
molecule is planar, as then the contours of the trigono- 
metric part of the transform form cylinders, and the 
structure factors of any zone are obtained from sec- 
tions through the cylinders. Their use is also simplified 
if some of the orientation co-ordinates are already 
known from other physical considerations. 

The molecular transform method is useful in con- 
junction with the optical methods referred to in 
Section 6.5.4. 

References: [17], [28], [6], [19]. 


6.3.5. Transforms of Crystal Shapes 
The electron density of a finite perfect crystalline 
particle may be expressed as 
O(XYZ)=P wo (xyz)5(xyz) os 108) 
where p~(xyz) 1s the electron density of the infinite 
periodic suystal, rsunesenisd by the Fourier series 


Peo(XYZ)= FAD Si FlhkDexp{— 2mi(hx+ky+lz)} 
__ {1 inside the particle boundary 
poe z)— A outside the particle boundary 
is the shape function. 
We define the shape transform of the crystalline 
particle as 


where V is the volume of the particle and S*(éyZ) is 
the inverse Fourier transform of s(xyz). Hence 


Ve 


(EL) al Reese 2mi(Ex+ny+t bz)}dxdydz 


mG) 


By the convolution theorem (Section 2.5.3.1, page 
66, and Table 2.5.4D, page 82) the Fourier trans- 
form of the crystalline particle is 


S(ENQ=N D8 > «D> UF (HKI) P(h—E, kn, 1-9)... .(A) 
supposing that the particle has an integral number of 
unit cells 

eV etal) 


Thus the Fourier transform of a crystalline particle is 
the shape transform repeated at each reciprocal lattice 
point (Akl), multiplied by NF(AkI). 

Table 6.3.5 (adapted from Patterson [23]) shows the 
shape transforms for a number of types of particle in 
terms of variables 


U;=20M (h;—&:), (i= 152;3) 


where hh, =h, ho=k, h,=1;6,=6, €.=n, €,=¢, and where 
M,=x, M.=y, M,=z are the intercepts the particles 
make on the axes. The polyhedra are set with faces 
as shown. The axes for the ellipsoid coincide with the 
principal axes, and for the skew cylinder one axis 
coincides with the cylinder axis and the other two with 


J the principal axes of the cross section 
Y(Enl)=—S* Ke pee 3 
(En=FS*En8) @) References: [18], [23], [12], [28]. 
TABLE 6.3.5 
Shape Transforms: U;=27M,(h;—€,) 
Crystal Shape Shape Transforms ¥(U,U,U;3) N/(M,M.M,) 
i cea os 
Parallelepiped {100} .. [ [[sin U,/U;] 8 
I 
3 
Octahedron {111} 6>[U; sin U,(U,,2—U,?)(U,;2— U,?)] 4/3 
1 
U,(icos U; sin U; sin U,— sin U; cos U; cos U;,,) 
Tetrahedron {111} .. ate NPN on en 8/3 
CITE te AW ii lye 17] 
Rhombic dodecahedron {110} 16Z{U, sin 3U, [cos 3U,— cos 4U; cos 3U;} 2 
(U,+U2+U;)(—U,+ U2,+ U;)(U,—U,+ U3)(U,+ U,— Us) 
Ellipsoid 3R-3(sin R-—Rcos R); R?=U,2+U,2+U5? 47/3 


Elliptic cylinder 


2(pU3)"J,(p) sin U3; p?=U,?+ U,? 2a 


6.4. Refinement of Structure Parameters 


6.4.1. Application of the Method of Least Squares 
6.4.1.1. NORMAL EQUATIONS 


The method of least squares (Section 2.6.6.4) can be 
used in structure refinement (E. W. Hughes [13]) by 
minimizing some function of the observed and calcu- 
lated intensities with respect to the structure para- 
meters. The function most commonly used is 


R,=2w,(Akl)(|F (Akl) |—|F(hkl)|)? aa 
The function 
R.=Xw,(hkl)(|F(hk])|?—|F(hk1)|?)? (2) 


is also sometimes used. In (1) and (2) the summations 
are over the set of crystallographically independent 
observed planes, the w’s are the weights for each term, 
and F, and F, are the observed and calculated struc- 
ture factors. To obtain the most accurate parameter 
values 


w(hkl) = 


75(3 
Th @) 
where o*(hk/) is the variance, or square of the standard 
deviation, of 


([Fo(AKD)|—|FAKD|) or (|Fo(hkl)|?—|F.(hk1)|?) 


for R, or Ry, respectively. 
To make the following description applicable either 
to R, or Ry, we write 


R=Sw(hkl)A%(hkl) 
A(hkl)=|F,(hkl)|—|F,(hk1)| for R, 
A(hkl)=|F,(hkl)|2—|F,(hk1)|? for Rp. 


Let 4, Up, ..., U, be the n parameters occurring in 
the |F,| whose values are to be determined. These 
parameters need not necessarily be atomic co-ordi- 
nates, but may include isotropic or anisotropic vibra- 
tion parameters, site occupation factors, etc. If the 
value of any parameter, most commonly just a scale 
factor, needed to bring the |F,| to an absolute scale is 
unknown, it must be determined by introducing the 
appropriate inverse quantity as a parameter of the 
|F.|. When the least-squares refinement has been 
completed the parameter is transferred back to the 
|Fo.t 


When R is a minimum, 


emt 


where 


and 


ea aa aap hay se 


Ou; 


n) eo) 


0A oe 0 


that is Ew(hkl)A (Akl) 


win(O) 


The parameters must be chosen to saltih these # con- 
ditions. For a trial set of values of the u; close to the 
correct set, the normal equations for the corrections 
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e; to the parameters u,, valid for small changes, are the 
n simultaneous linear equations 


n ZAC @A(hkl) 
De [S» w(hkl) = 


eA oe 


nest Or nae ee 


ay he enone, 


where the d4(hk/)/0u;, etc., are evaluated for the trial 
parameter values. Note the minus sign on the right- 
hand side of (7). 


For R,: Ay isl 
Ou; Ou; 
0A 0 
Bor-ho oe 
u; Ou; 


Section 6.4.1.2 gives the values of é|F,|/éu; for some 
common parameters. Note the minus sign in the 
relation between 04/éu; and 6|F,|/du,;. 

The weights w(hk/) are discussed in Section 6.4.1.3 
and possible approximate forms of the equations in 
Section 6.4.1.4. 


6.4.1.2. VALUES OF 6|F,(Ak1)|/6u; 


(x) If u; is a co-ordinate parameter of atom 7, 
denoted by x,; (=1,2,3): 


al FikD)|_ 2A4,(AKL) 
Ou; Xi 


OB (hkl) 


Ae (3) 
Tt 

where A, and B, are the contributions of atom r and 
its symmetry equivalents to A’ and B’ (F,=A'+iB’). 
For centrosymmetrical space groups sin «=0, and 


alFCkl)|__, 2A,(hk!) 
Ou; OXrs 


For spherically symmetrical atoms (or atoms having at 
least the symmetry of the crystal class) 


A,=f,A and B-=f,B . (9) 


where A and B are given for the different space groups 
in Volume I, Section 4.7. Note that equations (9) are 
not in general valid for non-spherical atoms, as sym- 
metry-related atoms may then have different f’s. 
When the three co-ordinates of atom r are not 
ee Seat the differentiations 0A,(hkl)/éx,; and 


+ The reason for this is that if the |F,,| are not fixed the criterion 
of minimum R is no longer appropriate. It is desirable instead 
to minimize some function of the proportionate discrepancies 
between the |F,| and the |F,|: for instance, in place of R, the 


function 
Ry|{Zw(hk)|F(hkD)|?} 


The value of the scale factor, treated as a parameter of the 
|F,|, obtained by minimizing this function is the same as that 
obtained from R, by the method indicated in the text. 


6.4. REFINEMENT OF STRUCTURE PARAMETERS 


OB,(hkl)/0x,; must be made regarding x,; as a para- 
meter, and not simply as one of three unrelated co- 
ordinates (see Example 2). 


EXAMPLES (for spherically symmetrical atoms) 
1. P2,/c. No. 14. Atom in general position. 


k+Il=2n A=4 cos 2n(hx+Iz) cos 27ky; B=0 
k+l=2n4+1 A=—4sin 2n(hx+/z) sin 2nky: B=0 
A=8=0 if h=/=0 or if k=0 
Hence 
aA, 
k+Il=2n oem —8zhf, sin 27(hx+Iz) cos 27ky 
0A, 
ay =—8nkf, cos 27(hx+I1z) sin 27ky 
0A, ; 
oie —8rlf, sin 2n(hx+Iz) cos 2nky 
0A, 
k+l=2n+1 =—8hf, cos 2n(hx+/1z) sin 27ky 
3A, 
cae —8rkf, sin 27(hx+1z) cos 27ky 
0A, : 
a —8xlf, cos 27(hx+1z) sin 27ky 
V5, 


. R3m. No. 166. Atom in special position (x,X,z). 
Hexagonal co-ordinates. 
—h+k+l=3n  A=6{cos 2n[(h—k)x+/z] 
+ cos 2n[(k—i)x+/z] 


+ cos 2n[(i—h)x+/z]} 
—h+k+l=3n+1 A=B=0 


Hence 
—h+k+l=3n 
0A, : 
say —12nf,{(h—k) sin 2n[(h—k)x+1z] 
+(k—i) sin 2n[(k—i)x+/z] 
+(i—h) sin 27[(i—h)x+/z]} 
oe —12rlf,{sin 2n[(h—k)x+1z] 


+ sin 2n[(k—i)x+/z]+ sin 27[(i—h)x+/z]} 
(8) If u; is the isotropic thermal parameter Q (usual 
notation B) common to all atoms, given by 
F (hkl)=exp{— Q(sin 6/X)?}F (Akl) 


where F,°(hk/) is the calculated structure factor with- 
out any temperature factor: 


O|F (AkD)| _ 
ou; 


4] 


—(sin 6/A)2|F,(hk)| —.. . .(10) 


where F,(hkl) is the structure factor with the trial 
value of Q. 


(y) If u,; is the isotropic thermal parameter Q, for 
atom r and its symmetry equivalents, given by 


f,=exp{—Q,(sin 8/A)*}f,° 


327 


where /,° is the scattering factor for atom r at rest: 
o|F(hkl)| S 0A,(hk1) oe OB,(hk1) eit 
Ou; 6Q, Tr 
—(sin 6/A)?{4,(hkl) cos «+ B,(hkl) sin «} 
sleocrat  G 


with A, and B,, defined by (9), calculated with the trial 
value of Q,. 


(8) If u; is one of the anisotropic thermal parameters 
for atom r, given by 


f,=exp{—(byh? +b ohk +b, shl+ bok? +bo3k1+b33)")} f° 
where f,° is the scattering factor for atom r at rest and 
if, for example, u;=b,.: 

o|F (AKD)| _ 0A,(hk1) ee 


where A, and B, are the contributions of atom r and 
its symmetry equivalents to A’ and B’. In the space 
group P|: 


OB (hkl) 


12 


Baie) 


12 


A,(hkl)=f, cos 2n(hx,+ky,+lz,) 
so that 
0A,(hKD) _ 


—hkf, cos 2n(hx,+ky,+/z,) 
Ody 


eutrsi(13) 


where f, is calculated with the trial set of thermal 
parameters; similarly 


OB (AKI) _ 
0b 
In other space groups 


A,(hkl)=> f, cos 2n(hx,+ky.+lz,), ete. 
sg 


—hkf, sin 2n(hx,+ky,+l1z,) ....(14) 


where the summation is over all atoms related to r by 
symmetry. Careful account must be taken of the 
differing dependencies of the symmetry-related atoms 
on the anisotropic parameters (see K. N. Trueblood 
[25]). Relations of the type (9) are not generally valid. 


(c) If u; is the scale factor of |F,|, given by 
|Fo(hkD)|=a| F,'(hk)| 


where |F,’| is the value of |F,| on an arbitrary scale, 
then as indicated in Section 6.4.1, a parameter b=1/a 
must be introduced as a parameter of |F,|, so that 


|F(AkD)| =0|F.(hkD)| 


where |F,’| is the value of |F,| when b=1. Conse- 
quently 


=|F (hk) | 


ern) sgiikt8) 
ab , 


where |F,(Ak1)| is the value of |F,| with the trial value 
of b. 
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When this scale factor 5 is required all the preceding 
derivatives (8), (10), (11), . . ., (14) must be multiplied 
by the trial value of b. To avoid the extra computation 
then involved the normal equations may alternatively 
be divided by b? for R, or b* for Ry. This is equivalent 
to leaving the earlier derivatives unaltered, to taking 
an unscaled value of |F,(Ak/)| on the right-hand side 
of (15) and in 4(hk/), and to using 


A(hkl) =(1/6)| F,(Ak1)|—|F.(Ak2)| 
for R, or to using 


A(hkl)=(1/b)?|F,(Ak1)|?—|F(AKD)|? 
for Ro. 


6.4.1.3. CHOICE OF WEIGHTS w 
If o(|/F,|—|F;|) is small in comparison with |F,|, 
o*(|Fo|?—|Fe|)=4|Fo|?o%(|Fo|—|Fe]) .-- -(16) 
so that the relation between the weights for R, and 


Ro As 
4| F,(hk1)|?wo(hkl) =w, (Akl) omeerg es) 


With this relation and o(|F,|—|F,|) small, the para- 
meters finally found by minimizing R, or R, differ only 
by amounts small compared with their standard devia- 
tions. It is thus only a matter of computational con- 
venience as to whether R, or Ry is minimized. 

In practice absolute estimates of the weights are 
usually unknown in advance, and relative estimates 
must be made. In making these, account must be 
taken both of the accuracy of the |F,| and of the 
appropriateness of the calculated model on which the 
|F,| are based. The weights are often approximated 
by a simple function of |F,|, since the absolute values 
of the uncertainties are frequently more strongly de- 
pendent on |F,| than on any other factor. The weights 
introduced by Hughes [13] are often used. These are 


w (hkl) c for |F,|>4|Fmin| 


1 
|Fo(hk1)|* 


1 ' 
‘ 16|Fmin|? be Hails Stolp 
where |Fmin| is the minimum observable |F,]. 

Care must be taken to see that a weighting scheme is 
appropriate. A good weighting scheme gives the least- 
squares method an advantage over the Fourier method 
in accuracy, but a bad one can give misleading con- 
clusions. 


ETS) 


6.4.1.4. APPROXIMATE EQUATIONS 
The off-diagonal coefficients >(F)( 


U; 


= of €; 
Ou; 


in the normal equations (7) may often be neglected if 


(a) u; is a co-ordinate parameter and wu; a scale cr 
thermal parameter; accordingly the refinement of 
co-ordinates and scale parameters may be treated 
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independently, except that the thermal parameters 
of an atom with large vibrations may interact with 
the co-ordinates of its neighbours; 


(6) u; and u; are co-ordinate parameters of different 
atoms whose peaks do not overlap in the corre- 
sponding Fourier series, and if in a non-centro- 
symmetric space group the determination of the 
phases is not dominated by either of these atoms; 


(c) u; and u, are co-ordinate parameters in perpendicu- 
lar directions of the:same atom, whose Fourier 
series peak is spherical. 


These approximations are most satisfactory when a 
large three-dimensional collection of data is used. 
Further details of the approximations possible for co- 
ordinate parameters will be found in D. W. J. Cruick- 
shank [9]. 

The following interactions are always important and 
the corresponding off-diagonal coefficients should not 
be neglected: 


(a) The interaction between the scale parameter of 
|F,| and the overall thermal parameters of the 
structure; 


(b) The interactions between the anisotropic para- 
meters 5,,, by., and b3, of any atom; also the 
interactions involving bj, b.3, and b,, when the 
corresponding axes are not nearly perpendicular; 


(c) The interaction between the co-ordinate para- 
meters of any atom when the corresponding axes 
are not nearly perpendicular. 


6.4.2. Refinement using Observed and Calculated 
Fourier Syntheses in Conjunction, or by Difference 
Syntheses 


6.4.2.1. INTRODUCTION 


Independently of the effects of experimentalerrors, the 
electron density given by a Fourier series of observed 
structure factors, |F,|, differs from the true electron 
density because of the use of a finite series. Further, 
when the peaks overlap, the positions of the maxima 
of this finite series of observed electron density are not 
the required atomic positions. These difficulties may 
be largely overcome by using difference syntheses, 
having Fourier coefficients (F,— F,), with terms present 
only where a corresponding F, is present. Difference 
syntheses may be used to determine atomic co-ordi- 
nates, atomic scale and thermal parameters, to study 
the distribution of electrons in bonds or ionized atoms, 
and to locate light atoms. A difference synthesis is 
the difference of the finite series observed and cal- 
culated electron densities, and so these topics may 
alternatively be studied from separately computed 
observed and calculated syntheses used in conjunction. 
This section gives formulae for difference syntheses, 
and for the joint use of observed and calculated 
syntheses. 
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The usual criterion for determining atomic co- 
ordinates is that the slopes of the difference synthesis 
should be zero at the atomic positions, or equivalently 
that the slopes of the observed and calculated finite 
series electron densities should be equal. 

The details of the refinement of scale and thermal 
parameters by difference syntheses will not be dis- 
cussed (reference may be made to [7] and [10]), but 
possible criteria to be employed may be stated as 
follows. If the scattering factors for the atoms at rest 
are accurate, the six three-dimensional anisotropic 
thermal parameters of a given atom may be deter- 
mined by the criteria that the six second derivatives of 
the difference synthesis should be zero at the atomic 
position. If the thermal motion is assumed isotropic, 
the single thermal parameter for an atom may be 
determined either from the criterion that the mean of 
the principal second derivatives of the difference syn- 
thesis should be zero or simply that the difference 
density itself should be zero at the atomic position. If 
there is in addition an uncertainty in the scale as well 
as in the thermal parameters, the criterion of zero 
difference density must be added to those of zero 
second derivatives. The refinement of co-ordinates by 
the equations discussed in the remainder of Section 
6.4.2 is valid only if the scale and thermal parameters 
(which are needed for the |F,|) are at least approxi- 
mately correct. 

When the refinement of a structure is incomplete, 
each kind cf parameter error causes characteristic 
contour patterns in the difference synthesis. The 
interpretation of these contours is discussed in [19] 
and [15]. 


6.4.2.2. GENERAL CO-ORDINATE REFINEMENT 
EQUATIONS 


1 
Let BOW) = Dk! |F(hkl)|cos {27(hx+ky+lz) 


Tay 
=5> >> IF cos (@—«), say mee) 
and peov)=4 >>I cos (6—«) Ba(2) 


The criterion determining the ith (x,;=x,y,z) co-ordinate 


of atom ¢ is 
Po P)\ _¢ or (2P0\ _ 
r j Ox; T. ip 


Ox; 
the derivatives being evaluated at the position of 
atom r. 

Equations for the simultaneous refinement of all co- 
ordinates may be derived from the first-order terms of 
the multivariate Taylor expansions in all parameters 
of each criterion (3). Let x,; denote the ith co-ordinate 


OP 
Ox; 


3) 
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of atom r and e,; a small correction to it. The refine- 
ment equations are of the type 


2m OF (hk1)| . ~ 
a ( Fee sin @-0| = | 
ee) 
eth 6|F(hkl)| _ 0A (hkl) aie @B,(hk1) oe 
ss Xsj sj 
et 


where the summation > is over the independent co- 


S,J 
ordinate parameters x,;, A, and B, are the contributions 
of atom s and its symmetry equivalents to A’ and B’, 
and h,ish,k or/as x;isx, yorz. There is one equation 
of this type for each independent r, i. The equations 
are valid for small parameter changes. 
For centrosymmetric space groups the equations 


reduce to 
2717 OF, : O(po—Pe) 
| meee ; aes (pea sie 
Ps | 7 aaa ee | ( Ox; ) 6) 
; é Op. — O(po—P) 
or 29 as ae : a) 


where F,=A,, and p,(xyz) is the finite series calculated 
electron density of atom s and its symmetry equiva- 
lents. 

The values of 0A4,(Ak1)/éx,; and 0B,(hkl)/ex,; are 
the same as those in Section 6.4.1.2(«). Only the 
right-hand sides of (4) and (6) are given by the dif- 
ference synthesis. The coefficients on the left-hand 
side have to be computed separately. 

The derivation of equations (4) and their close 
relation to the normal equations of least squares for 
the function R, are discussed in [9]. See also [7]. 

For examples of the non-approximate use of (4), 
see F. R. Ahmed and D. W. J. Cruickshank [1] for 
application to an’unresolved projection, and M. R. 
Truter [26] for application in a non-centrosymmetric 
space group. 


6.4.2.3. APPROXIMATE CO-ORDINATE REFINEMENT 
EQUATIONS, CENTROSYMMETRIC SPACE GROUPS 

The coefficient of «, in (7) is'a function of p, 
evaluated at the position of atom r. This coefficient 
may be neglected when the summation is such that 
the images of atom s and its equivalents do not appre- 
ciably overlap atom r. For r#s this is usually the case 
in three-dimensional analyses, but the coefficient must 
not be neglected for unresolved peaks in projections. 
When none of the other atoms s appreciably overlap 
atom r, (7).becomes approximately 

! 


>a é ae OO po—Pe) 
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where p, is the finite series electron density due to atom 
r and its symmetry equivalents. The co-ordinates of 
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atom r are then determined by the three equations (8) 
with xx, yy Zz: 

If the image of atom r is not appreciably overlapped 
by any of its symmetry equivalents, (8) becomes 
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where p, is now the finite series electron density due 
to atom rs alone. As a series 
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where the summation is over all planes within the 
observed region of reciprocal space (and this includes 
planes which may have been systematically absent in 
the original space group). 

As a further approximation the off-diagonal terms 
(0"p,/0x,;0x;), With i#j7 may be negligible when the (i, /) 
axes are perpendicular; each co-ordinate is then deter- 
mined by a single equation. 


6.4.2.4. BOOTH’S BACK-SHIFT MBTHOD FOR FINITE 
SERIES CORRECTION 


In Booth’s back-shift method [4] a synthesis is com- 
puted with coefficients F, calculated for the co-ordi- 
nates of the maxima of the final observed synthesis, 
with terms present only where corresponding terms 
are present in the observed synthesis, and the finite 
series corrections are taken as the displacements to 
the maxima of the calculated synthesis with reversed 
signs. If differential syntheses are used these correc- 
tions are given by the equations (1) of Section 6.2.4 
with the displacement signs reversed. In the present 
notation the shifts are given by 


0p Op 
> c ) = = Eanes (lt 


At any stage of the refinement, the best co-ordinate 
shifts are the differences of the shifts of the observed 
and calculated syntheses. If the observed and cal- 
culated second derivatives are approximately equal, 
as they must be for Booth’s method to be applicable, 
the shifts can be regarded as the solutions of the three 
equations, 
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If the peak is spherical it may not be necessary to 
compute all six of the second derivatives on the left- 
hand side of the equations (12) (see Section 6.2.4). 
The refinement equations (6) of the equal-slope 
criterion are more exact than (12), as they take full 
account of peak overlapping. The conditions of 
validity of Booth’s method are those under which (6) 
may be reduced to (9), for then p, will be nearly equal 
to p, near the co-ordinate of atom r. 


6.4.2.5. APPROXIMATE CO-ORDINATE EQUATIONS AND 
THE ‘‘n-SHIFT RULE,’ NON-CENTROSYMMETRIC SPACE 
GROUPS 


The conditions under which the coefficient of «,; in 
6.4.2(4), with s#r, may be neglected are the same as 
those for centrosymmetric space groups with the addi- 
tional limitation that neither atom s nor atom r must 
dominate the determination of the phase angles «. If 
also the image of atom r is not appreciably overlapped 
by any of its symmetry equivalents, 6.4.2(4) reduces to 
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where m=1 for the reflections with general « values, 
m=2 for the reflections with «=0 or z, and the sum- 
mation must include any planes systematically absent 
in the original space group within the reciprocal region 
of observation; such planes are given the same m 
values as those present in the same rows or zones. 
Comparison of (13) with (9) and (10) shows that shifts 
in the space group PI are twice those of a centro- 
symmetric space group, and that for non-centrosym- 
metric space groups centred in some projections the 
shifts are between one and two times the centro- 
symmetric shifts, the exact multiple n depending on 
the space group. This is the ‘“‘n-shift rule’ introduced 
by D. P. Shoemaker, J. Donohue, V. Schomaker and 
R. B. Corey [24]. 


6.4.3. Standard Deviations of Structure Parameters 
6.4.3.1. LEAST SQUARES 
The normal equations 6.4.1(7) may be written 


Dimes cee .(1) 
where g= we 2 (2) 
Ou; iy 
and b= wa 3.08) 
If o(u;) is the standard deviation of u,;: 
o*(u;)=a ...-(4) 


where a is an element of the matrix (a‘’) inverse to 
(a,;;). This result is applicable when the absolute 
weights are known. 

If the weights are initially unknown, but their 
relative magnitudes can be assigned satisfactorily, the 
square of the standard deviation of an observation of 
unit weight may be estimated at the end of a refine- 
ment as 

xw4?/(m—n) UNG] 
where the w’s are the relative weights, the 4’s have 
their final values and (m—n) is the difference between 
the number of independent observations and the 
number of parameters determined. The estimated 
standard deviation s(u;) is then given by 
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where a’ is calculated from the matrix (a,,;) with the 
relative weights [cf. Section 2.6.6.4, (22a) and (23)]. 
Similarly the estimated covariance of u; and u; is 


“Zw? 
| pan (7) 
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6.4.3.2. FOURIER METHODS 
The standard deviation of the density of a difference 
synthesis at a point (xyz), assuming correct phase 
angles, is 
o{po(xyZ)—p(xyz)} 
l 


cov(u;, u;)=a 2) ( 
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where of F(hk1)} is the standard deviation of F(hk1), the 
inner summation is over all planes of the same crystal- 
lographic form, the outer summation is over the inde- 
pendent F’s and 6=2n(hx+ky+l/z). At a general (xyz) 
position, if there are sufficient terms in the summation, 
this has the approximate value 
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The standard deviation of the slope of a difference 
synthesis is usually required in electrons/A‘. The 
standard deviation of the x slope at a point (xyz) 


assuming correct phase angles is 
= 2) 3 
eae \=7 eal | Dasin 6-9) | 
form 
pl) 
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At a general (xyz) position this has the approximate 


inde- 
value 
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Similar expressions hold for the y and z slopes. 

These expressions for the slope errors may be used 
in conjunction with the equations of Section 6.4.2 to 
determine the standard deviations of co-ordinates 
found from difference syntheses or from the joint use 
of observed and calculated syntheses. 

For an atom with a well-resolved spherical peak in 
an orthorhombic cell of a centrosymmetric space group 
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where o(x), o(y), o(z) are the co-ordinate standard 
deviations in A, o(@D/éx) etc., are the slope standard 
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deviations, D=p,—p,, and 6?p/ér? is the second deriva- 
tive of the peak in electrons/A®. If the back shift 
method, equation 6.4.2(12), has been used 
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or? ax?” 
If equation 6.4.2(9) has been used, 6?p/ér? is 6.4.2(10) 
in electrons/A®, thus: 
Op 1 47? 
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Care must be taken to see that an approximately 
correct temperature factor is used for f,. If o(@D/¢ex) 
=o(0D/éy)=0(2D/¢éz), (12) also holds for triclinic and 
monoclinic cells. 

In non-centrosymmetric space groups with co- 
ordinates determined by the n-shift rule, the above 
expressions for co-ordinate standard deviations hold 
with 0?p/ér? replaced by 
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which is the coefficient of «,, in 6.4.2(13) in length 
units. 

To use the above expressions for standard devia- 
tions it is first necessary to estimate the o{F(hk/)}. 
A simple way of estimating the combined effect of 
the experimental errors in the F,’s and the imperfec- 
tions of the model used for the F,’s is to take AF= 
||F.(AKD)|—|F(AKI)\| as an estimate of of{F(hkl)}. 
Estimates of the effects of various kinds of experi- 
mental errors may be obtained by studies of the agree- 
ment between sets of independent observations of the 
same set of intensities, of equivalent reflections and on 
different crystals of the same substance. Further dis- 
cussion of the estimation of o(F) and of the equations 
for co-ordinate standard deviations can be found in 
[11] and [19]. 
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6.4.3.3. BOND LENGTH AND BOND ANGLE STANDARD 
DEVIATIONS 


The standard deviation of a bond length between 
two atoms whose co-ordinate errors are uncorrelated is 
o(1)={0?(A)+07(B)}* Baek CLO) 
where o(A) and o(B) are the standard deviations of the 
co-ordinates of the two atoms along the direction of 
the bond. 
If the bond is across a centre of symmetry: 
o(1)=20(A) (16) 
If 8 is the angle formed at B between the bonds 
AB and BC, the errors of the three atoms being un- 
correlated: 
o*(C) 
o2(B 
B)(, 
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where o(A) and o(C) are the standard deviations of A 
and C in the directions at right angles to AB and BC 
respectively, and o(B) is the standard deviation of B 
in the direction of the centre of the circle passing 
through A, Band C. If A and Bare related by a centre 
of symmetry, o7(8) is given by replacing A by the 
centre of symmetry O, which has no error, and using 
the half-length OA in place of AB. 


6.4.4. The Discrepancy Index (or Residual) 
The quantity 


pel Falhkl)|—|F(hk)| 


SIF ,(AKD)| 


is often used to follow the refinement of a structure as 
a rough and ready indication of the progress made. 
It is not directly related to the probable errors and in 
no way replaces methods such as those of Section 
6.4.3 for estimating final parameter standard devia- 
tions; but it has the great merit of being computed 
quickly, and long use has endowed it with some 
qualitative significance. 
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Several slightly different definitions of R have been 
used, differing according to their treatment of reflec- 
tions too weak for observation and their allowance 
for the multiplicity of the |F|’s. As R is not a funda- 
mental quantity, there is usually little point in taking 
account of multiplicity. The omission of the |F,|’s for 
unobserved |F,|’s in the early stages of an analysis 
may, however, be misleading. In the final stages this is 
less important. Published values of R should be 
accompanied by a statement as to whether the un- 
observed planes were included or not. It is essential 
that the observed and calculated F’s are at least 
approximately on the same scale, so that &|F,(hk/)| 
~X|F,(hk))). 

A. J. C. Wilson [27] has shown that the value of R 
when the F,’s are calculated for atoms in random 
position is 0-828 in centrosymmetric space groups and 
0-586 in non-centrosymmetric space groups. 

V. Luzzati [20] has discussed the variation of R, 
summed for groups of planes of approximately equal 
sin 6/A, with the mean square co-ordinate error and 
with sin 6/A, assuming no experimental errors in the 
|F,]’s. 


6.5. The Practical Evaluation of Fourier Series and Structure Factorst 


With the extension of crystal structure analysis to 
many-parameter problems and the increasing use of 
quantitative measurement of X-ray intensities, the 
value of the Fourier synthesis was fully realized some 
fifteen years after the original suggestion by W. H. 
Bragg in 1915 [29]. The need for computational aids 
in the calculation of Fourier series and structure 
factors dates from about that time, for until practical 
methods for doing the extensive calculations had been 
evolved the subject could not proceed very far in 
certain directions. 

Computational problems appear at two stages in a 
structure analysis: (1) in the solution of the phase 
problem and (2) in the refinement of the analysis so as 
to make the fullest use of the experimental data 
(Section 6.4). It would not be expected in general that 
a computational aid suitable for (1) would also be 
efficient for (2), where accuracy in dealing with a large 
quantity of data is a paramount requirement. 

Crystallographic calculations can be done very 
rapidly and accurately on general-purpose electronic 
computing machines, but because of the need for 
specialized knowledge of programming and for the 
economical use of the limited number of machines 
available, some centralized planning of calculations 
may often be necessary. While centralized computing 
on general-purpose machines is likely to be employed 
increasingly for the calculations encountered in the 
final stages of refinement of analyses, there will pro- 
bably always be a place for simpler aids to computa- 
tion in the early stages of crystal analysis. For this 
reason, and because of their ready availability, a 
detailed account is given below of the Fourier strip 
methods, the Bragg-Lipson charts, and some optical 
methods. 


6.5.1. The Fourier Strip Methods 


Three methods of computing Fourier syntheses by 
means of strips which are commercially available or 
simple to construct are associated with the names 
Beevers-Lipson, Robertson, and Patterson-Tunell. 
They are commonly used only for one- and two- 
dimensional Fourier syntheses, as the calculations 
become very tedious for three-dimensional summa- 
tions unless some specific sections and lines only are 
computed (Section 6.2) or a sampling method is used. 
However, as two-dimensional summations have al- 
ready been described in some detail in Section 2.5.4 
and as similar schemes are needed with punched-card 
or electronic computers, a three-dimensional example 
will be described now. The electron-density formulae 
must be rearranged for computation into a product 
form. If the space group Pm (Vol. I, page 377), with 

+ Most of the topics mentioned in this sub-section are dis- 


cussed in detail and with examples in The Determination of 
Crystal Structures, by H. Lipson and W. Cochran [19]. 


b as unique axis, is taken as an example, the electron 
density formula becomes 


o(X Y2)=—7 [SDD UAC) +AChkd) 
aes cos 2thX cos 27k Y cos 2n/Z 
+{—A(hkl)+ A(hkl)} 
sin 27hX cos 27k Y sin 2n1Z 
+{B(hkl)—B(hkl)} 
sin 2nhX cos 27k Y cos 2n!1Z 
+{Bthkl)+ Bihkl)} 
cos 27hX cos 27k ¥ sin 27/Z] 


where A(hkl)=|F(Ak1)| cos «(hkl) 
and B(hkl)=|F(hk])| sin «(hk!). 
The summation may be carried out by an extension of 
the method already described for two-dimensional 
series in Section 2.5.4.7. Following the notation of 
that section we define 

CCC hkl) =4{A(hkl)+ A(hk))} 

SCS(hkl)=4{— A(hkl) + A(AkD} 

SCC(hk1) =4{ B(Ak1)— B(hkl)} 

CCS(hkl) =4{B(hkl)4+ Bihk)} 
with appropriate care of the multiplicities when any 
index is 0 as described in Section 2.5.4.7, or in Vol. I, 
page 358. The calculation is carried out in three stages 
of one-dimensional Fourier summations. 

If we define 
I(XYZ)=V.p(X YZ) 

the electron density formula may be expressed as 
follows: 


(XYZ)=S (XZ) cos 2nk Y satel) 
k=0 
where C(XZ,K)=S. CCX cos 271Z 
1=0 
+SCS(XK) Sinw@alZ eal) 
[1 
where CC(XK)=S CCCUK!) cos 2nhX 
h=0 
+S SCC(hK) Sinic ai Xtly.eakod) 
hal 
and CS(X KI) =SCCS(HKI) cos 27hX 
h=0 


+S SCS(hkl) sin 2ahX  ... Gb) 
jr | 


The equations are evaluated in the reverse order: (3a) 
and (3b) first, then (2), and lastly (1); so that the 
summations over / are first and those over k are last. 
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As labour can be saved by using the symmetry 
properties (Section 2.5.4.5) of the one-dimensional 
cosine and sine series, it is wise to further subdivide 
the stages of the calculation. A calculation of the 
electron density for the complete asymmetric unit 
(X¥=0-1, Y=0-3, Z=0-1) might then be carried out 
in the following manner: 

Stage 0. Combine the A(hk/) and A(hk/), etc., to 
obtain the coefficients CCC(hk/), etc., which appear on 
the r.h.s. of (3a) and (3), making allowance for multi- 
plicity where necessary. (If desired the factor 4 may 
be postponed until a later stage.) 

Stage Ia. Divide the coefficients CCC(hkl), etc., 
into groups with h even and fA odd, and evaluate for 
X=0-4 (at intervals of, say, 1/60th) the eight summa- 
tions 


> CCC(AKI) cos 2ahX 


(even) h=0 


> CCC(AKI) cos 27hX, etc. 
(odd) h=1 
which appear on the r.h.s. of (3a) and (36). 

Stage Ib. Combine the results of the odd and even 
summations of Stage Ia and of the two summations on 
the r.h.s. of each of (3a) and (3b), in the manner of 
Section 2.5.4.7, to obtain the CC(X,k/) and CS(X,k/) 
for X¥=0-1. 

Stage IIa. Divide the CC(X,k/) and CS(X,k/) each 
into two groups with / even and / odd, and evaluate 
for Z=0-—1 (and all X) the four summations 


> CC(X,kI) cos 2nlZ, ete. 
(even) /=0 
which appear on the r.h.s. of (2). 

Stage IIb. Combine the results of Stage IIa, in the 
manner of Section 2.5.4.7, to obtain the C(XZ,k) for 
Z=0-1 (and all X). 

Stage Illa. Divide the C(XZ,k) into two groups 
with k even and k odd, and evaluate for Y=0—} (and 
all X¥ and Z) the summations 


> C(XZ,k) cos 2nk Y 


(even) k=0 
and 


> C(XZ,k) cos 2k Y 
(odd) k =1 
which appear on the r.h.s. of (1). 
Stage IIIb. Combine the results of Stage IIIa, in the 
manner of Section 2.5.4.7, to obtain f(X YZ) for 
Y=0-4 (and all X and Z). 


Comments 

1. It is not necessary that the calculations in Stage I 
are completed for all values of X before Stages II and 
III are carried out. The above scheme is convenient 
with the strip methods, but for electronic computers 
of limited storage capacity there is no objection to 
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Stage I being carried out with a single value of X and 
the whole process repeated with the next value of X 
after obtaining the f(X, YZ). 

2. Thought should always be given as to the best 
sequence of the summations inf, & and /. If the elec- 
tron density is required throughout the asymmetric 
unit, the largest calculations usually arise in the Stage 
III summations, and consequently the last summation 
is ordinarily chosen to be for A, k or / according as to 
which of Amax, Kmax Or /max iS least. However, in the 
above example, since no terms in sin 27k Y occur, the 
labour will probably be least if advantage of this is 
taken in Stage II] (unless: Agiax> 2/yagtOPe2 ina eee, 
hmax>/max the summation in f/ should be in Stage I 
as shown. 


6.5.1.1. THE BEEVERS-LIPSON STRIP METHOD 


The values of the functions C cos 27nhx and 
C sin 2xnhx are printed on two sets of strips (cosine 
and sine), each strip carrying the values of the function 
for a particular value of the amplitude C and order h, 
and all values of m. On the strips distributed prior to 
1949, 27x is 6° (x=1/60th), m runs from 0 to 15, and the 
function is given to two figures. The numerical values 
of C run from | to 99, and of h from 0 to 20. The 
positive and negative values of a given amplitude are 
on front and back of the same strip (this is a convenient 
arrangement for making the sign changes at 15/60ths 
with cosines of odd order and sines of even order if it 
is desired to use the strips directly for values of x 
between 15/60ths and 30/60ths; all the strips are then 
read from right to left instead of left to right as 
ordinarily). The strips issued since 1949 have x= 
1/120th and xz from 0 to 30, with odd and even values 
of n on front and back of the same strip. C has values 
from +1 to +100 at intervals of 1 and thence to +900 
in hundreds, with functions tabulated to the nearest 
whole number; / extends from 0 to 30. 

For computation the appropriate strips for the value 
of C and / are selected from a box and the arguments 
are summed for each particular value of nx, usually 
with the aid of a desk adding machine. 

These strips can also be used for calculating the 
geometric structure factors with co-ordinates defined 
to 6° or 3° intervals, and similarly for the calculation 
of Fourier transforms. 


6.5.1.2. THE PATTERSON-TUNELL STRIP AND STENCIL 


METHOD 

Values of Ccos27nx are printed on cardboard 
strips with 27nx extending from 0° to 90° in intervals 
of n with x=1/60th or 1/48th. There is one strip for 
each integral value of C between +1 and +1000, with 
the signs distinguished by white strips for positive 
values and coloured for negative. The arguments are 
accurate to whole numbers. The strips for each ampli- 
tude in the one-dimensional summation are arranged 
in order of their / values in a grooved rack. These 


6.5. THE PRACTICAL EVALUATION OF FOURIER SERIES AND STRUCTURE FACTORS 


strips then form a table from which can be selected 
the values of C cos 27hnx for each particular value of 
nx. This selection is done by means of a series of 
stencils which are placed over the strips in the racks 
and which permit only the appropriate figures to be 
seen through the holes. Ifa figure is seen through a hole 
which is ringed in colour, the sign of that figure must be 
reversed; thus, for example, a number on a coloured 
strip seen through a hole ringed in colour is positive. 

Separate stencils are required for odd and even 
values of the order A and for each value of n from 
nx=0 to 0-250, but opposite sides of the same stencil 
can be used for cosine and sine. For x=6°, 32 stencils 
are required. Two stencils, one for odd A and one for 
even h, must be placed over the strips and the visible 

A 


numbers summed to give ay C cos 27hnx for each value 
of nx. 


6.5.1.3. ROBERTSON’S MODIFIED STRIP AND STENCIL 
METHOD 


This is essentially the same as the Patterson-Tunell 
method, with the arguments on the strips in columns 
instead of rows. Each strip contains 31 numbers cor- 
responding to C cos 27nx for nx running from 0 to 
0-250 with x=1/120th. To avoid the dual signals for 
signs mentioned above, the sign of the amplitude is 
indicated by a small card which differentiates between 
positive and negative by the position of a red band. 
The appearance of this red band through additional 
holes in the stencils shows that the summation term is 
negative. Opposite sides of the same stencil can be 
used for the cosine and sine terms for the same values 
of nx. 

A mechanical sorting device for use in conjunction 
with these strips has also been described. 

See References [30]-[40]. 


6.5.2. The Bragg-Lipson Charts 


In the early stages of a crystal analysis it is fre- 
quently useful to be able rapidly to obtain approxi- 
mate values of principal zone structure factors. 
Bragg-Lipson charts enable the trigonometric compo- 
nents of the contributions of atoms to the structure 
factors to be derived graphically. 

The charts are contour maps of the geometrical 
structure factors (Vol. I, p. 371). For considering only 
projection data, as is common practice, the seventeen 
plane groups can be covered by ten sets of maps. Each 
set will consist of a number of maps, one for each 
reflection in the particular zone under consideration. 
It is possible to make standard sets of these maps to 
cover all requirements, but it is more usual to select 
the sensitive ‘“‘key”’ reflections in a particular zone and 
make the contour maps for those planes to scale for 
the particular unit cell dimensions. This procedure 
enables a model of the molecule to be placed on the 
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map and the contribution of each atom to the geo- 
metrical structure factor to be read off directly. 
See Reference [41]. 


6.5.3. Mechanical and Electromechanical Methods 


Many excellent computational aids have been in- 
vented which use a variety of principles and mechanical 
devices, and range from a simple slide-rule to com- 
plicated machines. Consultation of the original 
publication is necessary to construct these instruments 
and, in the case of the more complex machines, with 
the designer also. The bibliography is arranged so as 
to emphasize the principal objective of the method. 


6.5.3.1. FOURIER SYNTHESIZERS 
See References [42]-[49]. 


6.5.3.2. STRUCTURE FACTOR CALCULATORS 
See References [50]-[60]. 


6.5.4. Optical Methods 


There is a close analogy between X-ray diffraction 
and Fourier synthesis on the one hand and optical 
diffraction and image formation on the other. This 
similarity has been made the basis of a number of 
aids for structure analysis, but because of the difficulty 
of obtaining accuracy in these optical analogue 
methods they are chiefly directed towards the solution 
of the phase problem. 


6.5.4.1. THE HuGGINS MASKS 


A method originally suggested by W. L. Bragg has 
been systematized by Huggins [69], [70]. A cinemato- 
graph film of a set of masks with a density distribution 
given by 1+ cos 2x(hX+kY) for different values of h 
and k is projected on to a sheet of photographic paper. 
Each mask is given an exposure proportional to 
F(hkO). Providing that the total exposure is within the 
range of photographic proportionality, a Fourier syn- 
thesis is obtained on development of the photographic 
paper. The maximum and minimum density on the 
masks correspond to cos 27(hY¥+kY)=+1 and —1 
respectively, and the positive and negative values of 
F(hk0) are associated with the 1—cos27(hX+k Y) and 
1+ cos 2x(hX+k Y) masks respectively. The resultant 
Fourier pattern is consequently superimposed on a 
constant background of &|F(hk0)). 


6.5.4.2. THE ‘‘PHOTOSOMMATEUR”’ (G. v. Eller) 


A versatile machine based on the same principle has 
been constructed by v. Eller [67]. A vertical slit source 
of light passing through a specially designed grating 
produces a sinusoidal distribution of intensity on a 
photographic plate mounted at the centre of a movable 
disc. The intensity depends on the exposure time, and 
the correct orientation of the Fourier terms relative to 
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each other is achieved by rotating the disc carrying the 
photographic plate. The spacing is altered by varying 
the distance between grating and source, the grating 
being geared to a cursor which permits the settings to be 
made directly from a drawing of the reciprocal lattice 
mounted on the rotating disc. The phase is intro- 
duced by an eccentric spindle which enables the grating 
which produces the vertical fringes to be translated 
horizontally by any amount up to one complete 
period 27. It is thus just as easy to perform non- 
centrosymmetric summations as centrosymmetric ones. 

Conversely, if a projection of the atoms in the unit 
cell is fixed to the machine in place of the reciprocal 
lattice, Fourier transforms can be prepared; and by 
inserting in the film holder a card punched with small 
holes at the positions of the reciprocal lattice points, 
spots whose blackening is proportional to F(hk0) can 
be obtained. As with the Huggins masks, the density 
distribution recorded on the film is 1+ cos27(hX+kY), 
so that the zero must be determined in order to decide 
whether F(Ak0) is positive or negative. This is done by 
sampling, side by side on the same film, the transforms 
prepared (a) for positive atoms and (b) for negative 
atoms. 


6.5.4.3. THE X-RAY MICROSCOPE 


If parallel monochromatic light is passed through a 
screen punched with holes to represent the magnitudes 
of the structure factors and their positions in the 
reciprocal lattice section, the image formed by focusing 
the emergent beam will be the Fourier synthesis of the 
diffraction pattern. This method can be used directly 
for the Patterson synthesis or for special cases of a 
Fourier synthesis when the phases are all the same. 
For general application to Fourier synthesis the phase 
differences must be introduced. This is done in the 
Buerger instrument by means of mica plates which are 
tilted to increase the optical path. In the Hanson and 
Lipson instrument the apertures in the screen represent 
only the reciprocal lattice positions, and the biaxial 
optical properties of mica are used to control both the 
amplitudes and the phases, which can only differ by 
integral multiples of 7. 


6.5.4.4. THE ANALOGUE DIFFRACTION SPECTROMETER 


If the screen inserted in the beam of monochromatic 
light is punched with holes representing the position 
and X-ray scattering power of the atoms in a molecule, 
or projected view of a molecule, the image formed by 
focusing will be the Fourier transform of the molecule 
or projected molecule. This is the basis of an optical 
technique, due to Lipson and Taylor, for trial and 
error solution of the phase problem, and also for the 
study of the diffraction from imperfect structures. 

If the screen transmits the light in a pattern corre- 
sponding to a large number of periodically repeated 
molecules, the Fourier transform is the diffraction 
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spectrum of the periodic structure. This forms the 
basis of the fly’s-eye method, in which a suitable 
diffracting screen is made with a multiple-lens camera. 
The pattern produced by this screen is directly com- 
parable with the experimental F? values for the appro- 
priate zone of X-ray reflections. 

Neither the Fourier-transform nor the fly’s-eye 
method can indicate directly the phases of the dif- 
fracted pattern, but these can be determined in centro- 
symmetrical cases by observing the effect of introduc- 
ing a heavy atom at the origin of the screen on the 
intensity of different parts of the transform or of the 
spectrum. 

See References [61]-[77]. 


6.5.5. Large-scale Computing Equipment 

Since the first edition of this Volume was published 
in 1959, the field of electronic computing as applied to 
crystallography has been growing so fast that it is 
useful only to give some of the main references. 


6.5.5.1. COMPUTING METHODS 

Reference [78] covers the proceedings of an Inter- 
national Summer School on Crystallographic Com- 
puting organised by the Commission on Crystallo- 
graphic Computing of the International Union of 
Crystallography. Topics discussed include direct 
methods of phase determination, automatic interpre- 
tation of vector maps, utilisation of anomalous dis- 
persion and isomorphous replacement, least-squares 
methods, analysis of atomic thermal vibration, ab- 
sorption and extinction corrections, organisation of 
crystallographic computer systems, programs for 
computer-controlled diffractometers, and Fourier 
techniques. References [79] and [80] cover the pro- 
ceedings of earlier meetings, many aspects of which 
remain relevant. 

Attention is also drawn to Volume IV of these 
International Tabies, in which some Sections are 
relevant to computing problems. The relevant Sections 
include those on angle settings for four-circle diffracto- 
meters, thermal motion analysis and direct methods. 


6.5.5.2. Lists OF PROGRAMS 

Many programs are listed in the second edition of 
the World List of Crystallographic Computer Programs 
[81]. A third edition is in preparation by the Com- 
mission on Crystallographic Computing and is expec- 
ted to be published in 1972-3. 


6.5.5.3. Test CALCULATIONS 

It is not easy to ensure that complex computer 
programs are free from error. Accordingly the Com- 
mission on Crystallographic Computing have devised 
a series of calculations to check programs. These have 
been published in a report entitled ‘Standard Tests 
for Crystallographic Computer Programs, Part I. 


6.5. THE PRACTICAL EVALUATION OF FOURIER SERIES AND STRUCTURE FACTORS 


Calculations used in Crystal Structure Analyses.” [82]. Note: In Vol. IV (to be published in 1972) Sections 
The test calculations include structure factors, inter- 3, 4, 5, and 6 are computer-oriented mathematical 
atomic distances and angles, Fourier syntheses and sections, although they do not deal specifically with 
least-squares refinements. computing. 
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7.3. INEQUALITY RELATIONS BETWEEN STRUCTURE FACTORS (J. BOUMAN) 


7.1. Close Packing 


By A. L. PATTERSON and J. S. KASPER 


7.1.1. Introduction 


The earliest known attempts to explain the regular 
external form of crystals made use of the notion of the 
close packing of spheres, and modern research has 
shown that such packing is of the greatest structural 
importance in many crystals. No attempt can be made 
in the space available to summarize the literature in a 
field of this importance. The tables of this section 
contain some of the available data on the close packing 
of circles in the plane and of spheres in space. 

In the close packing of circles in the plane each circle 
has at least three contacts in the plane, and not all of 
these contacts fall in the same semicircle. In the close 
packing of spheres in space each sphere has at least 
four contacts to neighbouring spheres, and not all of 
these contacts fall in the same hemisphere. For a 
discussion of packing in space with less than four con- 
tacts reference is made to the literature (Heesch and 
Laves [4], Melmore [7]). 

A lattice packing is one in which the packed objects are 
equivalent under the operations of a translation group. 
In plane-group packing and in space-group packing the 
packed objects are equivalent under the operations of 
a plane group and a space group respectively. 

Note. In the following text it is assumed that the 
packed circles and spheres have diameter unity, and all 
dimensions must be interpreted accordingly. 


7.1.2. Close Packing in the Plane 


In the general lattice close packing in the plane, 
circles (diameter unity) occupy the special positions 
0,0; 3,3 (Wyckoff notation 2(a); see Vol. I, p. 52, and 
Sections 4.2 and 4.3) of the plane group c2mm, with 
translations a=2 sin y/2 and b=2 cos y/2. Secondary 
contacts limit the parameter y to the range defined by 
—$< cos y<4. The two special cases of lattice close 
packing of higher symmetry are listed in Table 7.1.2. 

There are 33 plane-group packings (Niggli [11] [12], 
Haag [2] [3]) of circles in a plane. Two of these of high 
symmetry and of special interest are included in Table 
7.1.2. There are at least 54 plane-group close-packed 
arrangements of ellipses in the plane (Nowacki [13]). 


7.1.3. Close Packing in Space 


In the general lattice close packing in space, spheres 
(diameter unity) occupy the special position 0,0,0 
(Wyckoff notation 1(a)) of the space group Pl with 
translations a=b=c=1 and angles a, B, y which are 
arbitrary within ranges prescribed by secondary con- 
tacts (Minkowski, [9] [10]). There are fifteen lattice 
close packings of differing co-ordination number and 
symmetry which include ten of the Bravais lattices, 
excepting those of symmetry P2/m, Pmmm, Fmmm, 
and P4/mmm (Patterson [14]). In Table 7.1.3 the five 
lattice close packings of spheres whose parameters are 


TABLE 7.1.2 
Some Close-packed Plane Arrangements of Circles 


NOTATION 
Z=number of contacts per circle. 
S=cell area for circles of diameter unity. 
D=N/S=density in circles per unit area. 
C=7D/4=fractional coverage of plane by circles. 


Plane | —_ Special oe S D C Remarks 
Group] Positions 
6 | pom | I(a):0,0 I /3/2 2/4/3=1-1547 | 0-9069 | Closest plane packingt 
4 | p4m | 1(a):0,0 1 1 1 0-7854 | Square plane packing 
3 | pom | 2(b):4,%; 2,4 4/3 34/3/2 4/34/3=0-7698 | 0-6046 | Triangular packing 
3 | pom | 6(e)t 2+V/3 | (12+7/3)/2 | 4(74/3—12)=0-4974 | 0-3906 | Rarest close packing § 


+ This is the densest packing in the plane, and is unique. 
£X,%3 X,2X; 25,X5 XN5 2X: 2x xs with wai 1a 0a. 
§ This is the rarest (least dense) possible plane-group packing and is probably the rarest close packing which 


will cover the plane. 


7.1. CLOSE PACKING 


TABLE 7.1.3 
Some Close-packed Space Arrangements of Spheres 


NOTATION 
Z=number of contacts per sphere. 
V=cell volume for spheres of diameter unity. 
D=N/V=density in spheres per unit volume. 
C=fractional coverage of space by spheres. 


+274/2] 


Remarks 


4/2=1-4142 Cubic closest 
packingT 

4/3 =1-3333 Body-centred 
tetragonal 


Special 
z Space Positions 
Group | (Wyckoff 
notation) 
D2 Fm3m 4(a) /2 
10 | [4/mmm 2(a) / (3/2) (c=1) 
8 | Im3m 2(a) 2//3 8/(34/3) (34/3)/4=1-2990 
8 | P6/mmm 1(a) 1 / 3/2 
6 | Pm3m 1(a) J 1 
ws Fd3m 8(a)t 4/4/3 64/(3+/3) 
4 | Fd3m 32(e)t§ 2[24/343+/2] | 70° [22./3 


Body-centred cubic 
Simple hexagonal 
Simple cubic 


2/4/3=1-1547 
1 


(3+/3)/8=0-6495 Diamond 
structuret 
3[27+/2 Rarest (?) packingT 


4/3) = 052359 


+ For generalizations of these packing types see 7.1.6. 
t The origin is at the point of symmetry 43m. 
§ The value of the x parameter is (3—1/6)/8=0-06881. 


completely determined by symmetry are presented. To 
these are added two space-group close packings of 
high symmetry and special interest. The number of 
space-group close packings of spheres is unknown 
(cf. Hilbert and Cohn-Vossen [5] [6] and Toth [16]). 


7.1.4. Closest Packing of Spheres 


The hexagonal packing of circles in the plane is 
clearly the closest possible planar packing, since each 
circle can have six neighbours in one and only one way, 
and this is also the largest possible number of nearest 
neighbours. A repetition of this arrangement covers 
the plane uniquely, so that the densest lattice close 
packing is also the closest packing for the plane. 

It has been shown (Minkowski [9] [10]) that cubic 
closest packing is the densest lattice close packing of 
spheres, but so far it does not seem to have been 
proved that this is the closest possible packing of 
spheres which will fill space (cf. Toth [16]). The pro- 
blem in space is complicated by the fact that there are 
infinitely many ways in which twelve spheres can be 
made to contact a single sphere. Among these there 
are two ways which when repeated in space lead to 
closest-packed planes of spheres. These two methods 
of arrangement of nearest neighbours lead to the 
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traditional closest-packing arrangements of spheres 
with a density of 1/2 spheres per unit of volume. In 
the sequel we shall use the term closest packing of 
spheres for the close-packed arrangements which con- 
tain closest-packed planes of spheres and possess the 
same density as the cubic-lattice closest packing of 
spheres (i.e. the face-centred cubic lattice). We recog- 
nize, however, that validity of the word “‘closest” in 
the heading and elsewhere in this swb-section is still 
in question. In particular, it has been shown that there 
are special arrangements of spheres (in a finite volume) 
with a density that exceeds that of the “‘closest-packed”’ 
arrangements (Boerdijk [1]). For example, a con- 
figuration of 33 spheres based on an icosahedral 
surrounding of a central sphere by its twelve neigh- 
bours has a smaller volume than that containing the 
same number of spheres in a ‘“‘closest-packed”’ 
arrangement. 


7.1.5. Symmetrical Closest-packed Stacking of Closest- 
packed Planes 

The close-packed plane has sphere centres at one of 
the special points 1(a):0,0; 1(b):4,%; or 1(c):%,3 of the 
plane group p3ml. In the following discussion a 
hexagonal cell of translation a=1 will be used for 
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spheres of diameter unity, while the c translation will 
be determined by the nature of the packing sequence. 

A close-packed layer is said to be of type A when it 
has co-ordinates 0,0,z. The next layer above it can be 
of type B with co-ordinates 3,43,z+ cy or of type C with 
co-ordinates 4,2,z+C , where cy=+/%=0°81650 is the 
separation between two close-packed layers. Similarly, 
a B-layer may be followed by C or A, and a C-layer by 
A or B. A change from A-~B-+C-+A for z increasing 
is called a positive change (+), while one from 
A-—C->B- A is called negative (—). The translations 
corresponding to these changes and the locations and 
dimensions of the interlayer voids are given in Table 
Tels 


TABLE 7.1.5A 
Interlayer Translations and Locations of Voids 


Vectors give co-ordinates with respect to initial layer 
(A, B, or C) of layer above and of voids between the 
two layers (co=~+/(3)=0°81650). 

Tetrahedral voids can contain a sphere of diameter 
(4/(3)—1)=0-2247 which will be in contact with 4 
spheres. 

Octahedral voids can contain a sphere of diameter 
(4/2—1)=0-4142 which will be in contact with 6 
spheres. 


Change!) Transition Tetrahedral Octahedral 
Void 
ne 35350 Sees 2 
a 3535Co Seco 


It has been shown (Zhdanov [17]) that a given pack- 
ing is characterized by a sequence of numbers each of 
which represents the number of repetitions or succes- 
sions of a given sign for the change between layers, 
while the succeeding number then represents the 
number of successions of the opposite sign. Thus the 
symbol 2,2,12,6 would represent the successions 2 
positive, 2 negative, 12 positive, 6 negative, this 
sequence then repeating indefinitely in a crystal pack- 
ing. Clearly there must be an even number of numbers 
in such a symbol. If all such succession numbers are 
single digits the commas can be omitted: thus 2,2,4,4,6,2 
would become 224462. 

Let p be the number of positive signs and n be the 
number of negative signs in a given sequence. We then 
have 


ptn=N na(t) 
where WN is the number of layers in the period. Then if 
p—n=0 (mod 3) wa2a) 
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the lattice will be hexagonal with c=Ncy. If 

p-n=+1 (mod 3) eeneor 
the lattice will be rhombohedral. For the two signs 
the three rhombohedral axes will have components in 
the hexagonal system as follows: 


a 1 ay, 
353NCo 35321VCo 
1 cs a 
7 S120 ee. VGG — ‘signi S26 
1 2 1 1 
—3,—3,NCo 3,—3,NCo 


These rhombohedral axes can of course be described 
in terms of threefold primitive hexagonal axes with 
c=3Ncy. In these axes the plus sign corresponds to 
the obverse setting and the minus sign to the reverse 
for the rhombohedral axes (Vol. I, 2.5). 

The symmetry of the possible packing arrangements 
of close-packed planes is exhibited for N<12 in Table 
7.1.5B, which is a modification and amplification of 
that of Zhdanov [17]. A detailed description of this 
table precedes it. 


TABLE 7.1.5B 
Symmetry of Stacked Closest-packed Layers 


Description 


This table exhibits and classifies the closest-packed 
structures for which the period N is less than or equal 
to 12. It is best described and explained in terms of 
the methods which have been used in its construction 
and which may be used in its extension. 


Partitions 

The period WN is first partitioned in all possible ways 
of order two. One of the numbers of each partition 
will correspond to positive changes between layers in 
the Zhdanov notation, while the other will correspond 
to negative changes. For example, for N=8 the second- 
order partitions are 71,62,53,44. The lattice type for 
each partition is then determined (e.g. 71,44 are hexa- 
gonal, 62,53 are rhombohedral). Each of the two terms 
is then partitioned in all possible ways and the parti- 
tions which are of the same order are interleaved in 
all the possible ways which give different Zhdanov 
symbols. Thus in 53, the partitions of 5 are 41,32,311, 
221; while those of 3 are 21,111 and the possible 
partitions of 5 which are of one sign are here uhder- 
lined to distinguish them from the partitions of 3 which 
are of opposite sign. Also in 44, the partitions of 4 are 
31,22,211,1111 and the symbols of interest are 
3113332123221111521121 12 Themsymbolsy2e222 aand 
11111111 are discarded as belonging to N=4 and N=2 
respectively. In this way all possible cases for a given 
N can be exhibited. 


Symmetry Properties 

The lowest symmetries which can be exhibited by 
periodic stacking of closest-packed layers are P3m 
and R3m. Higher symmetries than these result from 
the satisfaction of one or more of the following 


(AIP CHOSE PACKING 


conditions in the partitions of sign changes obtained 

from the above routine. 

1 A symmetry centre appears in the Zhdanov nota- 
tion as a symmetrical arrangement of the numbers 
of /ike signs surrounding a single number. Thus 
in (4)231(3)132, the sign successions (4) and (3) 
enclosed in parentheses each contain centres of 
symmetry. Note that such parentheses contain a 
single succession number and that (11) in the 
tables means a sequence of eleven signs and not 
two sequences of one sign. If the centrosymmetrical 
succession is even, the centre lies in a sphere. If it 
is odd, the centre lies in an octahedral void. Three 
cases arise and are used in classification: 


1(S): Both centro-successions even and both centres 
in spheres, e.g. (4)3(2)3. 

1(O): Both centro-successions odd and both centres 
in octahedral voids, e.g. (3)2(1)2. 

1(SO): One succession even and one odd, and one 
centre of each type, e.g. (4)2(1)2. 

In the tables parentheses enclose sequence numbers 

which contain centres. 

A symmetry plane appears as a symmetrical 
arrangement of the numbers of opposite signs 
grouped about the space between two succession 
numbers, e.g. [311/113]. Here and in the tables a 
vertical line is used to indicate a plane of symmetry 
which can occur only within a close-packed layer 
of spheres. 

The screw axis 6, requires that the first half- 
period of the sequence contains an odd number of 
succession numbers which is repeated identically 
(but corresponding to opposite signs) in the second 
half-period, e.g. 123123, which is the only sequence 
with this symmetry in the range of the table. 

Combinations of these symmetry elements with 
the symmetry properties of the close-packed plane 
and with those of the lattices P and R give rise to 
seven space-group symmetries: P3ml; P3ml 
(S,O,SO); P6m2; P63mc; P63/mmc(S,O); R3m; 
R3m(S,0,SO). 

For convenience of presentation the table is divided 
into five parts. This division, which is quite arbitrary, 
is summarized below. 


m 


63 


Basic 


ie Lattice 
Partition 


Space Groups 


Even | Like 


je P6;/mmc(S,O); 
P6,mc; P6m2; 
P3m1(S,O); P3m1 
P3ml1(S,O); P3m1 
R3m(S,0); R3m 
P3m1(SO); P3m1 
R3m(SO); R3m 


Even | Unlike 


Odd | Unlike 
Odd | Unlike 
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Detailed tables of the co-ordinates for the closest- 
packed arrangements are beyond the scope of the 
present publication. A method which may be used 
in deriving such tables can be learned from the follow- 
ing examples (see previous column) for explanation of 
symbols (S$), (O), (SO). 


EXAMPLE 1. Space group P3m1: Symbol 4221: N=9. 
Starting with an A layer and positive signs, the 
symbol is translated as follows: 


The A-layers are oie in the special positions Ley 0,0,z 
of P3m1 with z=0,3,8,%; the B-layers in I(c): 3,4,z with 
Z=955,0, and the C-layers in 1(b): 4,3,2 with z=$,s. 


EXAMPLE 2. Space group R3m: symbol 4211: N=8. 

In the rhombohedral lattices it is convenient to 
work in the threefold centred hexagonal cell of period 
3N. It is also convenient to allocate the signs to the 
symbol so that p—n=—1 (mod 3) in which case a 
B-layer in the first period becomes an A-layer in the 
second pertod, while a C-layer in the first period 
becomes an A-layer in the third period. We may thus 
record the co-ordinates of all layers as A layers, the 
corresponding B and C layers being located as the 
space-group equivalents of the A layers. The symbol 
in the present case satisfies these conditions if we start 
with positive signs, i.e. (4+ 1)—(2+ 1)=2=—1 (mod 3). 
We thus make the translation 


in which only the layers of the first period are shown 
with the exception of [C], which indicates the start of 
the second. The co-ordinates are thus R3m:1(a):0,0,z 
in the hexagonal notation with z=0,34,3%,97; (1+ 8)/24; 
(4+8)/24; (2+16)/24; (6+16)/24, i.e. the co-ordinates 
are 0,3,5,7,9,12,18,22 all expressed in 24ths. 


EXAMPLE 3. Space group P3ml1(S): symbol (4)3(2)3: 
Neal 

Note. The procedure of this example applies with 
obvious modifications to the space groups P6,/mmc(S); 
P3m1(SO); R3m(S); R3m(SO). 


Note now that in this space group as set up in the 
tables ee C-layer provides the type position for 
2(d): 4,2,z; #,4,Z. Thus the positions occupied are 
ia): O00; ee 0:0;4 4 2(c):0,0:z; 0,0,z, with z=i2; 
and 2(d): 4,3,z; %,4,Z with poet oat 


7.1. CLOSE PACKING 


TABLE 7.1.5B (continued) 


Symmetry of Stacked Closest-packed Layers 
A. Period Even; Basic Partitions Like; Hexagonal Lattice 


P6,mmc 
N 
Ss O 
2 (|) 
4 | |Q)|Q2)| 
6 |(3)|(3)| [21|12| 
8 | |(4)|(4)|; [31[13]; (3)2(1)2 
1(2)1]1(2)]| [211|112| 
Tin (5)|(5)|; 41|14]; (3)21(1)12_—| 4312; 
}1(3)1]1@3)1|; 32|23]; 321211 
[2(1)2|2(1)2| 311|113]; 
[221|122!; 
2111]1112|; 
1211/1121 
oe |(6)|(6)|; 123123 | |51|15|; (4)3(2)3; ‘| (5)3(1)3; 5412; 
[1(4)1/1(4)1|; 42)24]; (4)21(2)12; | (1)221(1)122; | 342111; 
}11(2)11|11(2)11| }411/114]; | (2)211(2)112 | (3)211(1)112; | 312411; 


123|321]; (3)112(1)211 | 312114; 
231|132|; 332211; 
[312)213}: 322212: 
2211|1122|; 32121111; | 


2121/1212); 32111211 
|3111|1113]; 

|1311|1131]; 

2111111112); 

1211111121] 


TABLE 7.1.5B (continued) 
B. Period Even; Basic Partitions Unlike; Hexagonal Lattice 


Basic 


N Partitions Cases 

8 i aa (7)(1) 1 

10 sy (8)(2) (7)10)1; S)1GB)1 4 
(6)1(2)1 

12 9 3 (9)(3); (FIIG)11; S2iL: 72215623 11 


(5)12(1)21; (1)14(1)41 | 5241 
612111; 513111; 


413121 
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7.1. CLOSE PACKING 


TABLE 7.1.5B (continued) 
C. Period Even; Basic Partition Unlike; Rhombohedral Lattice 


Basic 
N Partition 
4 CN | (3)(1) 
6 Pw | (5)(1) 
Aa (4)(2) (3)10)1 
8 G2 (6)(2) ;(4)1(2)1 (5)1()1 
su) OG) Mail 4211; 3221 
(1)21(1)12 
10 ial | (9)(1) 
wie) Gye), OTIayet: 621125221; 4231; 
(3)12(1)215; (1)310)13 412111 
6 4 (6)(4); (4)2(2)2; (5)2(1)2; (3)3(1)3; 501174321: 421111; 
(4)11(2)11; (2)21(2)12 (3)1110))111; S221 tL 321121: 
(D211Ci1s2 312211 
See oii NT, ere 
10 2 (10)(2); (8)1(2)1; (9)1G)1; (71@)1 
(6)1(4)1 
8 4 6 cases omitted 6 cases omitted 14 cases omitted 
Boge) 10 cases omitted 28 cases omitted 


Note. (10) and (11) in these tables refer to the single succession numbers ten and eleven. 


TABLE 7.1.5B (continued) 
D. Period Odd; Hexagonal Lattice 


N Bane P3ml(SO) Pani Cases 
SS Ss en 
petit (5)(2); (4)1(1)1; 3)1(2)1 3 

en ee (6)2(1)2; (5)2(2)2; (4)203)2; 6311; 5321; 4331; 521111; a 


(5)11(2)11; (3)12(2)21; (2)31(1)13; 
(4)111(1)111; (3)111(2)111; (2)121(1)121 


422111; 421121; 412211; 
SIBZ1I 3221205 31211111 
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7.1. CLOSE PACKING 


TABLE 7.1.5B (continued) 
E. Period Odd; Rhombohedral Lattice 


Basic 


N Pace R3m(SO) R3m Cases 
1 (1)(0) eee: 
3 (2)(1) 1 
5 (3)(2); (ICA) 7 
7 (6)(1) 
(4)(3); (2)2(1)2; (110) 11 
9 (8)(1) 
(7)(2); (L(A; (5)1(2)1; (4)13)1 
(5)(4); (4)2(1)2; (3)2(2)2; (3)11(2)11; 4511382 N332ib i 
(2)21(1)12; (2A) 221211 
1 (9)(2); (8)1(1)1; (D1(2)1; (103)1; (5)1(4)1- 


(8)(3); (2)4(1)4; (6)11C) 11; (4)12(1)21; 
(2)13(1)31 
10 cases omitted 


TZA12 6221; 5231-52 
413111 
16 cases omitted 


EXAMPLE 4. Space group P3m1(O): symbol! (3)2(1)2: The allocation of letter symbols in sequences of this 

N=8. type is governed, in accordance with the setting of the 
Note. The procedure of this example applies with — space group (Vol. J), by the following rules concerning 

obvious modifications to the space groups P63/mmc(O); the signs in the first half-period: 

R3m(O). 


(Pate ao Eee ee ee) 1. If p—n=0 (mod 3), the first and second half-periods 
GAA tC 1B. -CUR AAR both start with A-positions, and there is a sphere 
1 2Se5e07 | oedieieats at the origin. 
In this case the Zz co-ordinates are odd numbers of 2. If p—n=1 (mod 3), the first sequence must start 
2Nths of the period, since the centre at the origin is with B and the second with C (BC: +), and the 


midway between two layers. Note also that a B-layer 
must be taken below and a C-layer above if the sign at 
the origin is +. This is-to ensure that the voidisinan 3. If p—n=—1 (mod 3), the first sequence must start 
A-position. For the present case the positions are with C and the second with B (CB: —), and the 
2(c): 0,0,z; 0,0,Z with z=-3, and 2(d): 4,2,z; #,4,Z with origin is in an octahedral void. 


origin is in an octahedral void. 


2=46,15>16- 
rane Ane Setting I above obeys Rule 3, and C is therefore 
Sasi EZED 7 i a ot ate Shela fea rehete chosen for z=0. The co-ordinates are then 2(a): 0,0,z, 
A eee: 0,0,4+2 with z=1,5; 2(6): 4,2,z; %,4,4+z with z= 
a : . S : z : : - 0,2,4,9 (twelfths). 
As an alternative we could write the symbol 231231 


The occupied positions are clearly l(a): 0,0,0; 1(@): and obtain the arrangement (Rule 1) 
3,325 2(g): 0,0,z; 0,0,2 with z=§; 2(A): 3,3,2; 3.3.2 with 


z=§; 2(i): 34,2; 3,4,2 with z=}. aa(SXE) SOE) RMT: be eee 
EXAMPLE 6. Space Group P63mc: Symbol 123123: A> Be Cx. BA -C¥A"C--B--C A Bead 
Ne=i2: OFS 2? WSEAS FGI aes 9 TOS Lee 
Eh Rave ae SR a ey yee RN ee sna Clune LD 
CUA Co BeCrA. B2A SB CIB GAC] 
O° 223.54 WS) 6 8 29 Os i ee) Co-ordinates: 2(a) with z=0,4; 2(6) with z=2,5,7,9 


Arad (S118 000-48 9) (twelfths). 
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PAL CLOSEPACKING 


It is also permissible to split a sequence of signs to 
permit a sphere to be located at the origin, e.g. 


- + + ~ — +4 
Reb eAa be. BAC. AC. BAC [A] 
Gpeiwe 2 34°49 YO 8 9 10411 0 
.... (Setting IID) 
Co-ordinates: 2(a) with z=0,2; 2(5) with z=4,7,9,11 
(twelfths). This procedure would be necessary to 
locate a sphere at the origin in 136136, since there is no 
rearrangement that will satisfy Rule 1. 


7.1.6. Structures related to Closest Packing 


In many crystals a “closest-packed” arrangement of 
ionized atoms (not necessarily in contact) occurs in 
which some of the interstices are filled with smaller 
ions. Notable examples are to be found among the 
alkali halides and the spinels; and many other 
examples are given in the literature. 

In many covalent structures of the AB type in which 
the co-ordination is tetrahedral an atom A lies in the 
tetrahedral voids of a closest-packed arrangement of 
the B atoms (although the latter are again not of course 
in “‘contact”’). An example is provided by the modifi- 
cations of SiC. In these structures all the types of 
closest-packed arrangements referred to in the pre- 
ceding section can occur, although the sequence of 
numbers seems to be limited to 2,3,4 by the physical 
chemistry of the system (cf. Ramsdell and Kohn [15]). 
In structures of this type any one of the space-group 
symmetries mentioned above may be exhibited in the 
arrangement of one type of atom taken alone. The 
full symmetry is, however, lowered by the presence of 
the second atom, and the structures of this type are 
limited to the space groups P6,mc, P3m1 and R3m, 
which have neither horizontal planes of symmetry nor 
centres. 


Similar generalizations are theoretically possible for 
the diamond structure and for the tetrahedral rarest 
packing referred to in Table 7.1.3. 


7.1.7. Radial Distribution of Atoms 


(a) Cubic Structures 


With a spherical atom of diameter unity centred at 
the origin, the Cartesian co-ordinates of other atoms 
and the formulae for their distances (R) are as shown 
in Table 7.1.7A. 

The distances, co-ordinates, and multiplicities of 
successive neighbours (R<6) are given in Tables 
7.1.7B, C, D. The construction and extension of 
these tables is aided by the use of tables of the cubic 
quadratic form (Table 3.8.6A, p. 124) and of multi- 
plicities for the cubic system (Vol. I, Table 3.5.1). 
Tables 7.1.7B, C, D also list the number of spheres 
contained in or on a sphere of radius R. 


(b) Hexagonal Closest Packing 

With a sphere of diameter unity centred at the origin 
the Cartesian co-ordinates of the atoms are of two 
types: (1) p, 9g, (VW %)r and (2) Gp—1)/3, 3q—2)/3, 
(«/3)r, where p, q, r are positive or negative integers or 
zero. Co-ordinates (1) are applicable for r even and 
co-ordinates (2) for r odd. The corresponding dis- 

2 
recta (ESS, A= 


tances are given by 
2 
= iaiyrics 
a) +) CP) FF) + 


=p?+ q?—pq—gq+ 3+ 3r? 
Table 7.1.7E lists the distances and multiplicities 
for successive neighbours to R<6 and the total number 
of spheres in or on a sphere of radius R. 


Ry=p*+q?—pqt gr? 
3p-1 
3 


eq =2 
3 


TABLE 7.1.7A 
Radial Distribution of Atoms in the Three Cubic Lattices 
A spherical atom, diameter unity, is centred at the origin. The table gives Cartesian co-ordinates and distances 


R of atoms at lattice points pqr. 


Cartesian 


uct type i 
Structure typ co-ordinates 


Simple cubic. . P34,1 


Body-centred cubic .. 


ai fis 
b] /3 


34/3 


Face-centred cubic . 


R? Remarks 


R?=p?+q?+r? All values of p, q, r. 


R*=4(p*+q?+r*) p,q, r all even or all odd. 


R?=3(p?+q?+r’) pt+qtr=2n 


For all cases p, g, r are positive or negative integers or zero. 
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7.1. CLOSE PACKING 


TABLE 7.1.7B 
Simple Cubic 


pqr R Re M Total 

000 0 0 1 

100 1-0000 1 6 if 
110 1-4142 Zz 12 19 
111 7321 2 8 pal 
200 2-0000 4 6 ie 
210 2:2361 5 24 57 
211 2°4495 6 24 81 
220 2°8284 8 ie 93 
300(6), 221(24) 3-0000 9 30 123 
310 371623 10 24 147 
S11 3-3166 11 24 171 
222 3-4641 12 8 179 
320 3-6056 13 24 203 
SpA 3-7417 14 48 ps 
400 4-0000 16 6 phe 
410(24), 322(24) 4-1231 Wi 48 305 
411(24), 330(12) 4-2426 18 36 341 
331 4-3589 19 24 365 
420 4-472] 20 24 389 
421 4-5826 21 48 437 
332 4-6904 22 24 461 
422 4-8990 24 24 485 
500(6), 430(24) 5-0000 25 30 515 
510(24), 431(48) 5-0990 26 i 587 
514(24), 333(8) 5-1962 yy 32 619 
520(24), 432(48) 5-3852 29 72 691 
BPA, 5:4772 30 48 739 
440 5-6569 a2 12 751 
522(24), 441(24) 5:7446 33 48 799 
530(24), 433(24) 5-8310 34 48 847 
531 5-9161 35 48 895 
600(6), 442(24) 6:0000 36 30 925 
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7.1. CLOSE PACKING 


TABLE 7.1.7C 
Body-centred Cubic 


pqr R RA M Total 

000 0 0 1 

id 1-0000 1 8 9 
200 1:1547 4/3 6 15 
220 1:6330 8/3 12 27 
Sit 1-:9149 11/3 24 a | 
22? 2-0000 4 8 59 
400 2:3094 16/3 6 65 
331 2:5166 19/3 24 89 
420 2:5820 20/3 24 113 
422 2°8284 8 24 137 
511(24), 333(8) 3-0000 9 By) 169 
440 3-2660 32/3 12 181 
531 3-4157 35/3 48 229 
600(6), 442(24) 3-464] 12 30 259 
620 3°6515 40/3 24 283 
a5 3-7859 43/3 24 307 
622 3-8297 44/3 24 i 
444 4-0000 16 8 339 
711(24), 551(24) 4:1231 17 48 387 
640 4-1633 2/3 24 411 
642 4:3205 56/3 48 459 
731(48), 553(24) 4:4347 59/3 12 531 
800 4-6188 64/3 6 53m 
733 4-7258 67/3 24 561 
820(24), 644(24) 4:7610 68/3 48 609 
822(24), 660(12) 4-8990 24 36 645 
751(48), 555(8) 5-0000 D5) 56 701 
662 5:0332 76/3 24 125 
840 5-1640 80/3 24 749 
911(24), 753(48) _ 5:2599 83/3 72 821 
842 5:2915 28 48 869 
664 5-4160 88/3 24 893 
931 5:5076 91/3 48 94] 
844 5:6569 32 24 965 
933(24), 771(24), 755(24) 5:7446 33 qe 1037 
10,0,0(6); 860(24) S77 135 100/3 30 1067 
10,2,0(24), 862(48) 5:8878 104/3 1 1139 
951(48), 773(24) 5:9722 107/3 12 1211 
10,2,2(24), 666(8) 6:0000 36 32 1243 
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7.1. CLOSE PACKING 


TABLE 7.1.7D 
Face-centred Cubic 


pqr R Ke M Total 

000 0 0 | 

110 1-0000 12 13 
200 1-4142 Y 6 19 
ANS: PH32) 3 24 43 
220 2-0000 4 12 55 
310 2-2361 5 24 79 
222 2-4495 6 8 87 
321 2:6458 i 48 135 
400 2°8284 8 6 141 
411(24), 330(12) 3-0000 9 36 177 
420 3-1623 10 24 201 
332 3-3166 11 24 225 
422 3-464] 12 24 249 
510(24), 431(48) 3-6056 is 72 321 
521 3-8730 i) 48 369 
440 4-0000 16 i 381 
530(24), 433(24) 4-123] 17 48 429 
600(6), 442(24) 4-2426 18 30 459 
611(24), 532(48) 4-3589 ite) no 531 
620 4-472] 20 24 555 
541 4-5826 21 48 603 
622 4-6904 22 24 627 
631 4-7958 23 48 675 
444 4-8990 24 8 683 
710(24), 550(12), 543(48) 5-0000 25 84 767 
640 5-0990 26 24 791 
721(48), 633(24), 552(24) 5:1962 a, 96 887 
642 5-2915 28 48 935 
730 5-3852 29 24 959 
732(48), 651(48) 5-5678 31 96 1055 
800 5-6569 32 6 1061 
811(24), 741(48), 554(24) 5:7446 33 96 1157 
820(24), 644(24) 5-8310 34 48 1205 
653 5-9161 35 48 [253 
822(24), 660(12) 6-0000 36 36 1289 
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7.1. CLOSE PACKING 


TABLE 7.1.7E 
Hexagonal Closest Packing 


R? M Total R R? M 
0 1 4:2817 55/3 12 
1 12 13 4-3205 56/3 12 
2 6 19 4-3589 19 24 
8/3 2 21 4-4347 59/3 12 
3 18 39 4-5092 61/3 12 

11/3 12 51 45826 21 36 
4 6 57 4:6547 65/3 24 
5 12 69 4-6904 py: 12 

17/3 12 81 4:7258 67/3 18 
6 6 87 4-7610 68/3 12 

19/3 6 93 4-7958 23 24 

20/3 12 105 4-8305 70/3 12 
7 24 129 4-8648 71/3 48 

2278 6 135 4-8990 24 2 

25/3 iD 147 5-0000 25 36 
9 12 159 5-0990 26 24 

29/3 24 183 5-1316 79/3 12 

10 12 195 5-1640 80/3 iD 

31/3 12 207 5-1962 27 42 

32/3 2 209 5-2281 82/3 6 

11 12 221 5-2599 83/3 12 

34/3 6 2 5-2915 28 24 

35/3 24 251 5-3229 85/3 12 

12 6 257 5-3852 29 12 

37/3 12 269 5-4467 89/3 36 

13 24 293 5-5076 91/3 12 

41/3 12 305 5-5377 92/3 24 

43/3 6 311 5-5678 31 72 

44/3 24 335 5-5976 94/3 12 

15 12 347 5-6273 95/3 24 

46/3 12 359 5-6862 97/3 12 

47/3 24 383 5-7446 33 48 

16 6 389 5-8023 101/3 24 

49/3 12 401 5-8310 34 24 

17 24 425 5-9161 35 24 

53/3 24 449 5-9722 107/3 12 

18 18 467 6-0000 36 18 
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7.2. The Use of Statistical Methods for the Detection of Symmetry Elements 
Byeve LUZZATI 


Notation 


S = position vector in reciprocal space 
(s={2 sin 6}/A). 


P(s) = > 196) where /;(s) is the scattering factor 


j= 
a the } atom and N is the number of 


atoms contained in the unit cell. 


I(s) = observed intensity corrected to give F? at the 
end-point of s. 


(I(s)) = average value of I(s) for all the points of the 
reciprocal lattice contained within a thin 
spherical shell of radius s. 


P(I)dI = fraction of the reciprocal lattice points 
where the intensity lies between I and 
I+dl. 


S = distribution parameter [9] [14]. 


Validity of Statistical Methods 

The rigorous and general validity of the methods 
described below has been proved only when the 
statistical analysis is performed using all the points of 
the reciprocal space. Nevertheless, in practical appli- 
cations, only a limited volume of the reciprocal space 
is accessible; in this case the validity is subject to some 
restrictions: (a) the number of the crystallographically 
independent atoms must be large, (b) no atom must 
be predominant, (c) the distribution of atomic posi- 
tions in the unit cell must be random. These restric- 
tions are the more severe the nearer the reciprocal 
lattice points used in the statistical analysis are to the 


origin [1] [2] [4] [7] [12]. 


7.2.1. Determination of the Absolute Scale and of the 
Thermal Vibration Factor 


It has been shown that 


(I(s)) =2®(s) 


fecerererences. [1] [5] ){.12],[14]); 

Equation (1) is valid for general reflections con- 
tained in the three-dimensional reciprocal lattice (hk/), 
as well as for zones and rows containing the origin (say 
hkO or hOO); « is an integral factor whose value depends 
upon the class of reflections (that is, Ak/, or hkO, or 
hOO) and the symmetry elements of the unit cell. The 
values of « are given in Tables 7.2.1A and 7.2.1B: the 
average <I) always refers to all the reflections, even 
in the cases when a fraction of the reflections are 
systematically absent [14]. 

If the chemical composition of the unit cell is known, 
and if the atoms are subject to an isotropic thermal 


docs 4) 


ops) 


vibration (the same amplitude for all the atoms), 
equation (1) can be used to determine the absolute 
scale and the thermal vibration factor, which affect the 
experimental intensities. 


TABLE 7.2.1A 


Intensity-distribution Effects of Symmetry Elements 
not causing Systematic Absences 


(C=centrosymmetric distribution; A=non-centrosym- 
metric distribution; Z=systematically zero. Axes are 
parallel to c, planes perpendicular to c.) 


Symmetry aE Piao a=S/@ 
os SE Reflections | Distribution (1) /@ 

I all A ] 

1 all G J 

Z hkl A It 
hkO © 1 

00/ A 2 

2=m hkl A ] 
hkO A 2 

00/ C 1 

3 hkl A I 
hkO A ] 

00/ A 3 

3 hkl C | 
hkO © | 

00/ C 3 

4 hkl A I 
hkO Cc l 

00/ A 4 

4 hkl A 1 
hkO eS | 

00/ Cc 2 

6 hkl A 1 
hkO G | 

00/ A 6 

6=3/m hkl A 1 
hkO A 2 

00/ C 3 
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Intensity-distribution Effects of Symmetry Elements 
causing Systematic Absences 


Symmetry 
element 


TABLE 7.2.1B 


Reflections 


hhAl, hhO, OO/ 


hkl 
hkO, hOl, Okl 
hhl, hkh, hkk 
h00, 0k0, 00/ 
hhh 
hhO, hOh, Okk 


hkl 
hkO, AOI, Ok! 
hhl, hkh, hkk 
hhO, hOA, Okk 
h00, 0k0, 00/ 
hhh 


Distribu- 
tion 


role 
N 
rhe 


cold 
N 
ole 
> 


Pleo 
N 
AiR 
> 


ro} 
N 

SO tO Se ee al ta> AO) > Se Oe 
> 


ior 
N 
a) 
> 


c|po 
N 
ol 
> 


dole 
N 
tole 


Do} 
N 


bol 


QOH = 


Qnm_— 


] 
] 
6 


PAHRAHRR NNNNNN NNNNNN HK N— 


The relation between the experimental (observed) 
intensities and the absolute intensities, corrected for 
the thermal vibration, is 


I,(s)=KI,15(s) exp( 38°] eee: 


K is the absolute scale factor and B is the parameter 
that defines the magnitude of the thermal vibration. 
Replacing equation (1) in equation (2): 


(I9(s)) =Ka®(s) exp( —53:) eae) 


A straight line can be obtained by plotting the 
logarithm of <I,(s))/«®(s) as a function of s?: its 
extrapolation toward s=0 determines the logarithm of 
K, its slope is —B/2. 


{Ig(s)) ] _ ee 
log Sy [ae K 58 ae 


7.2.2. Detection of a Centre of Symmetry 


It has been shown that the probability distribution 
of the intensities is approximately independent of the 
actual positions of the atoms, and is characteristic of 
the symmetry of the unit cell. 

The distribution laws for all the space groups can be 
expressed in terms of two fundamental laws, valid 
respectively for centrosymmetric and non-centro- 
symmetric cases. If the number of crystailographically 
independent atoms is large, the distribution laws are 
[2] [3] [7] [13]: 
7P(DdI=(2aIS)? exp ~36) dl 

(centrosymmetric) ....(5) 


iP(IdI=S-! exp ( a dI 


(non-centrosymmetric) ....(6) 
These laws apply to zones and rows, as well as to the 
whole three-dimensional reciprocal lattice. S is a 
distribution parameter, proportional to ®: the ratio 
S/® depends upon the space group and the class of the 
reflections (that is, hk/, or hkO, or hOO). The values of 
S/@ are given in the tables 7.2.1A and 7.2.1B [9] [14]. 
The difference between the two distribution laws 
(equations (5) and (6)) can be used to detect the 
presence of a centre of symmetry, if the experimental 
intensities are known. 
For practical applications it is convenient to nor- 
malize the experimental intensities, dividing them by 
S. A new variable is so defined: 


I 
ate hoe .(7) 
and the distribution laws become: [4] 
zP(z)dz=(2xz)-? exp 5) az sowie cee 
,P(z)dz=exp (—z)dz soja (oe 


Several practical tests have been devised. Some of 
these consist in comparing one parameter, a function 
of the experimental intensities, with its theoretical 
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values expected in centrosymmetric and non-centro- 
symmetric cases. The simplest among the many pos- 
sible tests of this kind are the average and the variance 
tést. 


Average Test [13] 


lv/z|]* 
palivall se A A) 
The theoretical value of p is 2/7 (~ 0-637) for centro- 
symmetric, and 7/4 (~0-785) for non-centrosymmetric 
cases. 


Variance Test [15] 


V=(z-Z)? later Gul) 

The theoretical value of V is 2 for centrosymmetric 
and 1 for non-centrosymmetric cases. 

Other tests consist in the comparison of the distri- 
bution law of the experimental intensities, or of some 
of its moments, with the corresponding theoretical 
functions. 


Zero Moment Test [4] 


The fraction N(z) of the reciprocal lattice points 
where the normalized intensity is smaller than z is: 

zN(z)=erf (4z)? (centrosymmetric)f ....(12) 

,N(z)=1—exp(—z) (non-centrosymmetric) ....(13) 

The functions (12) and (13) are compared in Table 
7.2.2 and in the graph (Figure 7.2.2). 

In principle all the tests described above are equi- 
valent. Nevertheless the zero moment test is recom- 
mended, since it leads to the comparison of two curves 
instead of only two numbers, and is likely to be less 
sensitive to the experimental errors. 

Since the statistical methods can be used to detect 
the presence of a centre of symmetry in plane and line 
projections, as well as in the three-dimensional unit 


Fig. 7.2.2 


cell, they can provide a tool for the determination of 
some symmetry elements that cannot be detected by 
the systematic absence of reflections [9] [14]. 

It has been shown experimentally that the statistical 
methods in general yield useful information, even when 
the number of atoms is small. In some cases, when 
atomic positions are related by some geometrical 
relationships, in addition to the symmetry operations of 
the space group (for instance, extra centres of sym- 
metry, or translations), the distribution of intensities 
can follow special laws [8] [11]. Finally it must be 
pointed out that experimental errors can have a 
serious influence upon the distribution laws [10]. 


+ erf(x) is the error function (Jahnke and Emde [6)). 


TABLE 7.2.2 
Theoretical Values of the Function N(z) for Centrosymmetric and Non-centrosymmetric Cases 


0-9 1-0 


0-629 0-657 0-683 


O55 1 03593 0-632 
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7.3. Inequality Relations between Structure Factors 


By J. BOUMAN 


Inequality relations between structure factors in 
principle provide a means of determining the signs of 
structure factors for centrosymmetric structures and 
an indication of the phases for non-centrosymmetric 
structures. Actually, practical applications of such 
relations have been made with varying degrees of 
success in several structure determinations. Fora given 
space group numerous inequalities may be found, 
but there are no systematic tables for space groups 
other than P] and PI, and the problem of the most 
systematic and economical application is a difficult 
one to solve. In the present chapter there are given 
guides on the basis of experience for an efficient pro- 
cedure in working with inequalities in any space group; 
also inter-relationships of some simple inequalities, 
which indicate their relative strengths. 

The following considerations are of prime impor- 
tance: 

(a) Relations in which a smaller number of struc- 
ture factors appear are to be preferred to those with a 
larger number. Generally, more unknown signs occur 
in the latter case. Also, in practice, relations contain- 
ing only the following limited set have been found to 
be the most useful : 


F(hkl), F(h'k'l’) F(2h,2k,21), F(2h',2k’, 21’) 
Fh+h',k+k’,I41), F(h—h’,k—k’, 1-1’) 


(b) Some inequalities may be derived by algebraic 
means from others, which are then said to be more 
stringent, since no additional information is to be 
gained from the derived inequalities. For a given 
collection of structure factors it is then possible to 
define a fundamental set of inequalities as that set from 
which all other inequalities may be derived. It is 
preferable, as a general rule, to work first with the 
fundamental set. 

(c) It may be advisable, nevertheless, to try first a 
less powerful inequality if it is simpler (i.e. contains 
fewer structure factors) than a more stringent one. 

(d) If possible, the relations between unitary struc- 
ture factors should be used, as these are more powerful 
than those between the usual structure factors. The 


unitary structure factor is defined by 
U(hkl) = F(hkl) 
Zu 


BN Z is the total number of electrons in the unit cell, 
W3> fj, is the unitary atomic scattering factor, and 


=1 
F (hkl) j is expressed in absolute units. In the following 
tables only unitary structure factor relations are given. 
U(hkl) is denoted by Uy; U(hth',k+k’',14l') by 
Unin’; ete. 
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Table 7.3.1 gives the fundamental set of relations 
for the structure factors of (a). Some derived inequali- 


‘ties are tabulated in Table 7.3.2 (cf. (c)). Both these 


tables refer to centrosymmetric structures or projec- 
tions with a centre of symmetry. 

Table 7.3.3 gives the corresponding data for non- 
centrosymmetric structures. The latter relations are 
valid for all space groups and those of Tables 7.3.1 
and 7.3.2 for all space groups with a centre of sym- 
metry. Inequalities for other symmetry elements are 
given in Volume I, page 541. The references should 
be consulted for applications to special space groups. 


TABLE 7.3.1 
Fundamental Set—Centre of Symmetry (U,=U_y) 


2Uy?-1<U ay 
(Uq+ Uy')?<(1+ Ugin (+ Ug_g’) 
(Uy—Uyq’)?<(1—Ugin)U— Ug_p’) 
(Ugin’— Ug_a’)?<(1— U9) — Ug’) 
(Ugin’ + Ug_y’—2UqgUq’)* 
<(14 Ugq—2U g?)(1+ Ugq'—2U gq?) 


a 


TABLE 7.3.2 
Derived Inequalities—Centre of Symmetry 


2m|Ug+ Uq'|<14 Ugiy'+m%(1+ Ug_y’) 
. 2m|Ug—Uy’|<1—Ugyy'+m*(1—Ug_y’) 

(m is an arbitrary number) 
(Ug+ Ug’)?<1+3U e+ $U og’ + (Ugin’t Ug_n’) 
» (Ug—Uq’)?<14 $U 99 +3 U9’ —(Ugig’'t Ug_p’) 
» (Ugan’t+ Ug_p’)?<(1+ Uoy)(14 Uoy’) 


2 


— 
© © 00 


TABLE 7.3.3 
Non-centrosymmetric Structures 


Fundamental Set 
la. |Ugiyy'— Ug Ug’|?<(1—|Ug|?)—|Ug/|) 
2a. |Ug-p’— Ug U_q'|?<(1—|Ug|)1—| Ug" |”) 


Derived Inequalities 
3a. |Ugt+ Uy’ |?<2+ Uy-y’t+ Uy'-# 
4a. |Ug—Uy'|?<2—Uyg_q’—Ugq’-y 


It has been shown recently (Bouman, [1]) that all 
fundamental inequalities for centrosymmetric struc- 
tures belong to four series. The inequalities belonging 
to any one series can be arranged in such a way that 
each inequality contains more structure factors than 
the preceding ones. The relations | and 5 are the first 
and second inequality of the first series, the relations 
4, 2 and 3 are the first inequalities of the second, third 
and fourth series. It does not seem probable that the 
higher inequalities will be of practical use. 


7.3. INEQUALITY RELATIONS BETWEEN STRUCTURE FACTORS 


A fundamental set, as described in Table 7.3.1, is 
only possible for the structure factors from (a). The 
nth inequality of the first series and the (n—1)th of the 
second series contain the same set of structure factors, 
and they, together with all preceding inequalities, form 
a fundamental set for these structure factors. The 
same applies to the mth inequalities of the third and 
fourth series, but they contain another set of structure 
factors. Only in the case of Table 7.3.1 can the four 
series be combined to form one fundamental set. 


Numerical and Graphical Examples 


Only centrosymmetric structures will be treated here. 

Relation 1. If |Ug|>44/2=0-71, Usy is positive. 
If |Uq|<0-71, Usy is positive if its absolute value 
exceeds (1—2U,”). If this is not true, nothing can be 
said about the sign of Upy. 

Relations 2 to 10. It is assumed that the signs of 
Uy and Uy: are known and that those of Uz, and of 
U.q’ are determined with the help of relation 1. Now 
the problem of determining the signs of Uy,’ and of 
Uyg_y’ can be elucidated by a graphical representation 
in the (Ug.4’, Ug_y’)-plane (Fig. 7.3). In this figure 
the values of the several structure factors are chosen 
to be Ug=+0-70, Ug’=+0-20, Ugq=+0-29, Usq'= 
+0-32. 

|Us+n'|=0-30, |Ug—y’|=0-25 


x 
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The four possible combinations of signs correspond to 
four points in the diagram. The inequalities are repre- 
sented by curves or straight lines, which divide the 
plane into permitted and forbidden domains. The four 
inequalities 2, 3, 4, and 5 include the shaded area, 
which is the permitted domain. It is seen that the 
combination Uy,’ negative, Ug_y’ negative, is for- 
bidden. Further, the inequalities 6 (with m=1/2, and 
m=4,/2) are given. They are tangents to the hyper- 
bola 2. 7 would be represented by a tangent to 3. 
Also 8, 9, 10, and la, 2a, applied to the centrosym- 
metric structure, are to be found in the diagram. It 
may be seen from the figure that 6 is derived from 2, 
7 from 3, and 8, 9, and 10 from 5. la and 2a may be 
derived from 2 and 3, and also from 4 and 5. In the 
given example 6 or 8 could be used, too, to get the 
right answer. The relative situation of the fundamental 
inequalities is changed if other values of Uy... Usy’ 
are chosen (even if the signs only are changed). Thus 
it cannot be determined beforehand whether all the 
fundamental inequalities are needed. 

Relations 2 and 3. For these inequalities a table will 
be given which illustrates their use. The symbols of 
Table 7.3.4 are defined as follows: 

Ug=Sy|Ug|, where Sy is +1 or —1 
A=(1+|Ugia')(.+|Ug_a’) 
B=(1—|Ugin//)(1+|Ug_y’)) 
C=(1+|Ug4n'|)(1—|Ug_-a'1) 
D=(1—|Ugyn'/))U—|Ug_x')) 

If |Ug-w'|>|Unin'|, A>B>C>D 
E=(|Ug|+|Uq'|)? 

F=(|Ug|—|Uq’|)? 


A>E>F 
TABLE 7.3.4 
Values of Sy.’ and Sy_y’ 
A-E>R-B>C>D Impossible 
A>E>B>F>C>D Impossible 
A>E>B>C>F>D Impossible 
A>E>B>C>D>F Sy_-n’=SaHin’— SSH’ 
A>B>E>F>C>D Impossible 
A>B>E>C>F>D Sa_n’=SHSn’ and 
Syin’=—SySq’ 
A>B>E>C>D>F Sy_-n’=SH9R’ 
A>B>C>E>F>D Sy_-n’=—SH+H’ 
A>B>C>E>D>F Sa_-n’=SHin’=SHSH’ 
or Sq-n’=—Suin’=SuSq’ 
or Sq-_’=—Syin’=—SaSp’ 
A>B>C>D>E>F All signs possible 
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8.1. 


8.2. 


8.3. 


8.4. 


3.0% 
8.6. 


Section 8 


MISCELLANEOUS EXPONENTIAL 
AND TRIGONOMETRIC TABLES 


THE EXPONENTIAL FUNCTION e-* 


sin x 
A FOUR-PLACE TABLE OF —— (J. SHERMAN and L. BROCKWay) 
x 


SHORT TABLE OF sin 27x; cos 27x 


TABLE OF PRODUCTS | 27x fee 2n7y 
sin n 


TABLE OF sin 27hx; cos 27hx 
CONVERSION OF DEGREES, MINUTES AND SECONDS TO RADIANS; AND OF MINUTES AND 


SECONDS TO DECIMALS OF A DEGREE; AND VICE VERSA 


PAGE 
362 


366 


519 


380 


382 


430 


x ‘00 ‘O01 
0-0 1- 0000 *9900 
0-1 0- 9048 8958 
0-2 0: 8187 8106 
0-3 0- 7408 7334 
0-4 0- 6703 6637 
0:5 0- 6065 6005 
0:6 0- 5488 5434 
0-7 0: 4966 4916 
0-8 0- 4493 4449 
0-9 0- 4066 4025 
1-0 0- 3679 3642 
I] O=-3329 3296 
1-2 0- 3012 2982 
1:3 O-s2 2D 2698 
1-4 0- 2466 2441 
I 0:22.23! 2209 
1-6 OF 2019 1999 
Ly O- 1827 1809 
1:8 0- 1653 1637 
19 0- 1496 1481] 
2:0 Q21353 1340 
21 O--1275 H212 
22 0- 1108 1097 
2-3 0- 1003 *9926 
2°4 0-0 9072 8981 
2 0-0 8209 od DB) 
26 0-0 7427 (EPs) 
Pa) 0:0 6721 6654 
2°8 0-0 6081 6020 
Z9 0-0 5502 5448 
ar) 0-0 4979 4929 
St 0-0 4505 4460 
372 0:0 4076 4036 
a3 0:0 3688 3652 
3-4 0-0 3337 3304 
oD 0-0 3020 2990 
3°6 OO" 2132 2705 
Sufi 0:0 2472 2448 
3°8 O-0: 22237 PPA Ne) 
29 0-0 2024 2004 
4-0 0-0 1832 1813 


8.1. The Exponential Function e~* 


TABLE 8.1 


The Exponential Function e-* 


"9802. || .*9704. 1 9608) eine Ost 
8869 8781 8694 8607 
8025 7945 7866 7788 
7261 7189 7118 7047 
6570 6505 6440 6376 


5945 5886 5827 5769 
5519 5326 5273 5220 
4868 4819 4771 4724 
4404 4360 4317 4274 
3985 3946 3906 3867 


3606 3570 3535 3499 
3263 3230 3198 3166 


*9418 
8521 
Wilt 
6977 
6313 


wIZ 
5169 
4677 


*9324 
8437 


“9231 
8353 


8.1. THE EXPONENTIAL FUNCTION e-* 


TABLE 8.1 (continued) 


(ea 
x 00 01 02 03 04 05 06 
4:0 0-0 1832 1813 1795 LOTT. 1760 1742 pz: 
4-] 0-0 1657 1641 1624 1608 1592 1576 1561 
4-2 0-0 1500 1485 1470 1455 1441 1426 1412 
4-3 O1357 1343 1330 LS 1304 1291 1278 
4-4 0:0 1228 1216 1203 1191 1180 1168 1156 
4:5 OOSLLI1 1100 1089 1078 1067 1057 1046 


8.1. THE EXPONENTIAL FUNCTION e-* 


TABLE 8.1 (continued) 


e-* 
x 00 03 04 05 06 08 09 
8-0 | 0-000 3355 3255 | 3223 | 3191 | 3159 3097 | 3066 
8-1 | 0-000 3035 2946 | 2916 | 2887 | 2859 2802 | 2774 
8-2 | 0-000 2747 2665 | 2639 | 2613 | 2587 2535 | 2510 
8:3 | 0-000 2485 2412 | 2388 | 2364 | 2340 2294 | 2271 
8-4 | 0-000 2249 2182" |! 2160 8M! 21390! 2118 2076 | 2055 
8-5 | 0-000 2035 1975 | 1955 | 1935 | 1916 1878 | 1860 
8-6 | 0-000 1841 L787E|OP1769 e175 heNer1 734 1700 | 1683 
8-7 | 0-000 1666 1617 | 1601 | 1585 | 1569 1538 | 1522 
8-8 | 0-000 1507 1463 | 1448 | 1434 | 1420 1391 | 1378 
8-9 | 0-000 1364 1324 | 1310 | 1297 | 1284 1259 | 1247 
9-0 | 0-000 1234 1198-749 1186805 11744Mla 1162 1139 | 1128 
9-1 | 0-000 1117 1084 | 1073 | 1062 | 1052 1031 | 1021 
9-2 | 0-000 1010 *9806 | *9709 | *9612 | *9516 *9328 | *9235 
9-3 | 0:0000 9144 8873 | 8785 | 8697 | 8611 8440 | 8356 
9-4 | 0:0000 8273 g029 | 7949 | 7870 | 7792 7637 | 7561 
9-5 | 0-0000 7486 T265°N0 TA93MA|E 7127050 6910 | 6842 
9-6 | 0:0000 6774 6573 | 6508 | 6443 | 6379 6253 | 6191 
9-7 | 0:0000 6129 5948 | 5889 | 5830 | 5772 5658 | 5601 
9-8 | 0:0000 5546 S382 S328LMk S27TSMNE 5028 5119 | 5068 
9-9 | 0-0000 5018 4870 | 4821 | 4773 | 4726 4632 | 4586 
10-0 | 0-0000 4540 4406 | 4362 | 4319 | 4276 4191 | 4150 
10-1 | 0-0000 4108 3987 | 3947 | 3908 | 3869 3793 | 3755 
10:2 | 0-0000 3717 3608 | 3572 | 3536 | 3501 3432 | 3398 
10:3 | 0-0000 3364 3264 | 3232 | 3200 | 3168 3105 | 3074 
10-4 | 0-0000 3044 2954 | 2924 | 2895 | 2866 2810 | 2782 
10-5 | 0-0000 2754 2673 | 2646 | 2620 | 2594 2542 | 2517 
10-6 | 0-0000 2492 2418 | 2394 | 2370 | 2347 2300 | 2277 
10:7 | 0-0000 2255 QSeaile Woeell 24s0gt S193 2081 | 2061 
10-8 | 0-0000 2040 1980 | 1960 | 1941 | 1921 1883 | 1865 
10-9 | 0-0000 1846 1791 | 1774 | 1756 | 1739 1704 | 1687 
11:0 | 0-0000 1670 1621 | 1605 | 1589 | 1573 1542 | 1527 
11-1 | 0-0000 1511 1467 | 1452 | 1438 | 1423 1395 | 1381 
11:2 | 0-0000 1368 13270ih Ts14Mh “somlen Ip8s 1262 | 1250 
11:3 | 0-0000 1237 1DO1eMS WkSeee Tze es 1142 | 1131 
11-4 | 0:0000 1120 1087 | 1076 | 1065 | 1054 1034 | 1023 
0-0000 1013 *9832 | *9734 | *9637 | *9541 *9352 | *9259 
0-00000 9167 8897 | 8808 | 8720 | 8633 8462 | 8378 
0-00000 8295 8050 | 7970 | 7890 | 78i2 1657 | 7581 
0-00000 7506 7284 | 7211 | 7139 | 7068 6928 | 6860 
0-00000 6791 6591 | 6525 | 6460 | 6396 6269 | 6206 


12:0 0-00000 6144 
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8.1. THE EXPONENTIAL FUNCTION 2-* 


TABLE 8.1 (continued) 
The Exponential Function e-*.10* 


Where the Table of Proportional Parts (given on 
separate card) is not accurate enough for interpolation, 
the following method may be used: 


Tabular values of function .. f(1) f(2) f(3) fA@ 
First differences ert 2)e(23) Aa) 
Second difference A(2) A(3) 


Suppose it is desired to obtain a value /(q) at a fraction 
q of the way between /(2) and f(3). Then 


fla)=f2)+4423)+ 2 242)+ 40) 


=f2)+q4(23)+ aca4)—A(12)} 
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This assumes that third differences are comparatively 
negligible. Alternatively, use e~ (2+?) =e-*.e~° for inter- 
mediate values in the x=a+ b=12->32 range, or for 
higher values. 


To find e*, use table of e~* with table of reciprocals. 


To find e*, e~* for large values of x: 
Lolix=a--b, e*=e*xe 
Crt = er? xer? 
2. log e*=0-43429x. Then use table of antilogarithms. 
3. In e*=x. Use table of natural logarithms inversely. 


8.2. A Four-place Table of 


sin x 
¥ 


By J. SHERMAN, assisted by L. BROCKWAY 


Introduction 

The intensities of waves diffracted by gas molecules 
with random orientation may be expressed by a 
formula of the following type: 


sin a;x 
eos ai 
: ax 


in which the a’s are constants and x is proportional to 
the sine of half the scattering angle.t The procedure 
which is employed for determining the structure of a 
single molecule by electron and X-ray diffraction ex- 
periments in the gas consists of calculating intensity 
curves for as many molecular models as are compatible 
with the known properties of the compound and then 
of comparing the various calculated intensity curves 
with the photographs, the model affording the best 
correlation being considered as the most probable. 
In Table 8.2, (sin x)/x is given for values of the 
argument from 0 to 100 radians. Inasmuch as the 
function changes much more slowly for large values of 
x than for small, it was found convenient to change 
the value of the interval throughout the table. Accor- 


dingly, for values of x from 0 to 20 radians, values of 
the function have been calculated for every 0-01 
radian; from 20 to 40 radians, for every 0-02 radian; 
and from 40 to 100 radians, for every 0-05 radian. 

For x<0-25 radian the function was calculated by 
means of a Taylor’s series expansion about the origin. 
For x between 0:25 and 6:00 radians, J. Peters’ six- 
place table of natural sines was employed, and for x 
between 6:00 and 100-00 radians, O. Lohse’s five-place 
table of natural sines was used. Table 8.2 was checked 
by computing first and second differences throughout. 
Where the second difference indicated probability of 
an error in the function greater than one in the last 
place, the value of the function was recomputed. 

Inasmuch as (sin x)/x<1 for all values of x, values 
of the function multiplied by ten thousand are tabu- 
lated, to avoid the extensive use of zeros. The sign of 
the function is given only in the first column. Where 
the function changes sign, the sign is given before each 
value of the function throughout the row in which the 
change occurs. 


+ DesBye, P. Ann. Physik, 46, 809, 1915. 


TABLE 8.2A 
{(sin x)/x}x 104 


x radians 


‘00 | ‘Ol 


+10000 | 10000 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2A (continued) 


{(sin x)/x}x 104 
x radians 00 01 02 03 04 05 06 07 08 09 
2-0 +4546 | 4503 | 4459 | 4416 | 4372 | 4329 | 4285 | 4241 | 4198 | 4153 
2:1 4111 | 4067 | 4023 | 3980 | 3936 | 3893 | 3849 | 3805 | 3762 | 3718 
2-2 Siaee 30820e 358M 35458 3501 3458%} 341500] 33720) 3328 | ©3285 
2:3 3242 | 3199 | 3156 | 3113 | 3070 | 3028 | 2984 | 2942 | 2899 | 2857 
2-4 2814 | 2772 | 2730 | 2687 | 2645 | 2603 | 2561 | 2519 | 2477 | 2436 
2:5 +2394 | 2352 | 2311 | 2269 | 2228 | 2187 | 2146 | 2105 | 2064 | 2023 
2-6 DBS 194) 1OORMRIT TR6NPMe 182K) 178he |) 174Rei) 1702%<|' 1662. | 1622 
2-7 1583 | 1544 | 1504 | 1465 | 1427 | 1388 | 1349 | 1311 | 1273 | 1234 
2:8 TOGO 1159) Tiley 1Osz4) 1046 Ri) 100%T}) 972°} 9350] 898 | © 861 
2-9 Sage Soe 753s FINE G8t 646 | 610 | 575 | 540 | 505 
3-0 +4I0et 436) 4020) 368A 334%' 30081) 26601; 233%) 200 | » 167 
3+1 + P3404) + 10201) Foo, 4637 ee Ont) SSekhT 904) — 121) | 22152 
3-2 Vemay 21a) -2dsey 273) BORN 33301" 36244) 392.1) 421. | 449 
3-3 478 SOG ose G2E SONNE G18) G45) 67204 699, | 8-725 
3-4 Po Tile SOLE 3201) R55 8800) 905i) 930.0)! 954, | e978 
3-5 —1002 | 1026 | 1050 | 1073 | 1096 | 1119 | 1141 | 1164 | 1186 | 1208 
3-6 1225 12500 1272) 12935 1Z1TAIE 133404) 1354|¢ 1374|) 1393. | | 1413 
3-7 1432 | 1451 | 1470 | 1488 | 1506 | 1524 | 1542 | 1559 | 1576 | 1593 
3-8 1610 | 1627 | 1643 | 1659 | 1675 | 1690 | 1705 | 1720 | 1735 | 1749 
3-9 17640 1770) 179} 1805] 1818) 18320}! 1844)\}) 18561) 1868. | 21880 
4-0 —1892 | 1903 | 1915 | 1926 | 1936 | 1947 | 1957 | 1967 | 1977 | 1987 
4-1 1996 | 2005 | 2014 | 2022 | 2030 | 2039 | 2046 | 2054 | 2061 | 2068 
4-2 DD7SeH 208240) 20881) 20940) 21007} 2106%'| 211Ke'| 21165} 2121. | '2126 
4:3 2igiee! 20350) 21391) 21435) 214erk|, 21500) 215323) 21560) 2158. | e2161 
4-4 ics) 2165, 21661) 216864, 2169") 217014} 217%) 2i7Re| 2172, | 22172 
4-5 Poem 202m 21720) 217) 2N70I 2169) 2168 266K) 2164. | 02162 
4-6 CUCOM 255m) 2155! 215204 215000i| 21468) 2143m4| 2139) 2136 | 12132 
4-7 2127 | 2123 | 2119 | 2114 | 2109 | 2104 | 2098 | 2093 } 2087 | 2081 
4-8 2075 | 2069 | 2063 | 2056 | 2049 | 2042 | 2035 | 2028 | 2020 | 2013 
4-9 2005 | 1997 | 1989 | 1981 | 1972 | 1963 | 1955 | 1946 | 1937 | 1927 
5-0 S19ise) 19088] 18998] 18g9m] 1879)/ | 1868] 1858] 1848°| 1837. | ©1826 
5-1 ipiemer reoan) 1793!) 178204 17700) 17590) 174%e] 1735%| 1723. | aa7il 
5-2 1699 | 1687 | 1674 | 1662 | 1649 | 1636 | 1623 | 1610 | 1597 | 1584 
5-3 1570 | 1557 | 1543 | 1530 | 1516 | 1502 | 1488 | 1474 | 1460 | 1445 
5-4 2 Aime) 14000 138RC%, 1375) 1358eIh 13437} 1328. 1313, | 01298 
5-5 =128sme 1268mR) 12527) 1237) 122170 1206) 119004 11750] 1159 | 01143 
5-6 1127} 1111 | 1095 | 1079 | 1063 | 1047 | 1031 | 1015 | 999 | 982 
5-7 966 | 950 | 933 | 917 | 900 | 884 | 867 | 851 834 | 818 
5-8 800 | 784 | 768 | 751 wae Ter | 70L 684 | 667 | 650 
5-9 634 | 617 | 600 | 583 S67 550m © -S533i0N S16} ©4499. | » 482 
6-0 =1oomy) 4408 4902), 416TH §©«— 399%, B82} «3654 «3489 | 332. | 2 B15 
6-1 D9GaH 289M «26501 62498) 232) 216} 200°) 183 167 150 
6-2 Sis isa —1000N, 8504 09M) —=53e 37a; 21 =, | heaail 
6:3 £97 43 58 14 90 | 105 121 136 152 167 
6-4 182 FOmm DI] «= 2OTN) «(DAZ K) «-STEKE DID «287 «302. ‘| e316 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2A (continued) 


{(sin x)/x}x 104 
x radians 00 ‘01 “02 03 04 05 06 ‘07 08 09 
6:5 + 331 346 360 374 388 403 417 431 445 458 
6:6 472 486 499 513 526 539 ays 566 579 591 
6:7 604 617 630 642 654 667 679 691 703 4h he, 
6:8 HPA 738 750 761 ie: 784 795 806 817 828 
6:9 838 849 859 870 880 890 900 910 919 929 
7:0 +939 948 957 966 975 984 993 1002 1010 1019 
71 1027 1035 1043 1051 1058 1066 1074 1081 1088 1095 
7:2 1102 1109 1116 1123 1129 1135 1142 1148 1153 1159 
7:3 1165 1171 1176 1181 1186 1191 1196 1201 1206 1210 
7:4 1214 1219 1223 1227 1231 1234 1238 1241 1244 1248 
7°5 +1251 1254 1256 1259 1261 1264 1266 1268 1270 2d2 
7:6 1274 1275 177 1278 1279 1280 1281 1282 1282 1283 
77 1283 1284 1284 1284 1284 1283 1283 1282 1282 1281 
7:8 1280 1279 1278 1277 1275 1274 1272 1270 1269 1267 
7:9 1264 1262 1259 1257 1255 1252 1249 1246 1243 1240 
8-0 +1237 1233 1230 1226 1222 1218 1214 1210 1206 1202 
8-1 1197 1193 1188 1183 1179 1174 1169 1163 1158 1153 
8-2 1147 1142 1136 1130 1124 1118 1112 1106 1100 1093 
8-3 1087 1080 1074 1067 1060 1053 1046 1039 1032 1025 
8-4 1017 1010 1002 995 987 979 972 964 956 948 
8-5 +939 931 923 915 906 898 889 880 872 863 
8-6 854 845 836 827 818 809 800 790 781 G11 
8-7 762 WS2 743 733 724 714 704 694 684 675 
8-8 665 655 645 635 625 614 604 594 584 573 
8-9 563 552 542 532 521 Sit 500 490 479 469 
9-0 +458 447 437 426 415 404 394 383 372 361 
9-1 351 340 329 318 307 296 286 275 264 253 
9-2 242 231 220 210 199 188 iW 166 156 145 
9:3 134 123 112 10] 91 80 69 58 48 37 
9-4 +26 +16 +5 —6 —16 —27 —37 —48 —58 —69 
9-5 —79 89 100 110 120 131 141 151 161 172 
9-6 182 192 202 212 222 231 241 251 261 271 
9:7 280 290 299 309 318 328 337 346 356 365 
9-8 374 383 392 401 410 419 428 436 445 454 
9-9 462 471 479 487 496 504 512 520 528 536 
10-0 —544 552 560 567 575 582 590 597 604 612 
10-1 619 626 633 640 647 653 660 667 673 680 
10-2 686 692 699 705 711 717 2d 728 734 740 
10-3 745 751 756 761 767 Vie Bd, 782 787 791 
10-4 796 801 805 809 814 818 822 826 830 834 
10-5 —838 842 845 849 852 855 859 862 865 868 
10-6 871 873 876 879 881 883 886 888 890 892 
10-7 894 896 898 899 901 902 904 905 906 907 
10-8 908 909 910 911 911 912 912 913 913 913 
10-9 913 913 913 913 913 912 912 911 911 910 
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8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2A (continued) 
{(sin x)/x}x 104 


x radians 
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8.2, A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2A (continued) 


{(sin x)/x}x 104 
x radians ‘00 ‘01 “02 -03 ‘04 “05 06 ‘07 08 09 
SS +133 127. 120 114 108 101 95 88 82 76 
15-6 69 63 56 50 43 37 31 24 18 11 
15-7 +5 —1 =8 —14 —20 —27 —33 —39 —46 52 
15:8 58 64 71 GL 83 89 95 102 108 114 
le 120 126 132 138 144 150 156 162 168 174 
16:0 —180 186 192 197 203 209 Pa) 220 226 232 
16:1 ou 243 248 254 259 265 270 276 281 286 
16-2 292 297, 302 307 312 318 323 328 333 337 
16:3 342 347 352 Gath 362 366 371 376 380 385 
16:4 389 393 398 402 407 411 415 419 423 427 
16:5 —43] 435 439 443 447 451 454 458 462 465 
16-6 469 472 476 479 482 486 489 492 495 498 
16:7 501 504 507 510 513 515 518 521 523 526 
16-8 528 531 533 535 538 540 542 544 546 548 
16:9 550 552 553 555 ae | 558 560 561 563 564 
17-0 —566 567 568 569 570 571 312 573 574 575 
17-1 575 576 577 ay 578 578 579 579 579 579 
7:2 580 580 580 580 580 579 eye 572 579 578 
17-3 578 oh 577 576 576 5d5 574 573 572 571 
17-4 570 569 568 567 566 565 563 562 561 559 
eh —557 556 554 553 551 549 547 545 543 541 
17-6 ae 537 535 533 530 528 526 523 521 518 
LT 516 513 510 508 505 502 499 496 493 490 
17-8 487 484 481 478 475 471 468 465 461 458 
179 454 451 447 444 440 436 433 429 425 421 
18-0 —417 413 409 405 401 397 393 389 385 381 
18-1 376 Sz 368 364 359 355 350 346 341 337 
18-2 382 328 323 319 314 309 304 300 295 290 
18:3 285 281 276 271 266 261 256 251 246 241 
18-4 236 231 226 221 216 211 206 201 195 190 
18-5 —185 180 175 170 164 159 154 149 143 138 
18-6 133 128 122 117 112 106 101 96 90 85 
18-7 80 74 69 64 58 53 48 42 a7 32 
18-8 —26 —21 —16 —10 ae 0 An6 +11 + 16 +21 
18-9 a! 32 ST 42 48 53 58 63 68 74 
19-0 +79 84 89 94 99 104 110 1Y i, 120 125 
Po I 130 135 140 145 150 155 159 164 169 174 
19:2 179 184 188 193 198 202 207 212 216 aZ1 
193 226 230 2am 239 244 248 252 230 261 265 
19-4 270 274 278 282 286 290 295 299 303 307 
19s oll 314 318 322 326 330 333 337 341 344 
19-6 348 351 355 358 362 365 369 372 305 378 
19:7 382 385 388 391 394 B97, 400 403 405 408 
19-8 411 414 416 419 422 424 427 429 431 434 
19-9 436 438 440 443 445 447 449 451 453 455 
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8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2B 
{(sin x)/x}x 104 
x radians 00 02 04 06 08 x radians 00 
20-0 +456 460 463 466 469 24-5 —24] 
20:1 472 475 477 479 481 24-6 206 
20-2 483 485 486 487 488 24-7 170 
20:3 489 490 490 490 490 24:8 [32 
20-4 490 490 489 488 487 24:9 93 
20:5 + 486 485 483 482 480 25-0 —53 
20°6 478 475 473 470 467 25:1 —13 
20-7 464 461 458 454 450 25°92 +27 
20-8 447 442 438 434 429 25:3 66 
20-9 424 420 415 409 404 25-4 104 
21-0 + 398 393 387 381 By) 25:5 +141 
21-1 369 362 356 |~ 349 342 25-6 176 
2) <2 335 328 S21 314 307 25:7 209 
21:3 299 292 284 276 268 25:8 240 
21-4 260 252 244 236 228 25-9 268 
21-5 +219 211 202 194 185 26:0 +293 
21:6 176 168 159 150 141 26:1 315 
21:7 152 123 114 105 96 26:2 334 
21:8 87 78 69 60 51 26-3 350 
21:9 42 32 23 14 5 26°4 361 
22:0 —4 13 22 31 40 26:5 +370 
22:1 49 58 67 76 85 26-6 374 
22:2 93 102 ii 119 128 26:7 By) 
22:3 136 145 153 161 169 26:8 371 
22-4 178 185 193 201 209 26:9 365 
22:5 —217 224 231 239 246 27:0 +354 
22:6 253 260 267 274 280 27:1 340 
22-7 287 293 299 305 311 Q7-2 Ae} 
22°8 eh 323 329 334 339 27:3 303 
22:9 344 349 354 359 364 27:4 280 
23-0 —368 S72 376 380 384 27-5 +254 
23-1 388 391 394 397 400 27°6 226 
23:2 403 406 408 410 413 25 6) 196 
23-3 415 416 418 419 421 27:8 164 
23-4 422 423 423 424 424 27-9 131 
23°5 —425 425 425 424 424 28-0 +97 
23-6 423 423 422 421 419 28:1 62 
23-7 418 416 415 413 411 28:2 +26 
23°8 408 406 403 401 398 28-3 —9 
23-9 395 392 388 385 381 28-4 44 
24-0 —377 S13 369 365 361 28:5 —79 
24-1 356 352 347 342 Bah 28°6 112 
24:2 332 327 S21 316 310 28-7 144 
24-3 304 299 293 287 280 28:8 174 
24:4 274 268 261 255 248 28-9 203 
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8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2B (continued) 
{(sin x)/x}x 104 


x radians 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2B (continued) 
{(sin x)/x}x 104 


x radians . . . . . x radians 


TABLE 8.2C 
{(sin x)/x}x 104 


x i x i i x 
radians radians radians 
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8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2C (continued) 


{(sin x)/x}x 104 
x sin x x sin x x sin x x 
radians x radians x radians x radians 
46:25 + 166 48-50 —202 50:75 +92 53-00 
30 158 55 204 80 100 05 
35 151 60 205 85 109 10 
40 143 65 205 90 116 15 
45 134 70 205 95 124 20 
46:50 +126 48-75 —205 51-00 +131 53-25 
55 jw 4 80 204 05 138 30 
60 107 85 202 10 145 35 
65 98 90 200 15 151 40 
70 88 95 198 20 to] 45 
46:75 +78 49-00 —195 31725 +163 53-50 
80 68 05 191 30 168 55 
85 58 10 187 35 172 60 
90 47 15 183 40 176 65 
95 37 20 178 45 180 70 
47-00 +26 49-25 —173 51:50 + 183 53°75 
05 16 30 167 a5 186 80 
10 +5 35 161 60 188 85 
15 —6 40 154 65 190 90 
20 16 45 147 70 192 95 
47°25 —27 49-50 —140 S1e75 +193 54-00 
30 St oe) 132 80 193 05 
35 47 60 124 85 193 10 
40 58 65 116 90 192 15 
45 67 70 108 95 191 20 
47-50 —77 49-75 —99 52-00 +190 54-25 
Bt) 87 80 90 05 188 30 
60 96 85 81 10 185 35 
65 105 90 72 15 182 40 
70 114 95 62 20 179 45 
47°75 —123 50-00 —52 52225 +175 54°50 
80 131 05 43 30 171 55 
85 139 10 33 35 166 60 
90 146 15 23 40 161 65 
95 153 20 is 45 156 70 
48-00 —160 50:25 —3 52°50 +150 54-75 
05 166 30 +7 55 144 80 
10 172 35 17 60 Psy 85 
15 178 40 20 65 130 90 
20 183 45 36 70 123 95 
48-25 —187 50:50 +46 52°7D +116 55-00 
30 191 55 56 80 108 05 
35 195 60 65 85 100 10 
40 198 65 74 90 92 15 
45 200 70 83 95 83 20 
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radians 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2C (continued) 
{(sin x)/x}x 104 


54 
radians radians 


x 
radians 


x 
radians 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2C (continued) 


{(sin x)/x}x 104 
x sin x x sin X 
radians x radians x 
71-00 +134 73°25 —114 
‘05 132 -30 118 
10 129 35 pall 
2 i) 126 40 124 
-20 122 45 127 
71-25 +119 73-50 —129 
30 115 55 LS 
35 110 60 132 
-40 106 65 134 
-45 101 70 135 
71°50 +96 73:75 —135 
55 91 80 135 
-60 85 85 135 
65 80 90 135 
‘70 74 95 134 
71:75 +68 74:00 —133 
-80 61 05 132 
85 55 10 130 
90 49 15 128 
95 42 20 126 
72:00 +35 74:25 —123 
05 28 30 120 
10 22 35 1h be 
15 15 -40 113 
20 8 45 109 
72:25 +1 74-50 —105 
-30 —6 55 101 
35 13 60 96 
-40 20 65 91 
45 rg -70 86 
72:50 —33 74:75 —81 
55 40 80 HS 
60 46 85 70 
65 53 90 64 
‘70 59 95 58 
P25 —65 75-00 —52 
80 71 05 45 
85 Ti 10 39 
-90 82 “15 33 
‘95 88 20 26 
73-00 —93 tr25 —20 
05 98 -30 13 
10 102 35 —6 
“15 107 -40 +0 
-20 Oe 45 “if 
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x 
radians 


radians 


be 
radians 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2C (continued) 


{(sin x)/x}x 104 
x sin x Oe sin x | x 
radians x radians a radians 
82-25 +65 84:50 + 38 86:75 
30 70 55 32 80 
35 1 -60 26 85 
40 80 65 20 90 
45 84 ‘70 14 95 
82-50 + 89 84-75 +9 87-00 
55 92 80 +3 05 
60 96 85 —3 10 
65 100 90 9 15 
70 103 95 LS 20 
82:75 +106 85-00 —21 87:25 
80 109 05 26 30 
85 Py 10 32 35 
90 113 15 38 40 
95 115 20 43 45 
83-00 +117 85:25 —49 87:50 
05 118 -30 54 55 
10 119 235 59 60 
15 120 -40 64 65 
20 120 -45 69 70 
83-25 +120 85:50 —73 87°75 
30 120 55 78 80 
35 119 “60 82 85 
40 119 65 86 90 
45 Oe -70 90 95 
83-50 +116 85°75 —93 88:00 
safe) 114 80 97 05 
60 1g Be 85 100 10 
65 110 -90 103 15 
70 108 95 105 20 
83-75 +105 86:00 —107 88-25 
80 102 05 109 30 
85 99 10 111 35 
90 95 “15 113 40 
95 91 -20 114 45 
84-00 +87 86:25 —115 88:50 
05 83 -30 115 55 
10 79 35 116 60 
15 714 -40 116 65 
20 69 45 115 70 
84-25 + 64 86-50 —115 88°75 
30 59 55 114 80 
35 54 -60 113 85 
40 49 65 Li2 90 
45 43 -70 110 95 
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sin x x 
x radians 
—108 89-00 
106 05 
103 10 
101 15 
98 20 
—94 89-25 
91 -30 
87 35 
83 -40 
79 -45 
—75 89-50 
71 55 
66 -60 
61 65 
56 -70 
—51 89-75 
46 80 
41 85 
35 90 
30 95 
—24 90:00 
19 05 
13 10 
a “15 
2 -20 
+4 90-25 
10 30 
ih) 35 
21 -40 
26 “45 
+32 90-50 
37 55 
43 -60 
48 65 
53 -70 
+58 90-75 
62 80 
67 *85 
71 -90 
76 95 
+80 91-00 
84 05 
87 10 
91 “15 
94 20 


x 
radians 


8.2. A FOUR-PLACE TABLE OF (sin x)/x 


TABLE 8.2C (continued) 
{(sin x)/x}x 104 


x 
radians radians 
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radians 
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x 


SL? SC: 


x 
+ — 
XUZ SOD 


600: 800: 


€00- ¥00- $00: 900: LOO: 800- 


LO0- 900- $00- ¥00- £00: 7O00- 


((euonoely x) xxz soo {xuzZ UIS 
€8 ATaVL 


X4Z $00 ‘X47 UIS Jo aIqUT, HOS V “€°g 


XZ SOO 


a — 


7 — 
XZ SOO 


XLT UIS 
aL i 
x 


+ — 
xuZ UIS 


379 


y for cosines 


++ 


YQ MESS] oo oo QOS) —> 


SQV IAIIKS 


) 


380 


8.4. T aD 


TABLE 8.4 Table of Produg: 


(x, y fractional) 


91 a2 a5 
59 58 el 
41 42 43 
09 08 07 


16 bi 18 
34 30 D2 
66 67 68 
84 83 82 


381 


+ 


++ 


SouIS oj & 


8.5. Table 


TABLE 8.5A 
sin 2mhx (hodd) (x fractional. Decimal points omitted throughout) 

Sign as given. Change sign. 
a hea] 3 5 Us 9 11 13 15 i 19 x 
ee ee Eee ee eee 
000 500 000 000 000 000 000 000 000 000 000 000 500 1000 
001 499 006 019 031 044 057 069 082 094 107 119 501 999 
002 498 013 038 063 088 113 138 163 187 212 2S] 502 998 
003 497 019 057 094 132 169 206 243 279 315 351 503 997 
004 496 025 075 125 175 224 273 321 368 414 460 504. 996 
005 495 031 094 156 218 279 339 397 454 509 562 505 995 
006 494 038 3 187 261 333 403 471 536 598 657 506 994 
007 493 044 132 218 303 386 465 541 613 680 742 507 993 
008 492 050 150 249 345 437 525 608 685 754 816 508 992 
009 491 057 169 279 386 487 583 671 750 820 879 509-991 
010 490 063 187 309 426 536 637 729 809 876 930 510 990 
O11 489 069 206 339 465 583 689 782 861 923 967 511 989 
012 488 075 224 368 504 628 738 831 905 959 990 512 988 
013 487 082 243 397 541 671 782 873 941 983 1000 13> 4987 
014 486 088 261 426 578 712 824 910 969 997 995 514. 986 
015 485 094 279 454 613 750 861 941 988 1000 976 SES 4985 
016 484 100 297 482 647 786 894 965 998 990 943 516 = 984 
017 39483 107 315 509 680 820 923 983 1000 970 897 517 983 
018 482 113 333 536 712 851 947 995 992 939 838 518 982 
019 481 119 ool 562 742 879 967 1000 976 897 767 519-98] 
020 480 125 368 588 Til 905 982 998 951 844 685 520 980 
021 479 132 386 613 798 927 993 990 918 782 593 521 979 
022 478 138 403 637 824 947 999 975 876 a2 493 522. 3098 
023 477 144 420 661 848 964 1000 953 827 633 386 523. 3977 
024 476 150 437 685 870 O77 996 925 Ws 546 213 524 976 
025 475 156 454 707 891 988 988 891 707 454 156 525: 3985 
026 474 163 471 729 910 995 975 851 637 356 038 526 974 
027 473 169 487 750 927 999 957 805 562 255 —082 527. 3993 
028 472 175 504 hl 943 1000 934 754 482 150 —200 528. 2 
029 471 181 520 790 957 998 907 698 397 044 —315 329971 
030 470 187 536 809 969 992 876 637 309 -—063 —426 530 970 
031 469 194 5o2 827 979 983 84] oP 218 -—169 —531 531 969 
032 468 200 567 844 987 972 802 504 125. -—273 —628 532 968 
033 467 206 583 861 993 957 758 43] 031 -—374 —716 533-967 
034 466 2D 598 876 997 939 712 356 -—063 -471 —794 534 966 
035 465 218 613 891 1000 918 661 279 -—156 -—562 —861 535 965 
036 464 224 628 905 1000 894 608 200 -—249 -647 —915 536 964 
037 463 230 642 918 998 867 552 119 -—339 -—725 —957 537, 963 
038 462 Pie9| 657 930 995 838 493 038 -—426 -—794 —985 538 962 
039 461 243 671 941 990 805 431 -—044 -509 -854 —998 539-961 


382 


\2ahx; cos 2ahx 


TABLE 8.5A 
sin2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=21 23 25 Pid | 29 31 53 35 57 39 ie 
000 500 000 000 000 000 000 000 000 000 000 000 500 1000 
001 499 132 144 156 169 181 194 206 218 230 243 501 999 
002 498 261 285 309 333 356 380 403 426 448 471 502 998 
003 497 386 420 454 487 520 a4 583 613 642 671 503 aa 
004 496 504 546 588 628 666 703 738 771 802 831 504 996 
00S 495 613 661 707 750 790 827 861 891 918 941 505 995 
006 494 qh 2 762 809 851 888 920 947 969 985 995 506 994 
007 493 798 848 891 927 957 979 993 1000 998 990 507 993 
008 492 870 SAS) 951 977 994 1000 996 982 959 925 508 992 
009 491 927 964 988 999 998 983 957 918 867 805 509 = 991 
010 490 969 992 1000 992 969 930 876 809 729 637 510 990 
O11 489 993 1000 988 957 907 841 758 661 OZ 431 511 989 
012 488 1000 987 951 894 816 720 608 482 345 200 512 988 
013 487 990 953 891 805 698 S72 431 219 119 —044 S13 987 
014 486 962 899 809 694 557 403 a1 063 -—113  —285 514 986 
015 485 918 827 707 562 397 218 031 -—156 —339 —509 515 e955 
016 484 858 738 588 414 224 025 —175 -—368 -—546 —703 516 984 
017 483 782 633 454 pays) 044 -169 —374 -—562 —725 —854 Sl? 6.983 
018 482 694 514 309 088 -—138 -—356 —557 —729 -—864 —955 518 982 
019 481 593 386 156 —082 -—315 -—531 —716  -—861 -—957 —998 519 981 
020 480 482 249 000 -—249 -—482 -685 -844 —951 -—998 —982 520 980 
021 479 362 107 —156 -—409 -633 -—813 -—937 -—996 —986 -—907 521 979 
022 478 237 —038 —309 -—557 -—762 —910 -—989 -992 -920 —-—778 522 9978 
023 477 107 -—181 -—454 -—689 -867 -—973 -998 -—941 -805 -—603 523 2917 
024 476 —025 —321 —588 -—802 -—943 -999 -965 -—844 -647 —39] 524 976 
025 475 —156 —454 -—707 -891 -—988 -—988 -—891 -—707 -—454 —156 525° #975 
026 474 —285 -—578 -—809 -—955 —1000 -—939 -—778  -536 —237 088 526 974 
027 473 —409 -—689 -—891 -—991 -—979 -—854 —-633 -—339 -—006 327 527 «973 
028 472 —525 —786 -—951 -—999 -—925 -—738 -—460 —125 224 546 528 9972 
029 471 —633 -—867 —988 -—979 -—841 -—593 —267 094 443 723 529 971 
030 470 —729 —930 —1000 -—930 -—729 -—426 —063 309 637 876 530 970 
031 469 —813 —973 -—988 -—854 -—593 —243 144 509 798 967 531 9969 
032 468 —882 -—996 -—951 -—754 -—437 —050 345 685 915 1000 532 968 
033 467 —937 -—998 -—891 -—633 —267 144 53) 827 983 973 533 8967 
034 466 —975 —980 -—809 -—493 —08&8 333 694 930 999 888 534 966 
035 465 —996 -—941 —707 —339 094 509 827 988 960 750 535 6965 
036 464 —999 —882 -—S588 —175 oA i 666 925 998 870 567 536 ©6964 
037 463 —986 —805  —454 —006 443 798 983 960 733 351 937 ©6963 
038 462 —955 —712 —309 163 598 899 1000 876 557 113 538 962 
039 «8«6461 —907 -—603 —156 32] 733 967 973 750 351 —132 539 = 961 


TABLE 8.5A (continued) 
sin 27hx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=] 3 5 y 9 1] 13 15 17 19 x 
040 460 249 685 951 982 Tht 368 -125 -—588 -—905 —998 540 960 
041 459 255 698 960 973 133 303 -—206 .—661 —945 —983 541 959 
042 458 261 72 969 962 694 237 —285 —729 -975 —955 542.1958 
043 457 267 725 976 949 652 169 -—362 -—790 -—993 —913 543, 957 
044 456 273 738 982 934 608 100 -—437 -—844 —1000 —858 544 956 
045 455 279 750 988 918 562 031 -—509 -891 -—996 -—790 545 955 
046 454 285 762 992 899 514 —038 -—578 -—930 -—980 —-—712 546 954 
047 453 291 775 996 879 465 -107 -642 -—960 -—953 —623 547 «953 
048 452 297 786 998 858 414 -175 -—703 -982 -—915 —525 548 952 
049 451 303 798 1000 834 362 —243 -—758 -—996 -—867 —420 549 951 
050 450 309 809 1000 809 309 -—309 -—809 —1000 -—809 —309 S00 atau 
051 449 315 820 1000 782 255 —374 -—854 -996 -—742 —194 551 949 
052 448 321 831 998 754 200 -—437 -—894 -—982 -666 -—075 552 948 
053 447 B27 841 996 Is 144 -—498 -927 -—960 —583 044 53) ae 
054 446 333 851 992 694 088 —S557 —955 -—930 —493 163 554 946 
055 445 339 861 988 661 031 -613 -—976 -—891 —397 279 555 945 
056 444 345 870 982 628 —-025 -666 -990 -—844 -—297 391 556 944 
057 443 351 879 976 593 —082 -716 -—998 -—790 —194 498 S57 (noes 
058 442 356 888 969 557. —138  -—762 —1000 -—729 —088 598 558 942 
059 = 441 362 897 960 520 -194 -805 -994 —-66l 019 689 559 941 
060 440 368 905 951 482 -—249 -—844 -—982 —588 125 rt 560 940 
061 439 374 913 941 443, -—303 -879 -—964 —509 230 841 561 939 
062 438 380 920 930 403 -—356 —910 —939 —426 333 899 562 938 
063 437 386 927 918 362 -—409 -—937 -—907 —339 431 945 503 caoe 
064 436 391 934 905 321 -460 -—959 -—870 —249 By 977 564 936 
065 435 397 941 891 279 -—509 -—976 -—827 —156 613 996 565 “935 
066 434 403 947 876 237 —557 -—989  —778 —063 694 1000 566 934 
067 433 409 953 861 194 -603 -—997 —725 031 767 990 567 = 933 
068 432 414 959 844 150 -—647 —1000 —666 125 831 965 568 932 
069 431 420 964 827 107 -689 —998 -—603 218 885 927 569 *931 
070 430 426 969 809 063 —729 -—992 —536 309 930 876 570 =: 930 
071 429 43] 973 790 019 -—767 —981 —465 397 964 813 571 929 
072 428 437 977 771 —025  -—802 -—965 —391 482 987 738 572. 928 
O73 “S427 443 981 750 —069 -—834 -—945 —315 562 998 652 573 "E927 
074 426 448 985 729 -—113 —864 -—920 —237 637 999 557 574 926 
075 425 454 988 707 -—156 -—891 -—891 —156 707 988 454 S#5 “0925 
076 424 460 990 685 -—200 -915  -858 —075 TH 965 345 576 = 924 
077 423 465 993 661 —243 -—937 —820 006 827 932 230 S77 7973 
078 422 471 995 637 —285 -—955 —778 088 876 888 113 578 74922 
079 = 421 476 997 613 -—327 -970 —733 169 918 834 —006 579 921 
080 420 482 998 588 —368 -—982 —685 249 951 771 —125 580 920 
081 419 487 999 562 -—409 -—991 —633 9.1) 976 698 —243 581 919 
082 418 493 1000 536 —448 -—997 —578 403 992 618 —356 582 918 
083 417 498 1000 509 -—487 —1000 —520 476 1000 531 -—465 583 397 
084 416 504. 1000 482 -—5S25 -—999 -—460 546 998 437  —567 584 916 


TABLE 8.5A (continued) 
sin 27hx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=21 23 25 27 29 31 33 35 37 39 x 
040 460 —844 —482 000 482 844 998 905 588 125 —368 540 960 
041 459 —767 —351 156 623 927 991 798 397 -107 —583 541 959 
042 458 —675 —212 309 746 980 947 657 187 —333 —762 542 958 
043 457 —572 —069 454 848 1000 867 487 -—031 -—54]1  -—897 543 957 
044 456 —460 075 588 925 987 754 297 —249 -—720 —-—977 544 956 
045 455 —339 218 707 976 941 613 094 -—454 -—861 —1000 545. 955 
046 454 —212 356 809 999 864 448 -113 -637 -—955 —962 546 954 
047 453 —082 487 891 993 758 267 -—315 -—790 -—998  -867 547-953 
048 452 050 608 951 959 628 075 -—S5S04 -905 -—987 —720 548 952 
049 8451 181 716 988 897 476 -119 -671 -976 -—923 —S3l1 549 951 
050 450 309 809 1000 809 309 -—309 -—809 —1000 -—809  -—309 550 = 950 
O51 449 43] 885 988 698 132 —487 -—913 -—976 —-—652 —069 551 949 
052 448 546 943 951 567 —050 -647 -—977 -—905 -—460 175 552 948 
053 447 652 981 891 420 -—230 -—782 —1000 -—790 —243 409 553 | 947 
054 446 746 999 809 261 -—403 -—888 -—980 -637 —OI13 618 554 946 
055 445 827 996 707 094 -—562 -—960 -918 —454 218 790 555 945 
056 444 894 972 588 —075 —703 -—996 -—816 —249 437 915 556 944 
057 443 945 927 454 -—243 -—820 -994 -680 —031 633 986 557 943 
058 442 980 864 309 -—403 -—910 -—955 —514 187 794 997 558 942 
059 = 441 998 782 156 —552 -—970  -—879 —327 397 913 949 559941 
060 440 998 685 000 -—685 -—998 —771 —125 588 982 844 560 940 
061 439 981 572 -—156 -—798 —993 —633 082 750 999 689 561. 1939 
062 438 947 448 -—309 -—888 -—955 -—47]1 285 876 962 493 562 938 
063 437 897 315 -—454 -—953 -—885 —291 476 960 873 267 563° 3937 
064 436 831 175 -—588 -—990 —786 —100 647 998 738 025 564 936 
065 435 750 031 —707 —1000 —66l 094 790 988 562 —218 5655 4935 
066 434 657 -—113 -—809 -—980 —514 285 899 930 356 —448 566 934 
067 433 552. —255 -—891 -—932 —351 465 970 827 132 -—652 567 933 
068 432 437 -—391 -—951 -858 —-—175 628 999 685 —100 —816 568 932 
069 431 315 -—520 -—988  —758 006 767 986 509 —327 —932 569 931 
070 430 187 —637 —1000 —637 187 876 930 309 -—536 —992 570 ~=—930 
071 429 057 —742 -—988 —498 362 953 834 094 -—716 —993 Sul 7929 
072 428 —075 —831 -—951 —345 525 994 703 —125 -—858 —934 S72 “928 
073 427 —206 -—902 -891 —181 671 997 541 —339 -—953 -—820 573° 1927 
074 426 —333 -—955 -—809 —-013 794 962 356 —536 —997 —657 574 926 
075 425 —454 -—988 —-—707 156 891 891 156 —707 —988 —454 So: tee 
076 424 —567 —1000 —588 321 959 786 —050 -—844 -—925 —224 576 924 
077 39423 —671 -—991 —454 476 994 652 —255 -—941 —813 019 Sry 928 
078 422 —762 -—962 -—309 618 997 493 -—448 -—992 —657 261 nS ee 
079 421 —841 -—913 —156 742 967 315 -—623 -—996 —465 487 579° | 2A 
080 420 —905 —844 000 844 905 125 -—771 -—951 —249 685 580 920 
O81 419 —953 —758 156 923 813 —069 -—885 -—861 —O19 841 Sal 219 
082 418 —985 —657 309 975 694 -—261 -—962 —729 212 947 582 918 
083 417 —999 —S54l1 454 998 552 —443 -—998 —-—562 43] 997 583° Dt 
084 416 —996 —414 588 994 391 -—608 -—990 —368 628 987 584 916 
eT 
385 


CC 


TABLE 8.5A (continued) 
sin 27hx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 i 9 ¥1 13 15 17 19 x 
O85 “415 509 ~=1000 454. —562 -996 —397 613 988 339 —661 585 915 
086 414 514 999 426 -598 -—989 —333 675 969 237 —746 586 §=6914 
087 413 520 998 397 -—633 -—979  -—267 733 941 132 -—820 587 913 
088 412 525 996 368 -—666 -—965 -—200 786 905 025 —882 588 912 
089 411 531 994 339 -698 —949 —132 834 861 —082  —932 589 911 
090 410 536 992 309 —729 -—930 —063 876 809 -—187 —969 590 =910 
091 409 541 990 279 —758 —907 006 913 750 -—291 —991 591 909 
092 408 546 987 249 —786 —882 075 943 685  —391 —1000 592 908 
093 407 =pyP4 983 218 -—813 —854 144 967 613 —487 —994 593 907 
094 406 Bey 980 187 -—838 -—824 212 985 536 —578 —975 594 906 
095 405 562 976 156 -—861 —790 279 996 454 -661 —941 595 905 
096 404 567 972 125  —882 —754 345 1000 368 —738 —894 596 904 
097 403 S72 967 094 -902 —716 409 998 279 -—805 —834 597 903 
098 402 578 962 063 -—920 —675 471 989 187 -—864 —762 598 902 
099 401 583 957 031 —937 —633 531 973 094 -—913 —680 599 =: 901 
100 400 588 95] 000 -—951 —588 588 951 000 -—951 —588 600 900 
101 399 593 945 -031 -—964 —S54]1 642 923 -—094 -—979 —487 601 899 
102 398 598 939 -—063 -—975 —493 694 888 —187 -—995 —380 602 898 
103 397 603 932 -—094 -—983 —443 742 848 —279 —1000 —267 603 897 
104 396 608 925. -—125 -—990 —391 786 802 -—368 -—994 —150 604 896 
105 395 613 918 -156 -—996 —339 827 750 -—454 -976 —031 605 895 
106 394 618 910 -187 —999 —285 864 694. -—536 —947 088 606 894 
107 393 623 902 -—218 —1000 —230 897 633 -—613  -—907 206 607 893 
108 392 628 894 —249 -—999 —175 925 567 -—685  —858 Ea 608 892 
109. 391 633 885 -—279 -—997 —-119 949 498 —750 —798 431 609 891 
110 390 637 876 —309 -992 —063 969 426 -—809 —729 536 610 890 
fl 389 642 867 —339 -—986 -—006 983 351 -861  -—652 633 611 889 
112 388 647 858  —368 —977 050 994 273 —905 —567 720 612 888 
PS Shy 652 848 —397 —967 107 999 194 —941 —476 798 613 887 
114 386 657 838 —426 —955 163 ~=1000 113 —969 —380 864 614 886 
115 *385 661 827 —454 —94] 218 996 031 -—988 —279 918 615 885 
116 384 666 816 —482 —925 273 987 -—050 -—998 -—-175 959 616 884 
IT] 383 671 805 -—S09 —907 327 973 -—132 —1000 —069 986 617 883 
17S "382 675 794 -—536 —888 380 955  —212 —992 038 999 618 882 
119 381 680 782 —562 —867 431 932 -291 —976 144 998 619 = 881 
120 380 685 771 —588 —844 482 905 -—368 —951 249 982 620 880 
M1. 3 689 758 -—613 —820 5311 873 -—443 —918 351 953 621 879 
122 "378 694 746 -—637 —794 578 838 —514 —876 448 910 622 878 
| es Till 698 733, -—661 —767 623 798 —5S83  -—827 541 854 623. [Sag 
124 376 703 720 -—685 —738 666 754 -—647 —77I1 628 786 624 876 
125 “375 707 707 —707 —707 707 707 -—707 —707 707 707 625 S75 
26. S74 (Av: 694 —729 —675 7464 657 —762 —637 778 618 626 874 
127 7373 716 680 —750 —642 782 603 -—813 —562 841 520 627 ‘8 
128° “372 720 666 -—771 —608 816 546 -—858 —482 894 414 628 872 
129 571 125 652 —790  —S572 848 487 -—897 —397 937 303 629 <«S#l 


386 


Sign as given. 


ie h=21 Z3 25 
085 415 =9716 —279 707 
086 414 —939 —138 809 
087 413 —885 006 891 
088 412 —816 150 951 
089 8411 —733 29] 988 
090 §=6410 —637 426 1000 
091 409 —531 Jaz 988 
092 408 —414 666 951 
093 407 —291 767 891 
094 406 —163 851 809 
095 405 —031 918 707 
096 404 100 965 588 
097 403 230 993 454 
098 402 356 =: 1000 309 
099 = 401 476 986 156 
100 400 588 yf C00 
1Of 399 689 897 —156 
102 398 778 824 —309 
1@3> 397 854 733. —454 
104 396 915 628 — —388 
105 G95 960 509 .. +707 
106 394 989 380 —809 
107 = 393 1000 243). —891 
ros: 892 994 100F =951 
109 891 970 —044 —988 
110 390 930 . —187 —1000 
im 339 Sia 22 = 985 
112 388 802 . —460:.. —931 
HS 387 Me) —583)~ —891 
114 386 GES) == 694). =—809 
MS’ 3885 0 — 107, 
116 384 391 -—870 —588 
iy 383 267 -—932 —454 
1S) 382 188 —975)-—309 
Mo) 38) 006 —997 —156 
120 380 —125;  —998 000 
oy, 379 —255 —979 156 
2 86378 —380 —939 309 
is, 877 —498 —879 454 
124 376 —608  -—802 588 
wa) 875 =I0Re —107 707 
126 374 —794 —598 809 
a, 373 —867 —476 891 
128) 872 —925 —345 951 
129) 371 —967 —206 988 


TABLE 8.5A (continued) 
sin 2thx (h odd) (x fractional. Decimal points omitted throughout) 


Zl 


29 


34. 


39 


Change sign. 


585 
586 


x 


ey 
914 


TABLE 8.5A (continued) 
sin 2mhx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. 


<5 h=1 3 5 7 9 11 
130 370 729 637 -—809 —536 876 426 
131 369 733 623 —827 —498 902 362 
132 368 738 608 -—844 —460 925 20% 
133 367 742 593 —861 -—420 945 230 
134 366 746 578 -—876 —380 962 163 
135 365 750 562° —89 —339 976 094 
136 364 754 346 -905 —-297 987 025 
137 363 758 531 —918 -—255 994 —044 
138 362 762 514. -—930 —212 999 —113 
139 361 767 498 -941 -169 1000 —181 
140 360 TH 482 -951 ~—125 998  —249 
141 359 775 465 -—960 —082 993 ~ —315 
142 358 778 448 -969 —038 985 —380 
143 357 782 431 -—976 006 973 —443 
144 356 786 414 —982 050 959 —504 
145 355 790 397 —988 094 941 —562 
146 354 794 380 —992 138 920 —618 
147 = 353 798 362 —996 181 897 —671 
148 9352 802 345 —998 224 870 —720 
149 351 805 327 —1000 267 841 —767 
150 = 350 809 309 —1000 309 809 —809 
151 349 813 291 —1000 351 775 —848 
152 348 816 273 —998 391 738 —882 
153347 820 255 —996 431 698 —913 
154 346 824 231. —992 471 657, —939 
155-345 827 218 —988 509 613 —960 
156 6344 831 200 —982 546 S67, — SF 
157 =. 343 834 181 —976 583 520 «—-990 
158 = 342 838 163 —969 618 471 —997 
159 341 841 144 —960 652 420 —1000 
160 340 844 §25)i ~951 685 368 —998 
161 339 848 107. —941 716 315. —991 
162 338 851 088 —930 746 261 —980 
163 337 854 069 —918 775 206 —964 
164 336 858 050 —905 802 150 —943 
165 335 861 O31. —891 827 094 —918 
166 334 864 013 —876 851 038 —888 
167 333 867 —006 —8é6l 873 -019 —854 
168 332 870 —-025 —844 894 -—075 —-—816 
169. 331 873 —044 —827 913. -132 —-775 
170 330 876 -—063 —809 930°  —187 ---729 
Wh 329 879 -—082 -—790 945 -—243 —680 
72 (328 882 -—100 —771 959 -297 -—628 
Vis: 327 885 -—119 —750 970-351 ——572 
174 326 888  —138 —729 980 -403 —514 


17 


Change sign. 
x 
630 870 
631 869 
632 868 
633 867 
634 866 
635 865 
636 864 
637 863 
638 862 
639 861 
640 860 
641 859 
642 858 
643 857 
644 856 
645 855 
646 854 
647 853 
648 852 
649 851 
650 850 
651 849 
652 848 
653 847 
654 846 
655 845 
656 844 
657 843 
658 842 
659 841 
660 840 
661 839 
662 838 
663 837 
664 836 
665 835 
666 834 
667 833 
668 832 
669 831 
670 830 
671 829 
672 828 
673 827 
674 826 


TABLE 8.5A (continued) 
sin 2mhx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=21 23 25 2 29 31 33 35 37, 39 x 
130 370 —992 -063 1000 -063 —992 187 969 -—309 -—930 426 630 870 
132 369 —1000 082 988 —230 —953 374 897 -—509 —-—820 633 631 869 
132 ©6368 —990 224 951  —391 —882 546 786 —685 -—666 802 632 868 
133 46367 —964 362 891 —S541 —782 698 642 -—827 —476 923 633 867 
134 366 —920 493 809 -—675 —657 824 471 -—930 —261 989 634 866 
135; 365 —861 613 707 -—790 -—509 918 279 —988 —031 996 635 865 
136 364 —786 720 588 —882 —345 977 075 —998 200 943 636 864 
iy 363 —698 813 454 -949 -169 1000 -132 -960 420 834 637 863 
138 362 —598 888 309 —989 013 985 -—333 -—876 618 675 638 862 
139 361 —487 945 156 —1000 194 932 -—520 —750 782 476 659 = 861 
140 360 —368 982 000 —982 368 844 -—685 —588 905 249 640 860 
141 359 —243 999 -156 —937 531 725  —820 —397 979 006 641 859 
142 358 —113 995 -—309 —864 675 578 -—920 -—187 1000 —237 642 858 
143 357 019 970 —454 —767 798 409 —981 031 967 —465 643. 857 
144 356 150 925 —588 -—647 894 224 —1000 249 882 —666 644 856 
145 355 279 861  —707 —509 960 031 -—976 454 750 —827 645 855 
146 354 403 778 —809 —356 995 -—163 —910 637 578 —939 646 854 
147 353 520 680 -—891 -—194 997 -—351 —805 790 374 —994 647 853 
148 352 628 567 -—951 —025 965 -—525 —666 905 150 —990 648 852 
149 351 (pS 443 —988 144 902 -—680 -—498 976 —082 —927 649 851 
m0 350 809 309 —1000 309 809 —809 -—309 1000 -—309 -—809 650 850 
151 349 879 169 —988 465 689 —907 —107 976 —520 —642 651 849 
152 348 934 025 —951 608 546 —972 100 905 —703 —437 652 848 
153 347 973 -119 -891 733 386 —999 303 790 -—848 —206 653 847 
154 346 995 -—261 —-—809 838 212 —989 493 637 —947 038 654 846 
155 345 1000 -—397  —707 918 031 —941 661 454 —996 279 655 845 
156 §=6344 987 -—S25 —588 972 -—150 —858 802 249 —990 504 656 844 
157 9-343 957 -642 -—454 998 -—327 —742 907 031 —932 698 657 843 
158 342 910 -—746 -—309 995 -—493 —598 975 —187 —824 851 658 842 
159 341 848 -—834 —-—156 964 -—642 -—431 1000 -—397 —671 953 659 = 841 
160 340 771. + —905 000 905 —771 —249 982 -—588 —482 998 660 840 
161 339 680  —957 156 820 -—873 —057 923 -—750 —267 983 661 839 
162 338 578 —989 309 712. —947 138 824 -—876 —038 910 662 838 
163 337 465 —1000 454 583 —990 327 689 —960 194 782 663 837 
164 336 345 —990 588 437 -—999 504 525 -—998 414 608 664 836 
165) 835 218 —960 707 279 —976 661 339 —988 613 397 665 835 
166 334 088 -—910 809 113. —920 794 138 —930 778 163 666 834 
rot 335 —044 —841 891 -—O57 —834 897 -—069 —827 902 —082 667 833 
168 332 —175 —754 951 -—224 —720 965 —273 —685 977 —321 668 832 
169 331 —303 -—652 988  —386 —583 998 -—465 -—509 1000 —S541 669 831 
170 330 —426 -—536 1000 -—536 —426 992 -—637 —309 969 —729 670 830 
7h 329 —541 —409 988 -—671 —255 949 —782 —094 885 —873 G71) °829 
172’ ©6328 —647 —273 951 —786 —075 870 —894 125 754 —965 672 828 
ms 327 —742 —132 891 —879 107 758 —967 339 583 —1000 673 827 
174 326 —824 013 809 —947 285 618 —999 536 380 —975 674 826 


TABLE 8.5A (continued) 
sin 27hx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 a 9 11 13 15 a 19 * 
WS 626 891 -—156  —707 988 —454 —454 988 -—707 —156 891 67S "BZ 
76 324 894 -—175 —685 994 -—504 —391 972 -771 —050 831 676 824 
Me 86828 897 —194 —661 998 —552  -—327 949 —827 057 758 677 =—823 
17s 622 899 -—212 -637 1000 -—598 —261 920 —876 163 675 678 822 
79 82h 902 -—230 -613 1000 -—642 —194 885 —918 267 583 679 821 
180 320 905 -—249 —588 998 -—685 —125 844 —95] 368 482 680 820 
ot Bio 907 -—267 —562 994 -—725 —-—057 798 —976 465 374 681 819 
182 318 910 -—285 —-—536 989 —762 013 746 —992 S57 261 682 818 
18s 817 913 -—303  -—509 981 —798 082 689 —1000 642 144 683 817 
184 316 915 —321 —482 972 —831 150 628 —998 720 025 684 816 
15, BUS 918 —339 —454 960 —861 218 562 —988 790 —094 685 815 
186 314 920 -—356 —426 947 —888 285 493 —969 851 —212 686 814 
sy mes 923 -—374 —397 932 —913 351 420 —94] 902 —327 687 813 
188 812 925 —391 —368 915 —934 414 345 —905 943 —437 688 812 
189 Bil 927 -—409  -—339 897 —953 476 267 —86l 973 —541 689 811 
190 310 930 -—426  -—309 876 —969 536 187 —809 992 —637 690 810 
191 309 932 -—443  -—279 854 —981 593 107 -—750 1000 —725 691 809 
192 308 934. —460 —249 831 —990 647 025 —685 996  -802 692 808 
193 807 937 -476 —218 805 —997 698 -—057 —613 981 -—867 693 807 
194 306 939 -—493 —187 778 —1000 746 -—138 -—536 955 —920 694 806 
195. 305 941 -S09 —156 750 —1000 790 -—218 —454 918  —960 695 805 
196 304 943. -—525 —125 720 —996 831 —297 —368 870 —987 696 804 
197. 303 945 -—S41 —094 689 —990 867 —374 —279 813 —999 697 803 
198 302 947 -—557 —063 657 —980 899 —448 —-—187 746 —997 698 802 
199 301 949 -—572 —-031 623 —967 927 -—520 —094 671 —981 699 801 
200 300 951 —S588 000 588 —951 951 —588 000 588 —951 700 800 
201 299 953 —603 031 552. —932 970 —652 094 498 —907 701 799 
202 298 955 —618 063 514. —910 985- —712 187 403 -—851 702 798 
203. 297 957 —633 094 476 —885 994. —767 279 303 —782 703. 797 
204 296 959 —647 [25 437 —858 999 —816 368 200 —703 704 796 
205 295 960 —661 156 397 -—827 1000 —861 454 094 -—613 705 795 
206 294 962  -—675 187 356 —794 995 —899 536 -—013 —514 706 794 
207 = 293 964 —689 218 315 —758 986 —932 613 -—119 —409 707 793 
208 292 965 —703 249 273 —720 972 —959 685 -—224  —297 708 792 
209 291 967 —716 279 230 —680 953 -—979 750 -—327 —181 709 =791 
210 290 969  —729 309 187 —637 930 —992 809 —426 —063 710 790 
20 289 970 —742 339 144 —593 902 —999 861  —520 057 7 ims 
212 283 972 —754 368 100 —546 870 —999 905  —608 175 Tid’ Vee 
213, Bar 973 —767 397 057 —498 834 —993 941 —689 291 WS | Tee 
214 286 975 —778 426 013 —448 794 —980 969 —762 403 714 786 
ZV oe O85 976 -—790 454 -031 —397 750 —960 988 —827 509 TAS! (ee 
216 284 977 —802 482 -—075 —345 703 —934 998  -—882 608 716 784 
DA Nt SR 979 —813 3509-119 —291 652 -902 1000 —927 698 TIT ee 
218; 282 980 —824 536 -—163 —237 598 —864 992 —962 778 718 782 
219: O84 981 —834 562 -—206 —181 541  -—820 976 —986 848 119: FS 
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Sign as given. 


x h=21 Zp 
md: 325 —891 156 
176 324 —943 297 
iy? 323 “en 431 
Ws 322 —997 ST 
i. 621 —998 671 
180 320 —982 aia 
fea §66B9 —949 854 
182 318 —899 920 
ie || BL —834 967 
184 §6316 —754 994 
85. 315 —661 1000 
186 314 —557 985 
137 6.313 —443 949 
mes 312 —321 894 
9. Sil —194 820 
0 | BO —063 Tao 
1 309 069 623 
192 308 200 504 
193° 307 Bz) 374 
194 306 448 ZB 
P95 87305 562 094 
196 304 666 —050 
19) ~=6—(303 758 —194 
938° (302 838 —333 
199 301 902 -—465 
200 300 951-388 
2OL 299 983° —698 
202 298 999° =794 
203 729) 997 893 
204 296 977 ~~ —934 
205 2295 941 —976 
206 294 888 —997 
ZO) 293 820 —998 
2Oe. E292 738 —977 
209 291 642 —937 
210 «290 536 —876 
eit 9289 420 —798 
212 288 297 —103 
213. 287 169° —593 
214 286 038 —471 
21S” 285 —094 —339 
216 284 —224  -—200 
Pie 283 —351 —0O57 
218 282 —471 088 
219-281 —583 230 
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TABLE 8.5A (continued) 
sin 27hx (h odd) (x fractional. Decimal points omitted throughout) 


29 


31 


35 


a7 


x 


Change sign. 


TABLE 8.5A (continued) 
sin 2xhx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 7 9 i 13 15 17 19 x 
220 280 982 —844 588 —249 -—125 482 —-771 951 —998 905 720 780 
221 299 983 —854 613 -—291 —069 420 —716 918 -—999 949 qf 27s 
222° 278 985 —864 637 -—333 —013 356 —657 876 —989 980 122 978 
223. 2 986 —873 661 —374 044 291 —593 827 —967 997 123 We 
224 276 987 —882 685 —414 100 224 —525 771 —934 999 724 776 
22s: Bis 988  -—891 707 —454 156 156 —454 707 —891 988 i25 is 
226 274 989 -—899 729 —493 212 088  —380 637 —838 962 126 Wi 
79) OTS: 990 —907 750 —531 267 019 —303 562 —775 923 a2] | as 
228 «6-22 990 —915 771 + —567 321 -050 —224 482 —703 870 728 a2 
229° 27h 991 —923 790 —603 374 -119 —-—144 397-623 805 129 Git 
230 270 992 -—930 809 —637 426 -187 —063 309 —536 729 730 770 
231. 269 993 —937 827 —67]1 476 —255 019 218 —443 642 731 ~ @69 
232 268 994 —943 844 —703 525. —321 100 125 —345 546 732 768 
233 26 994 —949 861 —733 572 —386 181 031 —243 443 7133 «7167 
234 =266 995 —955 876 —762 618 —448 261 -—063 —138 333 734 766 
235° 265 996 —960 891  —790 661 —509 339 -156 —031 218 735. @6s 
236 ©6264 996 —965 905 —816 703 —S5S67 414 -—249 075 100 736 764 
237 263 997 —-—970 918 —841 742. —623 487 —339 181 —019 isd 63 
238 262 997 —-975 930 —864 778 —675 557 —426 285 —138 738 762 
239 261 998 —979 941 —885 813 —725 623 —S09 386 —255 739. Wel 
240 260 998 —982 951 -—905 844 —771 685 —588 482 —368 740 760 
241 259 998 —986 960 —923 873 —813 742 —661 572 —476 741. 759 
242 258 999 —989 969 —939 899 —851 794 —729 657 —578 742 758 
243 257 999-99] 976 —953 923 —885 841 —790 733 —671 743, 757 
244 256 999 —994 982 —965 943 —915 882 —844 802 —754 744 756 
245 255 1000 —996 988 -—976 960 —941 918 —891 861 —827 745 755 
246 254 1000  -—997 992 —985 975 —962 947 —930 910 —888 746 754 
247 = 253 1000 -—998 996 —991 986 —979 970 —960 949 —937 TA] 953 
248 8252 1000 —999 998 —996 994 -—990 987 —982 977 -—972 748 = 752 
249 251 1000 —1000 1000 -—999 998 —998 997 —996 994 —993 749 =751 
250 250 1000 —1000 1000 —1000 1000 —1000 1000 —1000 1000 —1000 1 650 
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TABLE 8.5A (continued) 
sin 27hx (h odd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
b h=21 23 25 2 29 31 33 35 cy 39 x 
220 280 —685 368 000 —368 685 —905 998 —951 771 —482 720 780 
221 279 —775 498 -—156  —206 541 —805 964 —996 897 —680 721 779 
Zee 86218 —851 618 —309 —038 380 —675 888 —992 975 —838 lan TAS 
223) 6 2T7 —913 725 —454 132 206 —520 775 —941 1000 —945 Tas. Tih 
224 276 —959 816 —S588 297 025 —345 628 —844 972 —996 724 776 
225, 215 —988 891 —707 454 -156 —156 454 —707 891 —988 Tad. \ tae 
226 274 —1000 947 —809 598 —333 038 261 —536 762 —920 126 774 
22F 86273 —994 983 —89l 725 —498 230 057. —339 593 —798 Ta he 
Ceo 212 —972 999 —951 831 —647 414 -—150 —125 391 —628 128, tla 
weg 271 —932 994 —988 913 —775 583. —351 094 169 —420 729. “Tat 
230 270 —876 969 —1000 969 —876 729 —536 309 —063 —187 730 770 
231 269 —805 923 —988 997 —949 848 —698 509 —291 057 731 769 
232 268 —720 858 —951 996 —990 934 —83l 685  —504 297 732 768 
233 267 —623 775 —891 967 —999 986 —927 827 —689 520 733 = 767 
234 266 —514 675 —809 910 -—975 1000 —985 930 —838 712 734 766 
235 265 —397 562 —707 827 —918 976 —1000 988 —941 861 1302 165 
236 264 —273 437 —588 720 —831 915 —972 998 —994 959 736 764 
2a. 263 —144 303 —454 593 —716 820 —902 960 —993 999 731. 163 
238 262 —013 163 —309 448 —S578 694 —794 876 —939 980 738 T62 
239 = 261 119 019 —156 291 —420 541 -—652 750 —834 902 739 761 
240 260 249 —125 000 125  —249 368 —482 588 —685 THA 740 760 
241 259 374 —267 156 —044 —069 181 —291 397 —498 593 741 759 
242 258 493 —403 309 —212 113 -—013 —088 187 —285 380 142, Ids 
243 257 603 —S53l1 454 —374 291 —206 119 —031 -—0OS57 144 143° T5T 
244 256 703 —647 588 —525 460 —391 321 —249 175 —100 744 756 
was 255 790 —750 707 —661 613 —562 509 —454 397 —339 Tas. 155 
246 254 864 —838 809 —778 746 —712 675 —637 598 —557 TAG.) S154 
247 38253 923 —907 891 —873 854 —834 813. —790 767 —742 14h ~T58 
248 252 965 —959 951 —943 934 —925 915. —905 894 —882 748 752 
249 251 991 —990 988 —986 983 —981 979 —976 973 —970 749 3751 
250 86250 1000 —1000 1000 -—1000 1000 —1000 1000 —1000 1000 —1000 TO! . “150 
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TABLE 8.5B 
sin 2xhx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
ne h=2 4 6 8 10 2 14 16 18 20 x 
000 500 000 000 000 000 000 000 000 000 000 000 500 1000 
001 501 013 025 038 050 063 075 088 100 M3 125 499 999 
002 502 025 050 075 100 125 150 175 200 224 249 498 998 
003 503 038 075 113 150 187 224 261 297 335 368 497 997 
004 504 050 100 150 200 249 297 345 391 437 482 496 996 
005 505 063 125 187 249 309 368 426 482 536 588 495 995 
006 506 075 150 224 297 368 437 504 567 628 685 494 994 
007 507 088 175 261 345 426 504 578 647 12 771 493 993 
008 508 100 200 297 391 482 567 647 720 786 844 492 992 
009 509 113 224 333 437 536 628 a2 786 851 905 491 991 
010 510 125 249 368 482 588 685 Te 844 905 951 490 990 
On Sit 138 273 403 525 637 738 824 894 947 982 489 989 
Om 312 150 297 437 567 685 786 870 934 Oia 998 488 988 
013 513 163 321 471 608 729 831 910 965 995 998 487 987 
014 514 175 345 504 647 gh 870 943 987 1000 982 486 986 
OTD; ~S15 187 368 536 685 809 905 969 998 992 951 485 985 
016 516 200 391 567 720 844 934 987 999 972 905 484 984 
017 517 212 414 598 754 876 959 997 990 939 844 483 983 
018 518 224 437 628 786 905 977 1000 972 894 val 482 982 
019 519 237 460 657 816 930 990 995 943 838 685 481 981 
O20" » 520 249 482 685 844 951 998 982 905 TA 588 480 980 
O21" S21 261 504 712 870 969 1000 962 858 694 482 479 979 
O22" 522 28 525 738 894 982 996 934 802 608 368 478 978 
023, 9923 285 546 762 915 992 987 899 738 514 249 477 977 
024 524 297 567 786 934 998 972 858 666 414 125 476 976 
025° +525 309 588 809 951 1000 951 809 588 309 000 475 975 
026 526 321 608 831 965 998 925 754 504 200  -—125 474 974 
O27, S27 333 628 851 977 992 894 694 414 088 —249 473 973 
028 528 345 647 870 987 982 858 628 321 -—025  —368 472 972 
029 529 356 666 888 994 969 816 5a 224 -—138 —482 471 971 
030 530 368 685 905 998 951 Tn 482 125  —249 —588 470 970 
031 ‘331 380 703 920 1000 930 720 403 025  -—356 —685 469 969 
032° 532 391 720 934 999 905 666 321 -075 -—460 -—-771 468 968 
033 533 403 738 947 996 876 608 237 -—175 -—557 —844 467 967 
034 534 414 754 959 990 844 546 150 -—273 -647 —905 466 966 
0355 78535 426 771 969 982 809 482 063 -—368 -—729 —951 465 965 
036 536 437 786 977 972 771 414 -025 -—460 -802 —982 464 964 
037 537 448 802 985 959 729 345 -—113 -546 -864 —998 463 963 
038 538 460 816 990 943 685 273 -—200 -628 -—915 —998 462 962 
039 539 471 831 995 925 637 200 —285 -—703 -955 —982 461 961 
040 540 482 844 998 905 588 125 -—368 -—771 -—982 —-951 460 960 
041 541 493 858 1000 882 536 050 -—448 -—831 -—997 —905 459 959 
042 542 504 870 1000 858 482 -025 -—525 -882 -—999 —844 458 958 
043 543 514 882 999 831 426 -—100 -590 -925 —989 —771 457 957 
044 544 225 894 996 802 368 -—175 -—666 -—959 -965 —685 456 956 
nn ee tae roe Meee nm Nest 
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TABLE 8.5B 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x haz? 24 26 28 30 a2 34 36 38 40 x 
000 500 000 000 000 000 000 000 000 000 000 000 500 1000 
001 S501 138 150 163 175 187 200 212 224 257) 249 499 999 
002 502 243 297 321 345 368 39] 414 437 460 482 498 998 
003 503 403 437 471 504 536 567 598 628 657 685 497 997 
004 504 525 567 608 647 685 720 754 786 816 844 496 996 
005 505 637 685 729 771 809 844 876 905 930 951 495 995 
006 506 738 786 831 870 905 934 959 977 990 998 494 994 
007 507 824 870 910 943 969 987 997 1000 995 982 493 993 
008 508 894 934 965 987 998 999 990 972 943 905 492 992 
009 509 947 977 995 1000 992 972 939 894 838 791 491 991 
010 510 982 998 998 982 951 905 844 74 685 588 490 990 
Ole Sit 999 996 975 934 876 802 7X2 608 493 368 489 989 
OT 512 996 972 925 858 Tal 666 546 414 D8 125 488 988 
013 =513 975 925 851 754 637 504 356 200 038  —125 487 987 
014 514 934 858 754 628 482 321 150 —025 -—200 —368 486 986 
OI 515 876 771 637 482 309 125 —063 —249 -—426 —588 485 985 
016 516 802 666 504 art 125 -—0O75 —273 -460 -—628 —771 484 984 
Oty sif 7A2 546 356 150 —063 —273 -—471 -—647 -—794 -—905 483 983 
018 ° 518 608 414 200 —025 -—249 —460 -—647 —802 —-—915 —982 482 982 
019 519 493 215 038 —200 -—426 -—628 -—794 —-915 —985 —998 481 981 
020 520 368 125 -—125 -—368 -—588 —771 -—905 —982 —998 —951 480 980 
OF 52) 237 —-025 -—285 —525 -—729 —882 —975 -—999 -955 —844 479 979 
O22 522 100 -—175 -—437 -666 -—844 -—959 —1000 -—965 -—858 —685 478 978 
2s 523 —038 -—321 -—578 —786 -—930 —996 —980 —882 -—712 —482 Aq, “ST. 
024 524 —175 -—460 -—703 —882 -—982 -—994 -—915 —754 -—525 —249 476 976 
O25 525 —309 -—588 -—809 -—951 —1000 —951 -—809 -—588  -—309 000 475 975 
M26 526 —437 -—703 -—894 -990 —982 -—870 -—666 —391 —O75 249 474 974 
O27 527 —557 -—802 -—955 -—999 —930 —754 -—493 —-175 163 482 473 973 
028 528 —666 —882 -—990 —977 -—844 -608 —297 050 391 685 Ae a2 
029 529 —762 —943 —1000 -—925 -—729 -—437 —0O88 275 598 844 471 971 
030. . 530 —844 -—982 -—982 -—844 -—588 —249 125 482 771 951 470 970 
Oot 531 —910 -—999 —939 —738 -—426 —-—0S50 333 666 899 998 469 969 
O32) 532 —959 —994 -—870 —608 -—249 150 525 816 OFT: 982 468 968 
033 533 —989 —965 -—778 -—460 —063 345 694 925 1000 905 467 967 
034 534 —1000 -—915 -—666 —297 125 2D 831 987 965 qa 466 966 
035 535 —992 —844 —536 —125 309 685 930 998 876 588 465 965 
036 536 —965 —754 —391 050 482 816 987 959 738 368 464 964 
O3F 337 —920 —647 —237 224 637 915 999 870 9) 125 463 963 
O38 538 —858 —525 —075 391 ad 977 965 738 345° —125 462 962 
039 539 —778 —391 088 546 876 1000 888 567 113 —368 461 961 
040 540 —685 —249 249 685 951 982 TA 368 —125 —588 460 960 
041 541 —578  —100 403 802 992 025 618 150 —356 —-771 459 959 
042 542 —460 050 546 894 998 831 437 -075 -—567 —905 458 958 
043 543 —333 200 675 959 969 703 237 -—297 -—746 —982 457 957 
044 544 —200 345 786 994 905 546 025 —504 —882 —998 456 956 
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TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=2 4 6 8 10 12 14 16 18 20 x 
045 545 536 905 992 771 309 —249 -—729 -—982 -—930 —588 455 955 
046 546 546 915 987 738 249 -—321 -—780 -996 -882  -—482 454 954 
047 547 apy 925 980 703 187 -—391 -—838 —1000 -—824 —368 453 953 
048 548 567 934 972 666 125-460 -—882 -994 -—754 -—249 452 952 
049 549 578 943 962 628 063 -—525 -—920 -977 -675 —125 451 951 
050 550 588 951 551 588 000 -—588 -951 -—951 —588 000 450 950 
OS ‘SSI 598 959 939 546 -—063 -647 -975 -915 —493 125 449 949 
052° 352 608 965 925 504. —125 -—703 -—990 -870 —391 249 448 948 
053’ 553 618 972 910 460 -187 -—754 -999 -816 —285 368 447 947 
054 554 628 977 894 414 -—249 -802 -999 -—754 —-175 482 446 946 
055° «355 637 982 876 368 -—309 -—844 -992 -685 —063 588 445 945 
056 556 647 987 858 321 -—368 -—882 -—977 —608 050 685 444 944 
O57 S57 657 990 838 273 —426 —-915 -955 —525 163 TA 443 943 
058 558 666 994 816 224 -—482 -—943 -925 —437 Iie 844 442 942 
059 559 675 996 794 175 —536 -—965 —888 -—345 380 905 441 941 
060 560 685 998 TH 125 —588 -—982 -—844 —249 482 951 440 940 
061 561 694 999 746 075 -637 -—994 -—794 —-—150 578 982 439 939 
062 562 703 1000 720 025 -685 -—999 —738 —-—050 666 998 438 938 
063 563 712 1000 694 -025 —729 -—999 -—675 050 746 998 437 * 937 
064 564 720 999 666 -—075 —771 -—994 —608 150 816 982 436 936 
065 565 729 998 637 -—125 -—809 -—982 —536 249 876 951 435 935 
066 566 738 996 608 -—175 -—844 -—965 —460 345 925 905 434 934 
067 567 746 994 578 -—224 -876 -—943 —-—380 437 962 844 433 933 
068 568 754 990 546 -—273 -905 —-—915 —297 525 987 vig 432 932 
069 569 762 987 514. —321 -—930 -—882 —212 608 999 685 431 931 
070 570 hil 982 482 -—368 -—951  -—844 —125 685 998 588 430 930 
OW Si) 778 977 448 -414 -969 -802 -—038 754 985 482 429 929 
O72 S72 786 972 414 -460 -—982 —754 050 816 959 368 428 928 
073 573 794 965 380 -—5S04 -—992 —703 138 870 920 249 427 = 927 
074 574 802 959 345 -—546 -—998 —647 224 915 870 125 426 926 
O75: 575 809 951 309 —588 —1000 —588 309 951 809 000 425 925 
076 576 816 943 273 -—628 -—998 —525 391 977 738 —125 424 924 
OT Sit 824 934 237 -—666 -—992 -—460 471 994 657 —249 423 923 
078 578 831 925 200 -—703 —982 —391 546 1000 567 —368 422 922 
079 579 838 915 163 -—738 -—969 —321 618 996 471 —482 421 921 
080 580 844 905 125 -—771 —951 —249 685 982 368 —588 420 920 
081 581 851 894 088 -—802 -—930 —175 746 959 261 —685 419 919 
082 582 858 882 050 -—831 -—905 -—100 802 925 150  -771 418 918 
083 583 864 870 013 -—858 -—876 —025 851 882 038 —844 417 917 
084 584 870 858 -—025 —-—882 —844 050 894 831 -075 —905 416 916 
085 585 876 844 -—063 -905 —809 125 930 771. ~-—187 —951 415 915 
086 586 882 831 -100 -925 —-771 200 959 703 —297 —982 414 914 
087 587 888 816 —138  -—943 —729 273 980 628 -—403 —998 413 913 
088 588 894 802-175 -959 —685 345 994 546 -—504 —-—998 412 912 
089 589 899 786 —212 -972 —637 414 1000 460 -—598 —982 411 911 
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TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=22 24 26 28 30 32 34 36 38 40 x 
045 545 —063 482 876 998 809 368 —187 ~—685 -—969 -—9S5I1 455 955 
046 546 075 608 943 972 685 175 -—391 -—831 —1000 —844 454 954 
047 547 212 720 985 915 536 —025 -—578 -—934 -—975  —685 453 953 
048 548 345 816 1000 831 368 -—224 —738 -—-990 -—894 —482 452 952 
049 549 471 894 989 720 187 -—414 -—864 -996 —762 —249 451 951 
050 8550 588 951 951 588 000 —588 -—951 -—951 —588 000 450 950 
O05 551 694 987 888 437 —187 —738 -—-995 -—858 -—380 249 449 949 
O52! 552 786 1000 802 273 -—368 —858 -—994 -—720 -—I150 482 448 948 
O33° 553 864 990 694 100 -—536 —943 -—947 —546 088 685 447 947 
054 554 925 959 567 —075 -—685 -—990 -—858 —345 321 844 446 946 
O55) 555 969 905 426 —249 -809 -—998 —729 —125 536 951 445 945 
056 8556 994 831 273 —414 -905 -—965 -—567 100 720 998 444 944 
@s% 557 1000 738 113 -—S67 -—-969 -—894 —380 321 864 982 443 943 
058 558 987 628 —050 —703 —-998 -—786 -—175 525 959 905 442 942 
059 559 955 504 -—212 -—816 —992 —647 038 703 999 771 441 94] 
060 560 905 368 —368 —905 -—951 —-—482 249 844 982 588 440 940 
061 561 838 224 —514 -965 -—876 —297 448 943 910 368 439 939 
062 562 754 075 —647 -—996 —-—771 -—100 628 994 786 125 438 938 
063 563 657 —075 —-762 -—996  —637 100 778 994 618 —125 437 937 
064 564 546 -—224 -—858 -—965 -—482 297 894 943 414 —368 436 ©6936 
065 565 426 —368 -—930 -—905 —309 482 969 844 187 —588 435 935 
066 566 297 —504 -—977 —816 —125 647 999 703 —050 —771 434 934 
067 567 163 —628 -—999 —703 063 786 985 525. —285 —905 433 933 
068 568 025 —738 —994 —567 249 894 925 321 —504 —982 A32 932 
069 569 —113 —831 -—962 —414 426 965 824 100 -—694 —998 431 931 
070 570 —249 -—905 -—905 —249 588 998 685 —125 —844 -—-—951 430 930 
O71 571 —380 —959 -—824 -—0O75 729 990 514 —345 -—947 —844 429 929 
O72 572 —504 —990 —720 100 844 943 321 -5S46 -—996 —-—685 428 928 
O73) 573 —618 —1000 -—598 203 930 858 113. -—720 —989 —482 427 «(927 
074 574 —720 —987 -—460 437 982 738 —100 -—858 -—925 —249 426 926 
O75) 575 —809 —951 -—309 588 1000 588 —309 —951 —-—809 000 425 925 
076 576 —882 —894 -—150 720 982 414 -504 -—-996 -—647 249 424 924 
Org. 377 —939 —816 013 831 930 224 -675 —990 —448 482 423 923 
078 578 —977 —720 175 915 844 025 -—816 -—934 —224 685 422 922 
079 579 —997 —608 333 972 729 -175 -—920 —831 013 844 42) 921 
080 580 —998 —482 482 998 588 -—368 -—982 -—685 249 951 420 920 
081 581 —980 —345 618 994 426 —546 —1000 —S504 471 998 419 919 
082 582 —943  —200 738 959 249 -—703 —972 —297 666 982 418 918 
083 583 —888 —050 838 894 063 —831 -—899 —075 824 905 417 917 
084 584 —816 100 915 802 —125 -—925 —786 150 934 771 416 916 
085 585 —729 249 969 685 —309 -—982 —637 368 992 588 415 915 
086 586 —628 391 996 546 —482 —1000 —-—460 567 994 368 414 914 
087 587 —514 525 997 391 -—637 -—977 —261 738 939 125 413 913 
088 588 —391 647 972 224 -—771 -915 —-—050 870 831  —125 412 912 
089 589 —261 754 920 050 -—876 —816 163 959 675 —368 4tl 69T1 


TABLE 8.5B (continued) 
sin 27hx (h even) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=2 4 6 8 10 12 14 16 18 20 x 
090 590 905 771 —249 -—982 —588 482 990 368 —685 —95]1 410 910 
091 591 910 754 —285 -—990 —536 546 989 273 —762 —905 409 909 
092 592 915 738 —321 -—996 -—482 608 962 175 —831 —844 408 908 
093 593 920 720 -—356 -—999 —426 666 947 075 -—888 —771 407 907 
094 594 925 703 -—391 —1000 —368 720 915 -025 -—934 —685 406 906 
095 595 930 685 -—426 -—998  -—309 771 876 —125 -—969 —588 405 905 
096 596 934 666 -—460 -—994 —249 816 831 —224 -—990 —482 404 904 
097 597 939 647 -—493 -—987 —187 858 778  —321 —1000 —368 403 903 
098 598 943 628 —525 -—977 —125 894 720 —414 -—996 —249 402 902 
099 599 947 608 —557 -—965 —063 925 657 -—S04 -—980 —125 401 901 
100 600 951 588 —S588 —951 000 951 588 —588 —95] 000 400 900 
101. 601 955 567 —618 —934 063 972 514. -—666 —910 125 399 899 
102 602 959 546 -—647 —915 125 987 437 —738 —858 249 398 898 
103 603 962 525  —675 —894 187 996 356 —802 —794 368 397 =—897 
104 604 965 504 -—703 —870 249 1000 273 —858 —720 482 396 =. 896 
105 605 969 482 —729 —844 309 998 187 -—905  -—637 588 395 895 
106 606 972 460 —754 —816 368 990 100 -—943 —546 685 394 894 
107. +607 975 437 —778 —786 426 977 013 -—972 —448 771 393 = 893 
108 608 977 414 -802 —754 482 959 -075 -990 —345 844 392 892 
109 609 980 391 -—824 -—720 536 934 -—163 -—999 —237 905 391 = 891 
110 610 982 368 —844 —685 588 905 —249 -—998 —-—125 951 390 =. 890 
Me 644 985 345  —864 —-—647 637 870 —333 -—987 —013 982 389 =. 889 
It? s612 987 321 -—882 —608 685 831 -—414 —965 100 998 388 888 
[ts “613 989 297 —899 —567 729 786 —493 —934 212 998 387 = 887 
114 614 990 273 -—915 —525 771 738 —567 —894 321 982 386 = 886 
tS 615 992 249 -—930 -—482 809 685 -—637 —844 426 951 385 885 
116 616 994 224 —943 —437 ~ 844 628 —703 —786 525 905 384 = 884 
WI? «ele 995 200 —955 —391 876 567 —762 —720 618 844 383 = 883 
118 618 996 175 —965 —345 905 504. -—816  -—647 703 TH 382 882 
119 619 997 1580. -—975 —297 930 437 -—864 -—567 778 685 381 = 881 
120 620 998 125 -—982 —249 951 368 —905 —482 844 588 380 =. 880 
12h 621 999 100 —989  —200 969 297 —939 —391 899 482 379 879 
122 622 999 075 -—994 —-150 982 224 -—965 —297 943 368 378 878 
123) “623 1000 050 —997 —100 992 150 —985 —200 975 249 a me 
124 624 1000 025 -—999 -—050 998 075 -—996 -—100 994 125 376 «69876 
125 625 1000 000 —1000 000 1000 000 —1000 000 1000 000 375 Se 
126 626 1000 —025 —999 050 998 -—075 —996 100 994. —125 374 874 
127 +627 1000 —050 —997 100 992 -—150 —985 200 975 —249 373 «878 
128 628 999 —075  —994 150 982 -—224 —965 297 943 —368 372 822 
129 629 999 -—100 —989 200 969 —297 -—939 391 899 —482 371 = 871 
130 630 998 -—125 —982 249 951  -—368 —905 482 844 —588 370 870 
[BP 631 997 -—150 —975 297 930 -—437 —864 567 778 —685 369 869 
32 G32 996 -175 —965 345 905 -—S5S04 —816 647 703 —771 368 868 
TS! 633 995 -—200 —955 391 876 -—567 —762 720 618 —844 367 867 
134 634 994 -—224 —943 437 844 -—628 —-—703 786 525 —905 366 866 
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TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=22 24 26 28 30 32 34 36 38 40 x 
090 590 —125 844 844 -—125 -951 —685 368 998 482  —588 410 910 
O91 591 013 915 746 —297 -—992 —525 S57 987 261 —771 409 909 
092 592 150 965 628 -—460 -—998 -—345 720 925 025 —905 408 908 
093 593 285 994 493 -—608 -—969 —150 85] 816 —212 —982 407 907 
094 594 414 999 345 —738 —-—905 050 943 666 —437 —998 406 906 
O95 595 536 982 187 —844 —-—809 249 992 482 -637 —951 405 905 
096 596 647 943 025 -—925 —685 437 996 273 —802 —844 404 904 
O92 397 746 882 —138 -977 —536 608 955 050 -920 —685 403 903 
098 598 831 802 -—297 -—999 —368 754 870 —175 -—987 —482 402 902 
099 599 899 703 —448 -990 —-—187 870 746 —391 -—997 —249 401 901 
100 600 951 588 —588 —951 000 951 588 -—588 —951 000 400 900 
101-601 985 460 -—712 —-—882 187 994 403 -754 -—-85l 249 399, $99 
102 602 999 321 -—816 —786 368 996 200 -—882 —703 482 398 898 
103 603 995 175 —899 -—666 536 959 -013 -—965 —5S514 685 397 «= 897 
104 604 972 025 -959  —525 685 882 -—224 -—999 —297 844 396 =. 896 
105 605 930 -—125 -—992 —368 809 771 —426 -—982 —063 951 395 895 
106 606 870 -—273 -—999 —200 905 628 -—608 —915 175 998 394 894 
107 607 794 -—414 -—980 —025 969 460 -—762 -—802 403 982 393, 893 
108 608 703. —546 —934 150 998 273 —882 —647 608 905 392 892 
109 609 598 -—666 —864 321 992 075 -—962 —460 778 771 391 891 
110 610 482 -771 —771 482 951 -—125 -—998  —249 905 588 390 ~=890 
Me 611 356 -—858  -—657 628 876 —321 -—989 —025 980 368 389 = 889 
ti2 386612 224 -—925 —525 754 771 —S04 —934 200 999 125 388 888 
ie 64613 088 -—972 —380 858 637 -—666 —838 414 962 —125 387 = 887 
114 +614 —050 -996 —224 934 482 -—802 —-—703 608 870 —368 386 886 
MS 615 —187 -998 —063 982 309 -—905 —536 yap 729 —588 385 885 
116 6616 —321 —-977 100 1000 125  -—972 —345 894 546 —771 384 = 884 
1 as Wd —448 —934 261 987 -—063 -999 —138 72, 333 —905 383 = 883 
118 618 —567 —870 414 943 -—249 —987 075 1000 100 —982 382 882 
119 619 —675 —786 Bi 870 —426 —934 285 977 -—138 —998 381 = 881 
120 620 —771 —685 685 771 —588 —844 482 905 -—368 —951 380 =: 880 
| P| —851  -—567 794 CATR —129)..--120 657 786 —578 —844 329. 819 
2 86622 —915 —437 882 504 -—844 —567 802 628 —754 —685 378 878 
1223 623 —962 —297 947 345 -930 —391 910 437 -—888 —482 33h «Sil 
124 624 —990 —150 987 175 —982 —200 977 224, —972.. —249 376 ©6876 
25 625 — 1000 000 1000 000 —1000 000 1000 000 —1000 000 315, 875 
126 626 —990 150 987 —175 —982 200 977 —224 —972 249 374 874 
wk 627 —962 297 947 -—345 —930 391 910 -—437 —888 482 373, 873 
128 628 —915 437 882 -—S04 —844 567 802 -—628 —754 685 a72 B42 
m9. 46629 —851 567 794 -—647 —729 720 657 —786 —578 844 a9 Bit 
130 ©6630 —771 685 685 ~771 —588 844 482 -—905 —368 951 370 ~=870 
1st 631 —675 786 557 -870 —426 934 285 -—977  —138 998 369 869 
m2 | G32 —567 870 414 -—943 —249 987 075 —1000 100 982 368 868 
133 «36.633 —448 934 261 -—987 —063 999 -—138 -—972 333. 905 367 867 
134 634 —321 977 100 —1000 125 972 —345 —894 546 dat 366 866 


TABLE 8.5B (continued) 
sin 27hx (h even) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=2 4 6 8 10 h2 14 16 18 20 x 
133° 635 992 -—249 —-—930 482 809 —685 -—637 844 426 —951 365 865 
136 636 990 -—273 —915 525 771 —738 —567 894 321 —982 364 864 
137 = 637 989 -—297 —-—899 567 729. —786 —493 934 212 —998 363 = 863 
138 638 987 -—321 -—882 608 685 -—831 —414 965 100 —998 362 862 
139 639 985 -—345  -864 647 637 -—870 —333 987 -—013 —982 361 861 
140 640 982 -—368  —844 685 588 —905  —249 998 -125 —-951 360 860 
141 641 980 -—391  -—824 720 536 -—934 -—163 999 —237 —905 359 859 
142 642 977 -—414  -—802 754 482 -—959 —075 990 -—345 —844 358 =. 858 
143 643 975 -—437 —778 786 426 —-977 013 972 -—448 —-771 Gy Me 
144 644 972 -—460 —754 816 368 —990 100 943 -—546 —685 356 =. 856 
145 645 969 -—482 —729 844 309 =—998 187 905 -—637 —588 355-855 
146 646 965 -—504 —-—703 870 249 —1000 213 858 —720 —482 354-854 
147. 647 962 -—525  -—675 894 187 —996 356 802 -—794 —368 353. $53 
148 648 959-546  —647 915 125  —987 437 738 —858 —249 352 «6-892 
149 649 955 -—567 —618 934 063 —972 514 666 -910 —125 350 851 
150 =©650 951 -—588  -—588 951 000 —951 588 588 —951 000 350 = 850 
151 651 947 -—608 -—S557 965 -—063 —925 657 504. -—980 125 349 849 
152. 652 943 -—628  —525 977 -—125 —894 720 414 —996 249 348 848 
153: 653 939 -647 —493 987 -—187 —858 778 321 —1000 368 347 = 847 
154 654 934 -666 —460 994 -—249 —-816 831 224 —990 482 346 846 
bop 655 930 -—685 -—426 998 -—309 —-771 876 125 —969 588 345 845 
156 656 925  -—703 -—391 1000 -—368 —720 915 025 —934 685 344 844 
15% _ 657 920 —720 —356 999 -—426 —666 947 -0O75 —888 771 343 843 
158 658 915 -—738  -—321 996 -—482 —-—608 972 -175 —831 844 342 842 
159 659 910 -—754 —285 990 -—536 —546 989 -—273 —762 905 341 841 
160 660 905 -—771  —249 982 -—588 —482 998 -—368 —685 951 340 840 
161 661 899 —786 —212 972 -637 —414 1000 -—460 —598 982 339 §=839 
162 662 894 -—802 -175 959 -—685 —345 994. -—546 —504 998 338 = 838 
163 663 888 -—816 —138 943. —729 —273 980 -—628  -—403 998 337 = 834 
164 664 882 -—831 -—100 925 —771  —200 959 -—703  —297 982 336 =. 836 
165 665 876 —844 —063 905 -809 —125 930 -—771 —187 951 335 «$35 
166 666 870 -—858 —-—025 882 —844 —050 894. -—831 —-—075 905 334 834 
167 667 864 —870 013 858  —876 025 851  —882 038 844 333 $2 
168 668 858 —882 050 831 —905 100 802  —925 150 771 332. 832 
169 669 851 —894 088 802 —930 195 746 —959 261 685 33P 83! 
170 670 844 —905 125 771-951 249 685 —982 368 588 330 = 830 
PAE «671 838 —915 163 738 —969 321 618 —996 47] 482 329 = 829 
fia “Ore 831 —925 200 703 —982 391 546 —1000 567 368 328 828 
173. +673 824 —934 237 666 —992 460 471 —994 657 249 327 SZ 
174 674 816 —943 273 628 —998 S25 391 —977 738 125 326 ©6826 
175: 675 809 —951 309 588 —1000 588 309 —951 809 000 325. 82 
176 676 802 —959 345 546 —998 647 224 —915 870 —125 324 824 
VW OFF 794 —965 380 504. -—992 703 138  -—870 920 —249 323 «Sa 
178 678 786 —972 414 460 —982 754 050 —816 959 —368 322 Bez 
179 679 778 —977 448 414 —969 802 -—038 —754 985 —482 321 682k 


TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=22 24 26 28 30 a2 34 36 38 40 x 

95 869635 —187 998 -—063 -—982 309 905 -—536 —771 729 588 365 865 
136 ©6636 —050 996 -—224 —934 482 802 -—703 —608 870 368 364 864 
7 6637 088 972 -—380 —858 637 666 —838 —414 962 125 363° “863 
138 638 224 925 -—525 —754 hal 504. —934 —200 999 —125 362 862 
Bo 6.6939 356 858  —657  —628 876 321 —989 025 980 —368 361 861 
140 640 482 771 —771 —482 951 125 —998 249 905 —588 360 860 
141 641 598 666 —864 —321 992 -075 —962 460 V8. —TTI 359 = 859 
142 642 703 546 —934 -—150 998 —273 —882 647 608 —905 358 858 
143 643 794 414 —980 025 969 -—460 —762 802 403 —982 357 857 
144 644 870 273 —999 200 905 -—628 -—608 915 175 —998 356 =. 856 
145 645 930 125  —992 368 809 —771 —426 982 -—063 —951 255°. 855 
146 646 972 -—025 —959 525 685 —882 —224 999 —297 —844 354 954 
147 647 995 -175 —899 666 536 -—959 —013 965 —S514 —685 353. 853 
148 648 999 -—321 —816 786 368 —996 200 882 —703 —482 352 ©6852 
149 649 985 -—460 —712 882 187 —994 403 754 —851 —249 30h 85 
150 =—650 951 —588 —588 951 000 —951 588 588 —95] 000 350 =. 850 
Ish 65 899 -—703 —448 990 —187 —-—870 746 391 —997 249 349 849 
K2 6692 831  —802  —297 999 —368 —754 870 175 —987 482 348 848 
13 3 653 746 —882 —138 977 —5S36  —608 955 -—050 —920 685 347 847 
154 654 647 —943 025 925 -—685 —437 996 —273 —802 844 346 846 
165 655 536 —982 187 844 -—809 —249 992 -—482 -—637 951 345 845 
156 656 414 —999 345 738 —905 —0S50O 943 -—666 -—437 998 344 844 
tS? 86G57 285 —994 493 608 —969 150 851 -—816 —212 982 343-843 
158 658 150 —965 628 460 —998 345 720 —925 025 905 342 842 
159 = 659 013 —915 746 297 —992 D2 557 —987 261 771 341 841 
160 660 —125 —844 844 125 —951 685 368 —998 482 588 340 840 
161 661 —261 —754 920 -—050 -—876 816 163 —959 675 368 339 = 839 
162 662 —39] —647 972 -—224 —771 915 -—050 -870 831 125 338 «=. 838 
163 663 —514 —-—525 997 —391 -—637 977 -—261 —738 939 —125 337 6837 
164 664 —628 —391 996 -—546 -—482 1000 -—460 —567 994 —368 336 ©6836 
165 665 —729 —249 969 -—685 -—309 982 -—637 —368 992 —588 239° “835 
166 666 —816  —100 915 —802 —125 925 —786 —150 934 —771 334 834 
167 667 —888 050 838 —894 063 831 —899 075 824 —905 233° 833 
168 668 —943 200 738 —959 249 703. —972 297 666 —982 332 $32 
169 669 —980 345 618 —994 426 546 —1000 504 471 —998 a3 683i 
170 670 —998 482 482 —998 588 368 —982 685 249 —951 330 =. 830 
Wi 6671 —997 608 333 -—972 729 175 —920 831 013 —844 329 829 
bee 672 —977 720 175 —915 844 —025 -—816 934 —224 —685 328 828 
t3 673 —939 816 013 —831 930 —224 —-—675 990 —448 —482 327 S20 
174 +674 —882 894 -—150 —720 982 -—414 —S04 996 —647 —249 326 ©6826 
MiSs 675 —809 951 -—309 —588 1000 —588 —309 951 —809 000 325 825 
N16 483 6 76 —720 987 -—460  —437 982  —738 -—100 858 —925 249 324 824 
Wi 8 6GIT —618 1000 —598 —273 930 —858 ES 720 —989 482 323. 823 
178 678 —504 990 -—720 -—100 844 —943 321 546 —996 685 B22, B22 
179 =679 —380 959 —824 075 729 —990 514 345 —947 844 321 824 
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TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=2 4 6 8 10 | 14 16 18 20 x 
180 680 771 =—982 482 368 —951 844 -125 —685 998 —588 320 = 820 
181 681 762 —987 514 321 —930 882 -—212 —608 999 —685 319. «819 
182 682 754. -—990 546 273 —905 915°) —297 —525 987 —771 318 818 
183 683 746 —994 578 224 -—876 943 -—380 —437 962 —844 317 Sag 
184 684 738 —996 608 175 —844 965 -—460  -—345 925  —905 316 §=6816 
185 685 729 —998 637 125  -—809 982 -—536 —249 876 —951 315 «85S 
186 686 720 —999 666 075-77] 994 -608 —150 816 —982 314 814 
187 687 712 —1000 694 025 —729 999 -675 —050 746 —998 313 «3m 
188 688 703 —1000 720 —025 —685 999 —738 050 666 —998 312 SZ 
189 689 694. —999 746 —075 —-—637 994 —794 150 578 —982 311 811 
190 690 685 —998 771, —125 —588 982 —844 249 482 -—951 310 + 810 
191 691 675 —996 794-175  -—536 965 —888 345 380 —905 309 ~=809 
192 692 666 —994 816 —224 —482 943, —925 437 273 —844 308 808 
193 693 657 —990 838 —273 —426 915 —955 525 163 —771 307. 807 
194 694 647 —987 858 —321 -—368 882 —977 608 050 —685 306 806 
195 695 637 —982 876 —368 —309 844 —992 685 —063 —588 305 805 
196 696 628 —977 894 -—414  —249 802 —999 754 -—175 —482 304 804 
197 697 618 —972 910 -—460 —187 754. —999 816 —285 —368 303 ~=803 
198 698 608 —965 925 -—504 —-125 703 —990 870 —391 —249 302 §=802 
199 699 598 —959 939 -546 —063 647 —975 915 -—493 —125 301-801 
200 700 588 —951 951 —588 000 588 —95] 951 —588 000 300 ~=.800 
201° ‘FOI 578 —943 962 —628 063 525 —920 977 —675 125 299 799 
202: FO2 567 —934 972 —666 125 460 —882 994. —754 249 298 798 
203° 708 557. —925 980 —703 187 391 -—838 1000 —824 368 297 FSI 
204 704 546 —915 987 —738 249 321 —786 996 —882 482 296 796 
205. TOS 536 —905 992°> — TH 309 249 —729 982 —930 588 295 795 
206 706 525 —894 996 —-—802 368 175 —666 959 —965 685 294 794 
207. +707 514. —882 999 —831 426 100 -—598 925  —989 TT 293 99S 
208 708 504 -870 1000 —858 482 025 —525 882 —999 844 292 WIZ 
209 709 493 -858 1000 —882 536 —050 —448 831 —997 905 291 791 
210 710 482 —844 998 —905 588 —125 —368 771 + —982 951 290 790 
3 am | 471 —831 995 —925 637 —200 —285 703 —955 982 289 789 
212. “Fie 460 -—816 990 —943 685 —273 —200 628 —915 998 288 788 
215. 753 448 —802 985 —959 729. —345 —113 546 —864 998 287 FSA 
214 +714 437 —786 977 —972 771 —414 —025 460 —802 982 286 786 
215. FiS 426 —-771 969 —982 809 —482 063 368 —729 951 285 785 
246 - “TRG 414 —754 959 —990 844 —546 150 273 -—647 905 284 784 
P5)  ne  | 403 —738 947 —996 876 —608 237 175  —557 844 283 7&3 
218 718 391 —720 934 —999 905 -—666 321 075 —460 771 282 Faz 
219 9 380 —703 920 —1000 930 —720 403 -025 —356 685 281 781 
220 “720 368 —685 905  -—998 951 —771 482 —125 —249 588 280 780 
jp les 2 | 356 —666 888 —994 969 —816 557 —224 —138 482 279 =F 
222. “T22 345 —647 870 —987 982 —858 628 —321 —-—025 368 278 «6798 
ao. tae 333 —628 851 —977 992 —894 694 —414 088 249 277 “Fe 
224 724 321 —608 831 —965 998 —925 754 —504 200 125 276 “6 


TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


_ Sign as given. Change sign. 
x h=22 24 26 28 30 32 34 36 38 40 x 
180 680 —249 905 —905 249 588 —998 685 125 —844 951 320 820 
181 681 —113 831 —962 414 426 —965 824 -—100 —694 998 319 819 
182 682 025 738 —994 567 249 —894 925  -—321 —504 982 318 818 
183 683 163 628 —999 703 063 —786 985 —525 —285 905 9 ls Al 
184 684 297 504. -—977 816 -—125 —647 999 -—703 —050 TH 316 ©6816 
185 685 426 368 —930 905 -—309 —482 969 —844 187 588 ofS” Bib 
186 686 546 224 —858 965 -—482 —297 894. —943 414 368 314 814 
187 687 657 075 —762 996 -—637 —100 778 —994 618 125 313. (813 
188 688 754 -0O75 —647 996 —-771 100 628 —994 786 —I125 312) -SA2 
189 689 838 —224 —514 965  —876 297 448 —943 910 —368 311° Sl 
190 690 905  -—368 —368 905 —951 482 249 —844 982 —588 310 ~=810 
191 691 955 -—S5S04 —212 816 —992 647 038 —703 999 —771 309 ~=809 
192 692 987 -—628 —050 703 —998 786 —175 —525 959 —905 308 808 
193° 693 1000 —738 113 567 —969 894 -—380 —321 864 —982 307. =—807 
194 694 994 —831 243 414 —905 965 -—567 —100 720 —998 306 =. 806 
19>" 695 969 —905 426 249 —809 998 —729 125 536 —951 305 805 
196 696 925 —959 567 075 —685 990 —858 345 321 —844 304 = 804 
197. 697 864 —990 694 -—100 —536 943 —947 546 088 —685 303 += 803 
198 698 786 —1000 802 —273 —368 858 —994 720 —-150 —482 302 802 
199 699 694. —987 888 —437 —187 738 —995 858 —380 —249 301 ~=—801 
200 700 588 —951 951 —588 000 588 —951 951 —588 000 300 =. 800 
201 701 471 -—894 989 —720 187 414 -—864 996 —762 249 299 799 
202: 702 345 -—816 1000 —831 368 224 —738 990 —894 482 298 798 
2o52 763 242) -—720 985 —-—915 536 025  -—578 934 —975 685 297 197, 
204 704 075  —608 943. -—972 685 —175 —391 831 —1000 844 296 796 
205" 705 —063 —482 876 —998 809 —368 —187 685 —969 951 295. 995 
206 706 —200 —345 786 —994 905  —546 025 504. —882 998 294 794 
207. =707 —333 —-—200 675 —959 969 —703 Zi 297 —746 982 293° 193 
208 708 —460 —-—050 546 —894 998 —-—831 437 075 -—567 905 292 792 
209 709 —578 100 403 —802 992 —925 618 —150 —356 771 291 791 
210 710 —685 249 249 —685 951 —982 771 —368 —125 588 290 790 
Date ait —778 391 088 —546 876 —1000 888 —567 13 368 289 789 
gad Fi2 —858 525 -075 —391 771. —977 965 —738 345 125 288 788 
pis)! 71S —920 647 —237 —224 637 —915 999 -—870 557 —125 287 ST 
214 714 —965 754 -—391 —050 482 —816 987 —959 738 —368 286 786 
Dis “1t5 —992 844 —536 125 309 —685 930 —998 876 —588 285. “78s 
216 = 716 —1000 915 -—666 297 125 —525 831 —987 965 —771 284 784 
ie ANT —989 965 —778 460 -—063 —345 694 -—925 1000 —905 2830) 183 
21s. 718 —959 994 —870 608 —249 —150 525 —816 977 —982 282. 182 
onus 19 —910 999 —939 738 —426 050 333 —666 899 —998 281 781 
220 720 —844 982 —982 844 —588 249 125 —482 Ti 951 280 780 
227) 721 —762 943 —1000 925. —729 437 —088 —273 598 —844 219" T12 
pin ae —666 882 —990 977 —844 608  —297 —050 391 —685 278 178 
ze 125 —557 802 —955 999 —930 754 —493 175 163 —482 2 AN 
224 724 —437 703 —894 990 —982 870 —666 391 -—0O75 —249 216-6 SUI 
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TABLE 8.5B (continued) 
sin 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given.. Change sign. 
x h=2 4 6 8 10 12 14 16 18 20 x 
225 25 309 —588 809 -951 1000 —951 809 —588 309 000 2S WHS 
226 726 297 —567 786 —934 998 —972 858 —666 414 —125 274 774 
22) aad 285 —546 762 —915 992 —987 899 —738 514. —249 213 «Ws 
228 —728 273 —525 738 —894 982 —996 934 —802 608 —368 272 tag 
yao 429 261 —504 712 -—870 969 —1000 962 —858 694 —482 271 
230 730 249 —482 685 —844 951 —998 982 —905 771 + —588 270 170 
23) wi3t 237 —460 657 —816 930 —990 995 —943 838 —685 269 769 
232. Haz 224 —437 628 —786 905 -977 1000 —972 894 —771 268 768 
233 «a8 212 —414 598 —754 876 —959 997 —990 939 —844 267 . Wor 
234 734 200 —391 567 —720 844 —934 987 —999 972 -—905 266 766 
M35 35 187 —368 536 —685 809 —905 969 —998 992 —951 265. eGo 
236 436 175 —345 504. —647 771 —870 943 -—987 1000 --982 264 764 
Ps a 163 —321 471  -—608 729 —831 910 —965 995 —998 263 763 
233° a8 150 —297 437  -—567 685 —786 870 —934 977 —998 262 762 
239 = 739 138 —273 403 -—525 637 —738 824 —894 947 —982 261 761 
240 740 125  —249 368 —482 588 —685 771 —844 905 —95] 260 760 
241 741 113. —224 333 —437 536 —628 712 —786 851 —905 259 759 
242 742 100 —200 297 —391 482 —567 647 —720 786 —844 258 758 
243 743 088 —175 261 —345 426 —504 578 —647 712 —771 251 We 
244 744 075 —150 224 —297 368 —437 504 —567 628 —685 256 ©9756 
245 745 063 —125 187 —249 309 —368 426 —482 536 —588 255 We 
246 746 050 —100 150  —200 249 —297 345 —391 437 -—482 254 754 
247 = 747 038 —075 113. —150 187 —224 261 —297 333 —368 253 WSs 
248 748 025 —050 075 —100 125 —150 176 —200 224 —249 252 tee 
249 749 013. —025 038 —050 063 —075 088 —100 113. —125 251 ‘Wel 
200 “Bd0 000 000 000 000 000 000 000 000 000 000 250 750 
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TABLE 8.5B (continued) 
sin 2xhx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=22 24 26 28 30 32 34 36 38 40 i 
25 1425 —309 588 —809 951 —1000 951 —809 588 —309 000 275? ais 
226 726 —175 460 —703 882 —982 994 —915 754 —525 249 274 774 
95 flame! | —038 321 —578 786 —930 996 —980 882 —712 482 oH fe m8) 
228. 928 100 175 —437 666 —844 959 —1000 965 —858 685 292° age. 
229 729 237 025 —285 525. —729 882 —975 999 —955 844 pA aa | 
230 730 368 —125 —J25 368 —588 771 = —905 982 —998 951 270 «770 
ent 931 493 —273 038 200 —426 628 —794 915 —985 998 269° - 769 
32 732 608 —414 200 025 —249 460 —647 802. —915 982 268 768 
233 733 712 —546 356 —150 —063 273 ~—471 647 —794 905 26) GT 
234 734 802 -—666 504. —321 125 075 —273 460 —628 771 266 766 
Zap. 735 876 —771 637 —482 309-125 —063 249 —426 588 265, 65 
236 7136 934 —858 754 —628 482 —321 150 025 —200 368 264 764 
S| 975 —925 851 —754 637 —504 356 —200 038 125 203, 76> 
238 738 996 —972 925 —858 771 -—666 546 —414 273) —125 262 762 
239 739 999 —996 975 —934 876 —802 712 —608 493 —368 261 761 
240 740 982 —998 998 —982 951 —905 844 —771 685 —588 260 760 
241 741 947 -977 995 —1000 992 —972 939 —894 838 —771 259° 759 
242 742 894. —934 965 —987 998 —999 990 —972 943 —905 258 = =758 
243 743 824  -—870 910 —943 969 —987 997 —1000 995 —982 Zod. ST 
244 744 738 —786 831 —870 905 —934 959 —977 990 —998 256° 9756 
245 745 637 —685 729 —771 809 —844 876 —905 930 —951 255. i755 
246 8746 525. —567 608 —647 685 —720 754 —786 816 —844 254 754 
247 =747 403 —437 471 —5S04 536 —567 598 —628 657 —685 B53) “AioS 
248 748 273.- —297 321 —345 368 —391 414 —437 460 —482 Zon, ide 
249 749 138 —150 163 —175 187 —200 212 —224 237 —249 7 ee fe | 
250 750 000 000 000 000 000 000 000 000 000 000 250 750 


405 


TABLE 8.5C 
cos 2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 i; 9 11 13 15 17 19 x 
000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 ~~ 1000 500 500 
001 999 1000 1000 1000 999 998 998 997 996 994 993 499 501 
002 998 1000 999 998 996 994 990 987 982 977 972 498 502 
003 997 1000 998 996 991 986 979 970 960 949 937 497 503 
004 996 1000 997 992 985 O75 962 947 930 910 888 496 504 
005 995 1000 996 988 976 960 94] 918 89] 861 827 495 505 
006 994 999 994 982 965 943 915 882 844 802 754 494 506 
007 993 999 991 976 953 923 885 841 790 Ts 671 493 507 
008 992 999 989 969 939 899 851 794 729 657 578 492 508 
009 991 998 986 960 923 873 813 742 661 S72 476 491 509 
010 990 998 982 951 905 844 771 685 588 482 368 490 510 
O11 989 998 979 941 885 813 fess) 623 509 386 255 489 511 
O12, 988 997 975 930 864 778 675 557 426 285 138 488 512 
O13; 987 997 970 918 841 742 623 487 339 18) 019 487 513 
014 986 996 965 905 816 703 567 414 249 075  —100 486 514 
O15 985 996 960 891 790 661 509 339 156 -—031 —218 485 515 
016 984 995 955 876 762 618 448 261 063 -—138 —333 484 516 
017 983 994 949 861 133 572 386 181 -—O31 -—243 —443 483 517 
018 982 994 943 844 703 225 32) 100 -—125 —345 —546 482 518 
019 981 993 937 827 671 476 255 019 -218 -—443 —642 481 519 
020 980 992 930 809 637 426 187 -—063 -—309 —536 —729 480 520 
021 979 991 923 790 603 374 119 -—144 -—397 -—623 —805 479 521 
022 978 990 915 771 567 Sun 050 -—224 -—482 -—703 —870 478 522 
023: Diy 990 907 750 531 267 —019 -—303 —562 —775 —923 ATi: 28 
024 976 989 899 729 493 212 —088 -—380 -—637 -—838 —962 476 524 
025 975 988 891 707 454 156 —156 -—454 -—707 -—891 —988 475). S25 
026 974 987 882 685 414 100 -—224 -—525 —-771 -—934 —999 474 526 
027 973 986 873 661 374 044 -—291 -—593 -827 -—967 —997 473, 527 
028 972 985 864 637 333 —013 -356 -657 -—876 -—989 —980 472 528 
029 971 983 854 613 291 -—069 -—420 -716 -—918 -—999 —949 471 529 
030 970 982 844 588 249 —125 -—482 -771 -951 -—998 —905 470 530 
031 969 981 834 562 206 —181 -—541 -—820 -—976 -—986 —848 469 531 
032 968 980 824 536 163 —237 -598 -—864 -—992 -—962 —778 468 532 
033 967 979 813 509 119 -—291 -—652 -—902 —1000 -—927 —698 467 = 533 
034 966 977 802 482 O75 -—345 -—703 -934 -—998 -—882 —608 466 534 
035 965 976 790 454 031 —397 ~750 —960 —988 —827 =—509 465 535 
036 964 975 778 426 -013 -448 -—794 -—980 -969 -762 —-—403 464 536 
037 963 973 767 397 -—057 -498 -834 -—993 -—941 -689 —291 463 537 
038 962 972 754 368 -—100 -—546 -—870 -—999 -—905 —608 —-175 462 538 
039 961 970 742 339 —144 -593 -902 -999 -—861 -—520 —057 461 539 
040 960 969 729 309 -187 -—637 -—930 -—992 -809 —426 063 460 540 
041 959 967 716 279 -—230 -680 -—953 -—979 -—750 —327 181 459 541 
042 958 965 703 249-273 -—720 -—972 -—959 -—685 —224 297 458 542 
043 957 964 689 218 -—315 —758 =-986 —932 —613 —119 409 457 543 
044 956 962 675 187 -—356 -—794 -—995 -899 —536 -—013 514 456 544 


TABLE 8.5C 
cos 2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=21 23 25 625) 29 31 33 35 a 39 x 
000 1000 1000 1000 1000 1000 1000 1000 #1000 +=«=1000 1000 = 1000 500 500 
001 999 991 990 988 986 983 981 979 976 973 970 499 501 
002 998 965 959 951 943 934 925 915 905 894 882 498 502 
003 997 923 907 891 873 854 834 813 790 767 742 497 503 
004 996 864 838 809 778 746 72 675 637 598 55m 496 504 
005 995 790 750 707 661 613 562 509 454 397 339 495 505 
006 994 703 647 588 525 460 391 321 249 | b/s, 100 494 506 
DO7 993 603 531 454 374 291 206 119 031 —O57 —144 493 507 
008 992 493 403 309 242 113 013 —088 -—187  —285  -—380 492 508 
009 991 374 267 156 044 -069 -181 -—291 -—397 -—498 —593 491 509 
010 990 249 125 000 -—125 -—249 -—368 -—482 -—588 -—685 —771 490 510 
Ol 989 119 -—019 -156 —291 -—420 —-—541 -652 -—750 -—834 -—902 489 S11 
012 988 —013 -163 -—309 -—448 -—578 -694 -—794 -876 -—939 —980 488 512 
O13 987 —144 —-303 -454 -593 -716 -—820 -902 -—960 -—993 —999 487 513 
014 986 —273 -—437 -—588 —-—720 —-—831 -—915 -972 -998 -994 —959 486 514 
015 985 —397 -—562 -—707 -—827 -—918 -—976 —1000 -—988 -—941 —861 485 515 
016 984 —514 -675 -—809 -—910 -—975 —1000 -—985 -—930 -—838 —712 484 516 
017 983 —623 —775 —891 -—967 -999 -—986 -—927 -827 —689 —520 483 517 
018 982 —720 -—858 —951 -996 -990 -—934 -—831  -685 -—S04 —297 482 518 
019 981 —805 -—923 -—988 -997 -949 -848 -698 -509 -—291 -—0O57 431. 619 
020 980 —876 —969 —1000 -969 -876 -—729 -—536 -309 —063 187 480 520 
021 979 —932 -—994 -—988 -—913 -—775 -—583 -—351 —094 169 420 479 521 
022 978 —972 -999 -—951 -—831 -647 -—414 -—150 125 391 628 478 522 
O23 ‘O77 —994 -983 -891 -—725 -—498 —230 057 339 593 798 Ald = =23 
024 976 —1000 -947 -—809 -—598  -—333 —038 261 536 762 920 476 524 
O25 D975 —988 -—891 -—707 -—454 —156 156 454 707 891 988 ATS. 525 
026 974 —959 -816 —588 —297 025 345 628 844 972 996 474 526 
027 973 —913 -—725 -454 —132 206 520 Vicls: 941 1000 945 4738 927 
O28 972 —851 -—618  —309 038 380 675 888 992 975 838 472 528 
O29 971 —775 -—498 —-—156 206 541 805 964 996 897 680 471 629 
030 970 —685 —368 000 368 685 905 998 951 771 482 470 530 
031 969 —583  -—230 156 520 805 970 990 861 603 255 469 531 
032 968 —471 —088 309 657 899 999 939 129 403 013 468 532 
033 967 —351 057 454 TIS 964 990 848 562 181 —230 467 533 
034 966 —224 200 588 870 996 943 720 368 —050 —460 466 534 
O35 965 —094 339 707 941 996 861 562 156 —279 -—661 465 535 
036 964 038 47] 809 985 962 746 380 —063 —493 —824 464 536 
037 963 169 593 891 1000 897 603 181 —279 -—680 —937 463 
038 962 297 703 951 987 802 437 —025 -—482 -—831 -—994 462 538 
039 961 420 798 988 945 680 955 =230 -661- —937- —991 461 539 
040 960 536 876 1000 876 536 063 -—426 —809 -—992 -—930 460 540 
041 959 642 937 988 782 374 —132 -—603 -—918 -—994 —-813 459 541 
042 958 37 977 951 666 200 —321 —754 -—982 -943 —647 458 542 
043 = 957 820 998 891 D3 019 —498 -—873 —1000 -—841 —-443 457 543 
044 956 888 997 809 380 —163 -—657 —955 -969 -694 —212 456 544 


TABLE 8.5C (continued) 
cos 2thx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 | 9 4 13 15 17 19 x 
045 955 960 661 156 -—397 -—827 —1000 —861 —454 094 613 455 545 
046 954 959 647 125 -—437 -—858 -999 -816 —368 200 703 454 546 
047 953 957 633 094 -—476 -—885 -—994 -—767 —279 303 782 453 547 
048 952 955 618 063 —514 -910 -—985 -—712 —187 403 851 452 548 
049 951 953 603 031 -—552 -—932 -970 -—652 —094 498 907 451 549 
050 950 951 588 000 -—588 -—951 —951 —588 000 588 951 450 550 
O51 949 949 572 -—031 -—623 -—967 -—927 —520 094 671 98] 449 551 
052 948 947 557 —063 -—657 -—980 -—899 —448 187 746 997 448 552 
053 947 945 541 -094 -—689 -990 -—867 —374 279 813 999 447 553 
054 946 943 325. —125. ~—720 . -996. —831 —297 368 870 987 446 554 
055 945 94] 509 —156 —750 —1000 -—790 —218 454 918 960 445 555 
056 944 939 493 -—187 -—778 —1000 -—746 —138 536 955 920 444 556 
057 943 937 476 -—218 -—805 -—997 -—698 -—057 613 981 867 443 557 
058 942 934 460 -—249 -—831 -—990 —647 025 685 996 802 442 558 
059 941 932 443, —279 -854 —981 —593 107 750 1000 725 441 559 
060 940 930 426 -—309 -—876 —969 —536 187 809 992 637 440 560 
061 939 927 409 -—339 -—897 -—953 —476 267 861 973 541 439 561 
062 938 925 391 —368 -915 —934 —414 345 905 943 437 438 562 
063 937 923 374 —397 -—932 -913 —351 420 94] 902 327 437 563 
064 936 920 356 -—426 -947 -—888 —285 493 969 851 212 436 564 
065 935 918 339 —454 -—960 -861 —218 562 988 790 094 435 565 
066 934 915 321 -—482 -—972 —-—831 —150 628 998 720 —O025 434 566 
067 933 913 303 -—509 -—981 —798 —082 689 1000 642 —144 433 567 
068 932 910 285 -—536 -—989 -—762 —013 746 992 557 —261 432 568 
069 931 907 267 —562 -994 —725 057 798 976 465 —374 431 569 
070 930 905 249 -—588 -—998 —685 125 844 951 368 —482 430 570 
071 929 902 230 -—613 —1000 —642 194 885 918 267 —583 429 571 
O72 928 899 212 -—637 —1000 —598 261 920 876 163 —675 428 572 
O73 927 897 194 -661 -—998 —S552 Be 949 827 057 —758 427 573 
074 926 894 175 —685 -—994 —504 391 O72 771 —050  —831 426 574 
O75 9D 891 156 -—707 -—988 —454 454 988 707 -—156 —89] 425 575 
076 924 888 138 -—729 -—980 —403 514 997 637 —261 —939 424 576 
077 923 885 119 -—750 -970 —351 572 1000 562 -—362 —973 423 577 
O78 922 882 100 -—771 -959 —297 628 996 482 -—460 —994 422° S78 
079 921 879 082 -—790 —945 —243 680 986 397 —552 —1000 421 579 
080 920 876 063 -—809 -—930 —187 729 969 309 -—637 —992 420 580 
081 919 873 044 -—827 -913 —132 775 945 218 -—716 —970 419 581 
082 918 870 025 -—844 -—894 —075 816 915 125 —786 —934 418 582 
083 917 867 006 -—861 -—873 —019 854 879 031 —848 —885 417 583 
084 916 864-013 -876 —851 038 888 838 —063 -—899 —824 416 584 
O85. 1915 861 —031 -—891 —827 094 918 790 -156 -—941 —750 415 585 
086 91 858 -—050 -—905 —802 150 943 738 —249 -—972 —666 414 586 
087 913 854 -—069 -—918 —775 206 964 680 —339 -991 —S572 413 587 
088 912 851 —088 -—930 —746 261 980 618  -—426 —1000 —471 412 588 
089 911 848 -—107 -—941 —716 315 991 552. —509 -997 —362 411 589 


408 


TABLE 8.5C (continued) 
cos 2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign: 
% h=21 8 25 27 29 2 33 3D 37 39 x 
045 955 941 976 707 218 —339 -—790 -—996  -—891 —-—S09 031 455 545 
046 954 977 934 588 050 —504 -—894 -—994 -—771 —-—297 273 454 546 
047 39953 997 873 454 -—119 -652 -—964 -—949 —-613 —069 498 453 547 
048 952 999 794 309 —285 -—778 -—997 -—864 —426 163 694 452 548 
049 951 983 698 156 —443 -879 -—993 -—742 —218 386 848 451 549 
050 950 951 588 000 —588 —951 —951 —588 000 588 951 450 550 
051 949 902 465 —156 —716 —99{] -—873 —409 218 758 998 449 551 
052 948 838 333 —309 -—824 -—999 -—762 —212 426 888 985 448 552 
053 947 758 194 -—454 -907 -—973 -623 —006 613 970 913 447 53 
054 946 666 050 —588 —965 —915 —460 200 771 ~=1000 786 446 554 
O55 945 562 —-094 —707 -—996 -—827 —279 397 891 976 613 445 555 
056 944 448 —237 -—809 -—997 -—712 —088 578 969 899 403 444 556 
057 943 327 —374 —891 -—970 -572 107 733 1000 Ta 169 443-557 
058 942 200 —504 -—951 -915 —414 297 858 982 608 —075 442 558 
059 «(941 069 —623 —988 -—834 —243 476 945 918 409 —315 441 559 
060 940 —063 —729 —1000 —729 —063 637 992 809 187 —536 440 560 
061 939 —194 -—820 -—988 -603 119 195 997 661 —044 —725 439 S6l 
062 938 —321 -—894 -—951 -—460 297 882 959 482 —273 -—870 438 562 
063 937 —443 —949 -—891 —303 465 957 879 279 —487 —964 437 563 
064 936 —557 —985  -—809 —138 618 995 762 063 —675 —1000 436 564 
065 935 —661 —1000 —707 031 750 996 613 —156 -—827 —976 435 565 
066 934 —754 -—994 —588 200 858 959 437 —368 -—934 —894 434 566 
067 933 —834 —967 —454 362 937 885 243 —562 —991 —758 433 567 
068 932 —899 —920 —309 514 985 7718 038 —729 -—995 -—578 432 568 
069 931 —949 —854 —156 652 1000 642 —169 -—861 -—945 —362 43 569 
070 930 —982 —771 000 771 982 482 -—368 —951 -—844 —-—125 430 570 
071 929 —998 —67]1 156 867 932 303 —552 -—996  -—698 119 429° S71 
072 928 —997 —S557 309 939 851 113 -—712 -992 —514 356 428 572 
073 927 —979 —43]1 454 983 742 —082 —841 -—941 —303 Siz 427 573 
074 926 —943 —297 588 1000 608 —273 —934 -—844 —075 754 426 574 
O75 925 —891 —156 707 988 454 -—454 —988 —707 156 891 425 Sid 
076 924 —824 —-—013 809 947 285 -—618 -—999 —536 380 975 424 576 
077 39923 —742 182 891 879 107 -—758 —967 —339 583 1000 423 nT 
O78 922 —647 273 951 786 —075 —870 -—894 —-—125 754 965 422 578 
079 921 —541 409 988 671. —255 —949 —782 094 885 873 420 S79 
080 920 —426 536 1000 536 —426 -—992 —637 309 969 729 420 580 
081 919 —303 652 988 386 —583 —998 —465 509 ~=1000 541 419 581 
082 918 —175 754 951 224 —720° —965 —273 685 977 321 418 582 
083 917 —044 841 891 057 —834 -—897 —069 827 902 082 417 583 
084 916 088 910 809 —113 —920 —794 138 930 778 —163 416 584 
085 915 218 960 707 -—279 -—976 —661 339 988 613. —397 415 585 
086 914 345 990 588 —437 -—999 —504 525 998 414 —608 414 586 
087 913 465 1000 454 —583 —990 —327 689 960 194 —782 413 587 
088 912 578 989 309 —712 -—947 —138 824 876 —038 -—910 412 588 
089 911 680 957 156 —820 —873 057 923 750 —267 —983 411 589 


TABLE 8.5C (continued) 
cos 2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 


x h=1 3 5 7 9 1] 13 15 17 19 x 
090 910 844 -—125 —-951 —685 368 998 482 -—588 -—982 —249 410 590 
091 909 841 —144 —-960 —652 420 1000 409 -—661 -—957) —132 409 591 
092 908 838, —163) .—969, .—618 471 997 333 -—729 -—920 —013 408 592 
093 907 834 -—[81 -976 —583 520 990 255 -—790  —873 107 407 593 
094 906 831 —200 —982 ~546 567 Hi) 175 —844 —816 224 406 594 
095 905 827. -—218 -—988 —S09 613 960 094 -—891 —750 309 405 595 
096 904 824 -—237 -992 —471 657 939 013 -—930 —675 448 404 596 
097 903 820 -—255 -—996 —431 698 913 -—069 -—960 —593 552 403 597 
098 902 816 -—273 -—998 —391 Tok 882 —150 -—982 -—504 647 402 598 
099 «86-901 813. —291 —1000 —351 AID 848 -—230 -996 —409 733 401 599 
100 900 809 -—309 —1000 —-—309 809 809 -—309 —1000  -—309 809 400 600 
101 $99 805 -—327 —1000 —267 84] 767 —386 -996 —206 873 399-601 
102 898 802 —345 -—998 —224 870 720 —460 -—982 -—100 92) 398 602 
103 897 798 —362 —996 —-—181 897 671 —531 -—960 006 964 397 86603 
104 896 7194 —380 —992 —138 920 618 -—598 —930 113 989 396 ©6604 
105 ‘895 790 -—397 -—988 —094 941 562 -661 —891 218 1000 395 605 
106 894 786 —414 —982 —050 959. 504. —720 —844 a2) 996 394 606 
107 "896 782 —431 -—976 —006 973 443, -—775 —790 420 O79 393 607 
108 892 778 —448 —-—969 038 985 380 -—824 -—729 514 947 392 608 
109891 775 —465 —960 082 993 315 -—867 —661 603 902 391 §=608) 
110 890 771 =—482 —951 125 998 249 -—905 —588 685 844 390 = 610 
111 889 767 —498 —941 169 1000 181 -—937 —S09 758 Wise 389 6) 
112 888 762 —514 —930 PAW: 999 113 —962 —426 824 694 388 §=6612 
113-887 758 —531 —918 255 994 044 —981 —339 879 603 387 = 
114 886 754 —546 —-—905 297 987 -025 -994  —249 925 504 386 = 614 
115 ‘$85 750 —562 —891 339 976 —094 -—1000 —156 960 397 385. 615 
116 884 746 —578 —876 380 962 -163 -999 —063 985 285 384 616 
117 °883 742 -—593 —-861 420 945 -—230 —991 031 998 169 383 617 
118 ‘882 738 -—608 —844 460 925)..—297 —97F 125 999 050 382 618 
119 881 733° —623  —827 498 902, —362, —957 218 990 —069 381 619 
120 880 729 —637 —809 536 876 —-426 —930 309 969 —187 380 §=. 620 
121 ‘879 725° —652 —790 S72 848 —487 —897 397 937. —303 379 62 
122 873 720 -—666 —771 608 816 -—546 —858 482 894 —414 378 622 
123 “Baz. 716 -—680 —750 642 782 —603 —813 562 841 —520 377 =6g8 
124 876 712 —694 —729 675 146 —657 —762 637 778 =—618 376 §=©624 
125 ‘875 707. —707 -—707 707 707. -—707 —-707 707 107 =—707 375 G25 
126 874 703. —720 —685 TOT 666 —754 —647 771 628 —786 374 = 626 
127 6873 698 -—733 —661 767 623 —798 —583 827 541 —854 373 §=629 
128 872 694 —746 —-—637 794 578 —838 -—514 876 448 —910 372 ‘62a 
129 *87) 689 -—758 —613 820 531 -—873 —443 918 351 —953 371 ©6628 
130 870 685 —771 —588 844 482 -—905 —368 95) 249 —982 370 = 630 
131 869 680 —782  —562 867 431 . —932) .—291 976 144 —998 369 631 
132 868 675 —794  —536 888 380: . -955). —212 992 038 —999 368 632 
133 867 671 -—805 —-—509 907 327 -—973 -—132 1000 -—069 —986 367 ‘Gas 
134 866 666 -—816 -—482 925 273 —987  —050 998 -175 —959 366 634 


TABLE 8.5C (continued) 
cos2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=21 20 25 D3) 29 31 33 55 37 39 x 
090 8910 Tat 905 000 —905 —771 249 982 588 -—482 —998 410 590 
091 909 848 834 -—156 —964 —642 431 1000 397 —671 —953 409 591 
092 908 910 746 —309 -—995 —493 598 975 187 —824 —851 408 592 
093 907 957 642 —454 -—998  —327 742 907 —031 -—932 —698 407 593 
094 906 987 525 -—588 -—972 —150 858 802 —249 -—990 —504 406 594 
095 905 1000 397 -—707 —918 031 941 661 —454 -—996  —279 405 595 
096 904 995 261 —809 —838 212 989 493 -—637 -—947 —038 404 596 
097 903 973 119 -—891 -—733 386 999 303 —790 —848 206 403 597 
098 902 934 —025 -—951 —-—608 546 972 100 —905  —703 437 402 598 
099 =901 879 -—169 —988 —465 689 907 -—107 —976 —520 642 401 599 
100 900 809 —309 —1000  -—309 809 809  —309 —1000 —309 809 400 600 
101 899 725 —443 —988 —144 902 680 —498 —976 —082 927 399 ~=s- 601 
102 898 628 —S67 —951 025 965 525 -—666 —905 150 990 398 602 
103 897 520 —680 —89l 194 997 351 —805  —790 374 994 397 = 603 
104 896 403 —778 -—809 356 995 163 —910 —637 578 939 396 §=6©.604 
105 895 279 —861 —707 509 960 —031 -—976 —454 750 827 395 605 
106 894 150 —925 —588 647 894 —224 —1000 —249 882 666 394 606 
107 893 019 -—970 —454 767 798 —409 —981 —0O31 967 465 393. GOT 
108 892 —113 -—995  -—309 864 675 —578 —920 187 1000 231 392 ~=6608 
109 891 —243 -999 —156 937 531 —725 —820 397 979 —006 391 609 
110 890 —368 —982 000 982 368 —844 —685 588 905 —249 390 =: 610 
111 889 —487 —945 156 1000 194. —932 -—520 750 782 —476 389 ~—s 611 
112 888 —598 —888 309 989 013. —985 —333 876 618 —675 388 612 
113 887 —698 —813 454 949 —169 —1000 —132 960 420 —834 387) GIS 
114 886 —786 —720 588 882 —345 —977 075 998 200 —943 386 =: 614 
15 885 —86l1 —613 707 790 —SO09 —918 219 988 —031 -—996 385 = 615 
116 884 —920 —493 809 675 —657 —824 471 930 —261 —989 384 616 
117 = 883 —964 —362 891 541 —782 -—698 642 827 -—476 —923 383 GIy 
118 882 —990 —224 951 391 —882 —546 786 685 —666 —802 382 ~=6618 
119 =881 —1000 —082 988 230 —953 —374 897 509 —820 —633 381 619 
120 880 —992 063 1000 063 —992 —187 969 309 —930 —426 380 §=6.6220 
121 879 —967 206 988 —107 —998 006 999 094 -—990 —194 379 621 
122 678 —925 345 951 —273 —972 200 987 -—125 —996 050 378 622 
2s 877 —867 476 891 —431 —9i3 386 932 —339 —949 291 aim “G28 
124 876 —794 598 809 —578 —824 Bai; 838 —536 —851 514 376 =6624 
5 875 —707 707 707 —707 —707 707 707 —707 —707 107 375 = 625 
126 874 —608 802 588 —816  —567 831 546 —844 —525 858 374 626 
Hn «873 —498 879 454 -—902 —409 923 362 —941 —315 957 373. 621 
Is 872 —380 939 309 —962 —237 980 163 —992 —088 999 Siz 6 G28 
129 871 —255 979 156 —994 -—057 1000 -—044 —996 144 981 37 66629 
130 870 —125 998 000 —998 125 982 —249 —951 368 905 370 ~=6. 630 
131 869 006 997 —156 —973 303 927 —443 —86l1 By Le TiS 369 = 631 
132 868 138 975  —309 —920 471 838 -—618 —729 746 598 368 632 
132 867 267 932 —454 —84l 623 716 —767 —562 879 386 367 = 633 
134 866 391 870 —588  —738 754 567 —882 —368 965 150 366 6634 


411 


cos 2mhx 
Sign as given. 

x h=] 3 
135 865 661 —827 
136 864 657 —838 
137 863 652 —848 
138 862 647 + —858 
139 861 642 —867 
140 860 637 —876 
141 859 633 —885 
142 858 628 —894 
143. 857 623 —902 
144 856 618 —910 
145 855 613 —918 
146 854 608 —925 
147 = 853 603 —932 
148 852 598 —939 
149 851 593. —945 
150 =850 588 —951 
151 849 583. —957 
152 848 578 —962 
153 847 572 —967 
154 846 567 —972 
155 845 562 —976 
156 §=844 557 —980 
IS? +843 552 —983 
158 842 546 —987 
159 841 541 —990 
160 840 536 —992 
16P $39 531 —994 
162 838 525 —996 
163 837 520 —998 
164 836 514. —999 
165 835 509 —1000 
166 834 504 —1000 
167 833 498 —1000 
168 832 493 —1000 
16? $31 487 —999 
170 =830 482 —998 
171 829 476 —997 
W72” $28 471 —995 
Dis 827 465 —993 
174 826 460 —990 
Mioy ” =825 454 —988 
176 824 448 —985 
Li? 825 443 —981 
178 822 437 —977 
IID 821 431 —-—973 


TABLE 8.5C (continued) 
(A odd) (x fractional. Decimal points omitted throughout) 


Change sign. 


5) i 9 1] 13 15 i 19 x 
—454 941 218. —996 031 988 —279 —918 365 635 
—426 955 163 —1000 113 969 -—380 —864 364 636 
=397) 967 lOr —999 194 941 -—476 —798 363 637 
—368 OTF 050 —994 one 9S —367) —T120 362 = 638 
—339 986)  —000° 933 Ey! 861° -—632. —633 361 639 
—309 9927 —O0S1 —969 426 809 —729. —3536 360 640 
—279 99> -— WD? 949 498 750 -—798 —431 359 641 
—249 0995 — Iie = 925 567 6857 -=858!  —32) 358 642 
—218 1000 -—230 —897 633 613° -—907) —206 357 = 643 
—187 999|- —285 —864 694 536 —947 —088 356 = 6.44 
—156 996 —339° —827 750 454 -—976 031 355 645 
—125 990 -—391 —786 802 368 —994 150 354 646 
—094 983 —443  —742 848 279 —1000 267 353.647 
—063 975 -—493. —694 888 187) ~—995 380 352 = 648 
—O31 964 —541 —642 923 094 -—979 487 351 649 

000 9S ~ —S8S) = S85 951 000 —951 588 350 = 650 

031 937)) —633. -—331 9739 ~—094 -—913 680 349 651 

063 920 -675 —471 989 -—187 —864 762 348 = 652 

094 902 —716  —409 998 —279 —805 834 347 = 653 

125 882 —754  -—345 1000 -—368 —738 894 346 §=654 

156 861) - —790: —279 996 -454 —661 941 345 655 

187 838 —824 —212 985. —336 —378 O79 344 656 

218 813. —854 —144 967 =6I8. —487 994 343 657 

249 786 —882 —075 943 -—685 -—391 — 1000 342 658 

Pei, 758 —907 —006 913° —750° —291 991 341 659 

309 729. —930 063 876 —809 —187 969 340 660 

339 698 —949 132 834 -—861 —082 932 339 = 661 

368 666° —965 200 786 —905 025 882 338 662 

397 633, 979 267 733. —94) 132 820 337 = 663 

426 598 —989 333 67S. —969 231 746 336 ©6664 

454 562) —996 3978 613) —988 Be) 661 335 665 

482 525; —999 460 546 —998 437 567 334 666 

509 487 —1000 520 476 —1000 531 465 333 667 

536 448 —997 578 403 —992 618 356 332 = 668 

562 409 —99] 633 327 —976 698 243 331 669 

588 368 —982 685 249 —951 771 125 330 670 

613 C4 (ie 733 169 —918 834 006 329 «6m 

637 Zoo, =O59 778 088  —876 888 —113 328 672 

661 243° +—937 820 006 —827 932 —230 327 OS 

685 200. ~—9TS 858 -075 —-771 965 —345 326 ©6674 

707 156s" = 891 891 —156 —-707 988 —454 325 678 

729 113. —864 920 -—237 —637 999! =—557. 324 676 

750 069 —834 945° -—315 - —562 998 —652 323 OM 

TH 025 —802 965 -—391 —482 987 —738 322 678 

790 -—019 —767 981 -—465  —397 964 —813 321 678 


412 


TABLE 8.5C (continued) 
cos2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 


x h=21 23 ae Zt 29 31 33 6) 37 39 x 
135%) 865 509 790 -—707 —613 861 397 —960 -—156 1000 —094 365." G35 
136 864 618 694 -—809 —47] 939 212) —997 063 9305 .—333 364 636 
Ip 46865 716 soe —S9lt-—315 986 O198-—991 279 907 —552 363° GSN, 
138 862 802 460 -951 -150 1000 -175 —943 482 786 —738 362 638 
9) 861 873 327) —988 019 981 -—362 —854 661 623. —879 361 639 
140 860 930 187 —1000 187 9509 —S36a)-— 129 809 426 —969 360 640 
141 859 970 044 + —988 351 848 -—689 —572 918 206 —1000 359 641 
142 858 994" -—100) —951 504 138° .—816). —391 982, —025° —972 358 642 
143 857 1000, —243 —891 642 6030 -—915" 1948. 10008 —255". —885 357 = 643 
144 856 9398 3307 —S809 762 448 —975 013 969 -—471 —746 356 = 644 
145 855 960 —509 —707 861 279 —1000 218 891 -661  -—562 355-645 
146 854 915. —628  —588 934 lon —937 414 iii —S168 345 354 646 
147 = 853 854 —733 —454 981) =082" —937 598 6r32 =—927". +107 353. 647 
148 = =852 THe — 814,309" 10008 —261 851 746 426 —989 138 352 648 
149 851 689) -—897" -=—156 9908-4310 —733 867 218 —997 374 351 649 
150 = 850 S5o0 951 000 Jd1G-~—588) —588 951 OOO® —9351 588 250) 650 
151 849 476 —986 156 885 =725 -420 994, =218 —854 767 349 651 
152 848 356 —1000 309 1942 - 838) —237 9955-426) —712 899 348 = 652 
153.847 230 +993 454 680 —923 —044 9597 .=6139 —531 7e 347 = 653 
154 846 100; —965 588 S460 = 977 150 8/00. —77k) ~321 999 346 = 654 
155845 —031' +918 707 397 =—1000 330 750° +891, —094 960 345 655 
156 844 —A6se —sol 809 Za = 939 514 598). —969 138 864 344 656 
157 = 843 =291 = /67 891 069 —945 671 420 —1000 362 716 343, 657 
158 = 842 —414 —666 9516 —10097-—870 802 Baan 952 567 ay") 342 658 
159 841 =—331 -—552 988 —267 —767 902 019 . —918 742 303 341 659 
160 840 —637 -—426 1000 -—426 -—637 969 +187 —809 876 063 340 660 
16h, 839 = (338 ~291 988 —372 —487 998 —386° —66l 964 —181 339) (O01 
loz 838 SLO 150 951° -—703 —321 990 —567 —482 999 —414 338 662 
FOS, S37 885 —006 891 -—813 —144 945. -—725. —279 981 —623 337 = 663 
164 836 93) 138 809° —899 038 864 —851 -—063 910 —794 336 ©6664 
165 835 —976 279 107 +-—960 218 750 —941 156 190-918 335. 665 
166 834 996 414 588 —994 391 608 —990 368 628 —987 334 666 
L67> 853 —=—999 541 454 —998 Joe 443, —998 562 4516 -—997 333 667 
168 832 —985 657 309. +975 694 201e —962 Jao 21g —947 332 668 
169 831 —953 758 156 —923 813 069 —885 861 —019 —841 331 669 
170 830 905 844 000 —844 905). 1258. — 771 951  —249 —685 330 ©670 
171 829 —841 913 -—156 —742 967 -—315 =623 996 -—465 —487 S295. Ont 
hiz> $28 —762 962 -—309 —618 997 -493 —448 992 -—657 —26l 328: 672 
13, 82] —671 991 -—454 —-—476 994, —652 —255 941 -813 —0O19 327 «= 673 
174 826 —567 1000 -—588 —321 959 —786 —050 844 —925 224 326 ©6674 
ys, S825 —454 988 —707 —156 891 - —891 156 707 —988 454 S25 GIS 
176 824 —333 955 —809 013 794 —962 356 S90 =i) 657 324 676 
Migs S23 —206 902 —891 181 Gli 95 541 2000) Yoo 820 3297) Og, 
WS, S22 —O75 831 -951 345 525) -—994 703 125. +838 934 322 678 
yS S821 057 742 —988 498 S020 You 834 -094 -—716 993 P's Nb 


TABLE 8.5C (continued) 
cos 2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 7 9 11 13 15 17 19 P 
180 820 426 —969 809 —063 —729 992 —536 —309 930 —876 320 680 
181) 819 420 —964 827 -—107 —689 998 -603 —218 885 —927 319 681 
182 818 414 —959 844 -—150 -647 1000 -—666 —125 831 —965 318 682 
183 817 409 —953 861 —194 —603 997 —725 —031 767 —990 317 = 683 
184 816 403 —947 876 —237 —557 989 —778 063 694 —1000 316 684° 
185) 815 397 —941 891 -—279 —509 976 —827 156 613 —996 315 685 
186 814 391 —934 905  -—321  -—460 959 —870 249 5250 994 314 686 
IS? 813 386 —927 918 -—362 —409 937 —907 339 431 —945 3135 G87 
188 812 380 —920 930 -—403  --356 910 —939 426 333 —899 312 688 
189 = 811 374 —913 941 -—443 —303 879 —964 509 230 —841 311 689 
190 810 368 —905 951 —482 —249 844 —982 588 125 —771 310 690 
191 809 362 —897 960 -—520 —194 805 —994 661 019 —689 309 «691 
192 808 356 —888 969 -—557 —138 762 --1000 729 —O088  —598 308 692 
193 807 351 —879 976 -—593 —082 716 —998 790 -—194 —498 307 693 
194 806 345 —870 982 -628 —025 666 —990 844 -—297 —391 306 694 
195 805 339 —861 988  —661 031 613 —976 891 -—397 —279 305 695 
196 804 333 —851 992 —694 088 557. —955 930 -—493 —163 304 696 
197 803 327 —841 996 —725 144 498 —927 960 -—583 —044 303 697 
198 802 321  —83]1 998 —754 200 437 —894 982 -—666 075 302 = 698 
199 801 315 -—820 1000 —782 259 374 —854 996 -—742 194 301 699 
200 800 309 -—809 1000 —809 309 309 -—809 1000 -—809 309 300 700 
201 789 303 -—798 1000 —834 362 243 —758 996 —867 420 299, 701 
202 798 297 —786 998 —858 414 175 —703 982 —915 525 298 702 
203. 797 291 —775 996 —879 465 107 —642 960 —953 623 29h FOR 
204 796 285 —762 992 —899 514 038 —578 930 —980 712 296 704 
203 795 279 —750 988 —918 562 —031 —S509 891 —996 790 295 105 
206 794 273 —738 982 —934 608 -—100 —437 844 —1000 858 294 706 
207 993 267 —725 976 —949 652 -—169 —362 790 —993 913 293. 70z 
208 792 261 —712 969 —962 694 -—237 —285 729 —975 955 292 708 
209 791 255 —698 960 —973 733, —303 —206 661 —945 983 291 709 
210 790 249 —685 951 —982 771 —368 —125 588 —905 998 290 wg 
211 789 243 —671 941 —990 805 —431 —044 509. —854 998 289 fie 
212 788 237 —657 930 —995 838 —493 038 426 —794 985 288 42 
213° 787 230 —642 918 -—998 867 —552 119 339 —725 957 287 64s 
214 786 224 -628 905 —1000 894 —608 200 249 —647 915 286 86714 
215 785 218 —613 891 —1000 918 —661 279 156 —562 861 285 we 
216 784 212 —598 876 —997 939 —712 356 063 —471 794 284 =716 
2i7 | 783 206 —583 861 —993 957 —758 431 -031 —374 716 283. iia 
218 782 200  —S67 844 —987 972 —802 504. -—125 —273 628 282 718 
219 «781 194 —552 827 -—979 983 —84] S12. ~ =248 — — 169) ..53 28k 79 
220 780 187 —536 809 —969 992 —876 637 -—309 —063 426 280 720 
22 ~~ F719 181 —520 790 —957 998 —907 698  —397 044 315 219 «=a 
222 48 175 —504 771 —943 1000 —934 754. —482 150 200 278 722 
223 TIT 169 —487 750 —927 999 —957 805 —562 2a 082 271 »=Gze 
224 776 163 —47]1 729 —910 995 —975 851 —637 356 —038 276 724 


TABLE 8.5C (continued) 
cos 2mhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
» h=2 23 25 25 29 at 33 35 37 39 x 
180 820 187 637 —1000 637 187 —876 930 -—309 —536 992 320 680 
181 819 3a5 520 —988 758 006 —767 986 —S09 —327 932 319 681 
182 818 437 391 —951 858 -—175 —628 999 -—685 -—100 816 318 682 
tes. ST 552 255 —891 932 -—351 —465 970 —827 132 652 317 683 
184 816 657 113. —809 980 -—514 —285 899 —930 356 448 316 684 
[s> 815 750 —031 -—707 1000 —661 —094 790 —988 562 218 315 685 
186 814 831 —-175 —588 990 —786 100 647 —998 737 —025 314 686 
187 813 897 -315 —454 953 —885 291 476 —960 873 —267 313. 687 
188 812 947 -—448  -—309 888 —955 471 285 —876 962 —493 312 688 
189 811 981 -—5S72 —156 798 —993 633 082 —750 999 —689 311 689 
190 810 998 —685 000 685 —998 771 —125 —S588 982 —844 310 690 
191 809 998 —782 156 552 -—970 879 —327 —397 913 —949 309s «691 
192 808 980 —864 309 403 -—910 955 -—514 —187 794 —997 308 692 
193 807 945 —927 454 243 -—820 994 —680 031 633 —986 307 = 693 
194 806 894 —972 588 075 —703 996 —816 249 437 —915 306 694 
195 805 827 —996 707 —094 —562 960 —918 454 218 —790 305 695 
196 804 746 —999 809 —261 —403 888 —980 637 -—013 —618 304 696 
197 803 652 —981 891 -—420 —230 782 —1000 790 —243 —409 303 697 
198 802 546 —943 951 -—567 —0S50 647 —977 905 -—460 —175 302 698 
199 801 431 —885 988 —698 132 487 —913 976 —652 069 301 699 
200 800 309 -—809 1000 —809 309 309 -—809 1000 —809 309 300 700 
20% 799 181 —716 988 —897 476 119 —671 976 —923 531 299 701 
202 798 050 —608 951 —959 628 —075 —S5S04 905 —987 720 298 702 
203 797 —082 —487 891 —993 758 —267 <=315 790 —998 867 297 703 
204 =796 —212 —356 809 —999 864 —448 —113 637 —955 962 296 704 
205 795 —339 —218 707 —976 941 —613 094 454 -—861 1000 295. 705 
206 794 —460 —075 588 —925 987 —754 297 249 —720 977 294 706 
207. = 793 —572 069 454 —848 1000 —867 487 031 —S541 897 293 707 
208 792 —675 212 309 —746 980 —947 657 —187 —333 762 292 708 
209 791 —767 351 156 —623 927 —991 798 —397  -—107 583 291 709 
210 790 —844 482 000 —482 844 —998 905 —588 125 368 290 710 
Zit 789 —907 603 -—156 —327 733 —967 973 —750 351 a2 289 71) 
2i2 788 —955 712 -—309 —163 598 —899 1000 —876 257 =~ 113 288 712 
213. 181 —986 805 —454 006 443 —798 983 —960 733 —351 287 713 
214 = 786 —999 882 —588 175 273 —666 925 —998 870 —567 286 «6714 
21> 785 —996 941 —707 339 094 —509 827 —988 960 —750 285-5 15 
216 784 —975 980 —809 493 -—088 —333 694 —930 999 —888 284 =716 
gag 7183 —937 998 —89] 633 —267 —144 531 —827 983 —973 2335,- aed 
218 782 —882 996 —951 754 —437 050 345 —685 915 —1000 282 718 
219 781 —813 973 —988 854 —593 243 144. —509 798 —967 281 719 
220 780 —729 930 —1000 930 —729 426 —063 —309 637 —876 280 720 
221" 719 —633 867 —988 979 —841 593 —267 —094 443, —733 279 721 
222 178 —525 786 —951 999 —925 737 —460 125 224 —546 Od, Tee 
223 377 —409 689 —891 991 —979 854 —633 339 -—006 —327 IG ae ES: 
224 776 —285 578 —809 955 —1000 939 —778 536 —237 —088 276 8724 


TABLE 8.5C (continued) 
cos 2xhx (hodd) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign. 
x h=1 3 5 T 9 lie 13 15 1y 19 B 
225° =—“T35 156 —454 707 —891 988 —988 891  —707 454 —156 21S" TS 
226 774 150 —437 685 —870 977 . —996 925 —77]1 546 —273 274 726 
22 TS 144 —420 661 —848 964 —1000 953. —827 633 —386 2a | Te 
Zoe 138 —403 637 —824 947 —999 975 —876 712 —493 212, TB 
229) «(TT 132 —386 613 —798 927 —993 990 —918 782 —593 21 Tao 
230° 7 125 —368 588 —771 905 —982 998 —951 844 —685 210; Fa 
231 769 119  -—351 562 —742 879 -—967 1000 —976 897 —767 2609+ Fat 
232 «©=—« 768 113 —333 536 —712 851 —947 995 -—992 939 —838 268 732 
235 = TOT 107. —315 509 —680 820 —923 983 —1000 970 -—897 26% ‘Fae 
234 766 100 —297 482 -—647 786 —894 965 —998 990 —943 266 734 
235 765 094 -—279 454 -613 750 —-—861 941 -—988 1000 —976 20 Tes 
236 764 088 —261 426 —S78 712 -—824 910 —969 997 —995 264 736 
23h 763 082 —243 397 —541 671 —782 873 —941 983 —1000 263 Th 
238 762 075 —224 268 —504 628 —738 831 —905 959 —990 262 738 
239° Fol 069 —206 339 —465 583 —689 782 —861 923 —967 261 739 
240 760 063 —187 309 —426 536 —637 729 —809 876 —930 260 740 
241 759 057 —169 279 —386 487 —583 671 —750 820 —879 259 = 741 
242 758 050 —150 249 —345 437 —525 608  —685 754 —816 258 742 
243 15% 044 —132 218 —303 386 —465 541 —613 680 —742 2a 7S 
244 756 038 —113 187 —261 333 —403 471 —536 598 —657 256 86744 
245 755 031 —094 156 —218 2719 —339 397 —454 509. —562 255 745 
246 754 025 —-—075 125. —175 224 —273 321 —368 414 —460 254 746 
247 ~=—753 019 —O0O57 094 —132 169 —206 243 —279 315 —351 253-747 
248 8752 013 —038 063 —088 113 —138 163 —187 212) —237 252 = 748 
249 751 006 —019 031 —044 057 —069 082 —094 107. —119 251 749 
250 750 000 000 000 000 000 000 000 000 000 000 230" 450 


416 


Sign as given. 


225 
226 


EE 


x 


Shs) 
774 
773 


cos 27hx 


h=21 


—156 
—025 
107 
237 
362 


482 
m5 
694 
782 
858 


918 
962 
990 
1000 
993 


969 
O27 
870 
798 
12 


613 
504 
386 
261 
132 


23 


454 
321 
18] 
038 
=107 


—249 
—386 
—514 
—633 
138 


eer 
=o, 
os 
=O) 
— 1000 


=—2 


Or, 


—661 


TABLE 8.5C (continued) 


aT 


417 


31 


(h odd) (x fractional. Decimal points omitted throughout) 


39 


Change sign. 
ix 
ZI. (25 
274 =726 
23 Yet 
wid 728 
271 Wey 
270° 780 
269 773i 
268 a2 
267 733 
266 734 
265° Wise 
264 736 
263. G37 
262 738 
261 Wied 
260 740 
259 ~ Gis 
258 742 
257 = 743 
256 744 
255 1745 
254 746 
253. 747 
252 = 748 
251 “749 
250 = 750 


TABLE 8.5D 
cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 


x pee. & 6 8 10 12 14 16 18 29 Sign as ne for h=4n 
000 500 1000 1000 1000 1000 1000 1000 1000 1000 1000 41000 250 750 
001 501 1000 1000 999 999 998 997 996 995 994 992 251 751 
002 502 1000 999 997 995 992 989 985 980 975 969 os. GES 
003 503 999 997 994 989 982 975 965 955 943 930 "53 ae 
004 504 999 995 989 980 969 955 939 920 899 876 254 754 
005 505 998 992 982 969 951 930 905 876 844 809 255 755 
006 506 997 989 975 955 930 899 864 824 778 729 256 W56 
007 507 996 985 965 939 905 864 816 762 703 637 257 | G7 
008 508 995 - 080. 055 20- 1876 -‘824 Fe2- eek Sige esas 258 758 
009 509 994 975 943 899 844 778 703 618 525 426 259 759 
010 510 992  060- 030 -@76 800-920 “a7. 86 Izates 260 760 
O11 511 900  062- O15 ‘851 9-675 Sen Gas Gone cay 261 Fel 
Ut 989 - 955 809 824 920--618 493 955 ‘B19 logs 262 762 
013. 513 O87. 047 882. 704 685. -557 Sie Ger  oG—G6s 263  W6e 
014 514 985. 939 ‘S64- G2 637 —<409 333. fied ogi 264 764 
015 515 982. 930 844 720 588 426 249 ‘G63! 195-300 265 765 
Gis S16 980 - 920 S24..-%04 S36 366 6s ase —oe7 = 7, 266 766 
017. 517 077. 910 802 657 480i — 085  iOva- sae eg 967 Ter 
018 518 075. 890 978'- G18 426-01 —0IB- 3, =e ee 268 768 
019 519 O72 - (888 54-578 368-938 -400  —@53 54¢...g70 269 769 
020 520 969. 876 F9-<%36 300.~ 063 —187~—mpe [655 ene 270 770 
021 521 965 (864 FO3. 403 40-018 —g7e- sim Saope oe O71 Wai 
Oo 962 -\85) ‘675-448 HST. ORS -285q- 5s god ag a7). Wee 
Os 950 838 647-408 IS =46s 457 75 ease cogs 273. oa 
024 524 955-1824 ‘6I8--'356 063- 267 Ista ae ieee 274 «774 
025 525 951 809 588 309 000 —309 —588 —809 —951 —1000 275 ae 
(6. 506 947 794 557 , 2961 —063. —380 —657 me SetOsU mee. 216. Fab 
027 527 943 77S 595 —«D = sade a OO ore Ta 
028 528 939 762 «403163. = 187) 514 Syke come 8 ae 
029 529 934 746 460 113 =2404 578" Se3f eco) cnn 2719 779 
030 530 930 729 426 063 =309 —637 —876 692 =960) «= 209 280 780 
031 531 995° 712 30) O13 —368— 664) Os) io eo ee 281 781 
032 532 920 694 356 —038 ~496 —746 947 907) [8297 547 282 782 
033. 3533 915 675 321 088 2483 704 2070) “gs ast eee 283 783 
034 534 910 657 285 138 536. 2838 ono 0g) comer 284 784 
035 535 905 637 240° =187 588 =876° —00g 20300 s=uss sae 285 785 
036 9536 g99 618 212. =237 -637 =—910 —1000) —$88. so) 2aa7 286 786 
037 537 g04. 508 175 285 —685 =930 00d “= SaRlesod" acs 287 787 
038 538 888 «4578138 «383. «729 062 = 680) 7s wet ee 288 788 
039 539 882 557 «100 «380 771 080 050 71> een 289 789 
040 540 876 536 063 426 —809 002) 970 ace ie ed 290 790 
041 541 870 514 025 —471 -844 -999 -894 -—557 -075 426 291 791 
042 542 864 493 =013- ~514 876 —1000 —851 [die aa mesa 292 792 
043. 543 858 471 050 —557 —905 —995 —802 2380 140) 6a? 293 793 
044 544 851 448 —088 2508 —930 —985 746 285) airmen IG 294. 794 


i ea ee 


a 


TABLE 8.5D 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 
b: h=22  24@ ii (ii 3HK—( i 8H—(isi38Ss«4 SHB as Biven for h=4H 
Ce 
000 500 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 250 750 
001 501 990 989 987 985 982 980 977 975 972 969 251 Jai 
002 502 962 955 947 939 930 920 910 899 888 876 252 752 
003 503 Gin 800) ea) RH S84) 802)—sT CTSA 729 253 753 
004 504 oo 308 74 6 — 700'- -694). 657«61B.-«s« STB «(536 254 754 
005 505 Ti 729) GBS) 3 SBR 5861 482-426. 368" = 309 255° 955 
006 506 Gi) i “Som 498) 406) 2356-285). 212 138 ~=—063 256 756 
007 507 sam, 493) «4h 38-249) 103) = «O75 —013' —100' -187 257) 759 
008 508 eee 0m Mies 10s —038" = 138) .— 23) 333: —426 258 758 
009 509 ee Ao 01S 105) 237! - 345) = 448). 546 —637 259 759 
010 510 ere 06) 06) 1k — 309) 406) —536' —637 -—729) —809 260 760 
Oll 511 Gh) Ons) = 224 356 482: 598). — 703) — 794 —870 ~—930 261 761 
Pere) Or) 237 380 —514) 1-637) —746 -—838'. —910 —962' —992 262 762 
mein 224) 380) 525) 657-771-864 -934 —980 —999 —992 263 763 
ee 356) 5 657) 778-876-947 —989' 1000 —980' —930 264 764 
iments) § 480) —os3m —771) —876 —951 —992) 998 -969 —905 —809 265 765 
Ole 516 «598 —746 864 -947 992 -997 -962 -888 —778 —637 266 766 
iinet «= 03) 848) 934) 989° —998' —962  —882) —762° —608) —426 267 767 
018 518  —794 —910 -980 -1000 -969 -888 -—762 -598 -403 —187 268 768 
fieebio) 870" 962 999) 980 —905 —778' —608 -403.—175'- 063 269 769 
pm 20' «= 930 992) 997 —930 -809 -637 -426 -187- 063 309 270 770 
Sori 972) 1000) 959) 851) —685 —471 -—224. 038 297 536 on) 771 
fier) 995) 985 899 746" —536 -285 -013 261 514 729 2) 
Oe 523 —(=—-999 947-816-618 —368 -—088 200 471 703 876 23. Te 
foeeeee Ses) 885) 712) —471 ~-187 113 403°- 657 851 969 274 «774 
een 25 ~—951) —809) —588 -309 000 309 588 809 951 1000 a78" 996 
oe) | 809) 712-448-138 «=— 187 )2S 493). 746) «920s «997 s«#69 276 776 
ieee ee 598) 297" 038368) 657 870s«*98S'«O8T 876 02 aH 
ee ioe 4 188 2536: «O920s—s 729 p73) -aas 
epee | 64-333) «025380 685899) «996.-—«9H2’-s«-802—s—«536 279 779 
Goon) 600) ««=—-5968 —18t «187 536 809 969'—«992's 876 «637~—-309 280 780 
pote 53m —4148 038 345 675 905 999 943 746 437 063 281 781 
Creer Ste «a 493's 794 969s«989 Ss 8ST 578212 - 187 282° “782 
pene isd) 261 «8628 «888. «998939 720-380’ 025 426 283 783 
foes Oh 403) 746 «(2955°=Ci‘Ds SSS. «163-261-637 284 784 
035) 535 125 536 844 992 951 729 368 -063 -482 -809 285 785 
036 536 7 Ge (920. 999 876 S578 163 -285 -675 —930 286 786 
037 537 500 ome ):C97SSCTTA. «S403 «050° —493' —831. —992 287 787 
038 538 Sie 5 99E- «920=—«iaT 2D, 261 —675' —939 -992 288 7188 
039 539 628 920 996 838 482 013 460 -824 -994 -930 289 789 
040 540 729 969 969 729 309 -187 -637° -930 -992 —809 290 790 
041 541 Siem 995m 915 598° 125 —380 —786 -989 —934 —637 291 791 
042 542 888 999 838 448 -063 -557 -899 997 -824 -426 292 792 
043 543 cy (G80) 738? 285 —249 -712 -972 -—955 -666 ~187 293 793 
044 544 980 939 618 113 -426 838 —1000 -864 —471 063 294 794 


419 


TABLE 8.5D (continued) 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 
x hang 4 6 8 10 12 14 16 18 29 Sign as Eeg for h=4n- 
045 545 $44: 4263) —1259. 637)! —95I9) —9690| —6R5)i =1RTI Bam sp aee 295 795 
046 546 838 403 —163° —675 —960? —94@ -—GIR? —ORe' 49m ean 296 796 
047 547 831 380: —200' —712 =—987 —90 540 fie) | seu aoe 297 797 
048 548 894 «6 «356s 237° 7d 00% 888) 4mm 9 4ies ea ens 298 798 
049 549 816 333 ‘273; 778) —998) —RSE 208 210° gem ome 299 799 . 
050 550 809 309 —309 —809 —1000 -—809 —309 309 809 1000 300 800 
051 551 802, 285 -345 —838 998 —762 —224 403 890 998 301 801 
052 552 104 261. —380). Bea) 900 7a ae aos. “Sepoenene 302 802 
053 553 186 237% ~—4i4 ~—888 -—982)- 65%) 050 Sie Oeo) face 303 803 
054 554 718. 212. —448 --910, 969.508 - 038)- 65m Oem) eas 304 804 
055 555 Ti 187) =482)- 980 98m 585 . Joe = apie som ee 305 805 
056 556 162) 163'- —514——947 930 —47b- 217- Fox 90m 09 306 806 
057 557 754. 138). —546)—962) 905.403) 2967- $6 Ga7 “eae 307 807 : 
058 558 146) 13> ~578-— O75. 87g = 303 Geom “600 opm ae 308 808 
059 559 738 - 088 —608 —985—844 —261) 460- 939 995 496 309 809 : 
060 560 729. 063) .—637 -=992). —g09 —187. S536. Gao S76. 300 310 810 ; 
061 561 720; 038; —666- 99%. —771! —T1B- “Cone 00h e abe cee 311 811 
062 562 WH» 013). —694 —10001. —729?. 038 675 990. “Gaede 312 812 | 
O63. 668 703 -—013,-. 720 =1000'- —685- O36 Jeu — See nee e ies 313-813 
064 564 694, ~038  =746... -997)- -63%~ [13 TO Gee. Somes 314814 
065 565 685. —063 —771 =992 —588 187 844 969 432° —309 315 815 
066 566 675 ~O88 794 -985 -—536~ 261)- 888 -O90'. 90 abe 316 Re 
067 567 666 —l13 —816 —975) —482- 393 995. om 99e 3526 317 Si 
068 568 657 ~1388 =838 -962 —40G@- 403. 959. 85H deg eas 318 818 
069 569 647 -163 —858 -—947 -368 471 977 794 050 —729 319 819 
070 570 637)! —187 =—876 930 —309 536 907 goo . “age Sane 320 820 , 
071 571 628’ —212 -—894 -—910 -—249 508 909. 65% 495. oo7e 321 80l 
Oe, S92 618 =237' —910° =888 —18% 657 99m S76. ons 929 309 Ra 4 
Ore, S94 608 -261 =925 =864 -125 792 990 404. 2300 cece 323 823 
074 574 598 285, —939) —898' —O69. 76m 97S ans Sage ees 324 824 
075 575 588 —309 —951 -—809 000 809 951 309 —588 —1000 325 825 
076 576 578 —333 —962 -778 063 857) 990 212 675) 098 326 826 
077 577 567, -356 —972 =74@ 128 888 889 403 W754 cece 327 gag 
078 578 557, —380) —-980 -—712 18? 9290 898 012 894 —9a0 328 828 
079 579 546 -—403 -—987 -—675 249 947 786 —O88 -—882 -—876 329 829 
080 580 536). —426 —992). —637 309 969 920) cae oan “lene 330 830 
O81 581 525 —448. 996 -—508 368 985 1666 285 965 [20 331 a0 
082 582 514 —471 —999 —557 426 905 508 —380 Gag —6a7 332 ‘sae 
083 583 504° —493'.—-1000 —SId4 482 1000 42s 47h 900 3596 333 833 
084 584 493°. —514 -1000 -—47 536 999 448 557 907 46 334 834 
085 585 482 —536 —998 426 - 588 992 368 -637 -—982 —300 335 838 
086 586 47) —557 +999 -—380. 687 - 980 988 ete ose aie 336 836 
087 587 460. . 578 - —990'-".333>. 685. 962-200 978 one ae: 337 837 
088 588 448 —598 =985--—285. 729- 939 493 —838 —see ea 338 838 
089 589 437-618 <977 . 239) 97 0 088 Sage eee ee 339 839 
420 


TABLE 8.5D (continued) 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n +2 
x Poet oe ee GC BECKS sg SBD. @S Biven for h=An 
eee eae eee, 
045 545 Pon a6) a2 2063, 588 990 <982. =729. 249 309 295 795 
046 546 me aot 3s 237-929 2085-920 557 013 536 296 796 
047 547 a ned 03 844 1000 816-356 - 9224 729 297 797 
048 548 ie Bie 01S 457-000-975 675 -=198 448 876 298 798 
049 549 882 448 -150 -694 -982 -910 —504 088 647 969 299 799 
050 550 809 309 -—309 -809 —1000 -—809 -309 309 809 1000 300 800 
O51 551 oO Me} = =460 899. 982 675 =100 Sid 925 969 301 801 
052 552 @is (08 598 962 030 =514 118 694. 989 876 302 802 
053 553 ee 0s 095. 2844. 333 321838 2996-729 303 803 
054 554 po es) ee 997 09 98 S14 930. 947. «536 304 804 
055 555 249 -426 -905 -969 -S88 063 685 992 844 309 305 805 
056 556 We esp 962 OD - 426 «261 «824 «995. 694 «= (063 306 806 
Wes SC= 09S 675 «994 824-249 «44s 925847 504 187 307 807 
ene ics) ge 959 712 063 61S «985 «= 851285. 426 308 808 
ey kee 0-578 12S 762999. = 712-050. -637 309 809 
ieee)» 496 950 930 126309876 «969 |S 536-187 —209 310 810 
Oa el |G 075 «RSE 261 «= 482 «SS = 894 «= 333 414-930 311 811 
eee cs 997 762) 088) 637-995 G78 113. —618 -992 a12 “Rib 
Reet ot 907 47.088 TE S995) 628 «113 - —786  —992 a3 S8ib 
Wee 53s, 875 5h EP 8876. 955 448 «333-910-930 314 814 
eoises | 005 «930 2268 «426. «951-876 «= «249 «536-982 809 315 815 
eG 855 G4 2120578 — 992 762 038-712 —999  —637 316 816 
eee 7s 050 «7998 GIS 175 851 =959  =426 om ir 
foes 1000-675 «Sigs =380 947 — 864-187 318 818 
069 569 994 -557 273 910 905 261 —567 -995 -720 063 319 819 
070 570 -969 -426 426 969 809 063 —729 ~992 536 309 320 820 
Mem («925 885 S67 9T~——«s 685-138 «858 4-939 -321 536 321 821 
fee 9 heA 1S 694995 536. 333-947-838 -088 729 Bop fee2 
foes “We O13 $02 962 368 —514 ~—994 -694 150 876 pos” #23 
074 574 694 163 888 899 187 -675 -995 -514 380 969 324 824 
075 575  —588 309 951 809 000 809 -—951 -309 588 1000 825 1825 
eet «470 448« 989 «694. 187-910 -864 —088 762 969 326 826 
ee 345 7s «1000 ««557- —368 -975 -—738 138. 894 876 S07 R27 
mee) Si Ye94 9985 403. —536 -1000 —578 356 975 729 g08 1828 
myo) 0 94 «2943 «237-685-985 301 557 1000 536 829 
080 580 Geen sie Bre! W063! -809!.—930 =187' 729 969 — 309 330 830 
081 581 200 939 786 —113 —905 -838 025 864 882 063 331831 
082 582 Bo esd «675 2785-969 712 «3k 955 746-187 332 832 
083 583 460 999 546 —448 -—998 -557 437 997 567 —426 333 #33 
084 584 S7e 995-403-598 -992 =380 618 989 356 637 334 834 
085 585 eee 7 og 187 ~ TT 930 125 —-809 335 1935 
086 586 7718 920 088 -838 -876 013 888 824 -113 -930 336 836 
087 587 a er 075 <920 =77)- 212 965 675 =345- —992 $37 837 
088 588 Ge er asp 975 637 403-999 493-557 —-992 338 838 
089 589 see, «009 482 578 “987 285 738 —930 339 839 


TABLE 8.5D (continued) 
cos27hx (heven) (x fractional. Decimal points omitted throughout) 


a ee a a a 


Sign as given. 


Change sign for h=4n+2 


qi 


‘ pe 6 8 10 12 14 16 18 20 Sign as “— for h=4n: 
ae eT Oe eee 
090 590 426 -637 —969 -187 809 876 —063 —930 —729 309 340 840 
091 591 414 —657~ —959.- ~138. B44 938. ps0. Loge asp ease 341 841 
092 592 403 —675 -947. —O88 876) 794-.23%. G85 sam S36 342 842 
093 593 391 —694 -—934. -038- -905- 746 =32). —90% —4em aa 343 843 
094 594 380 —712 =920 013- 930. 694 —403-—10@00— tae gee 344 844 
095 595 368 —729 -905 069. 95) 680!) 480 —99a. 949 wee 345 845 
096 596 356 —746 —888 119. 969 4578 —557 975 —JG8 eas 346 846 
097 597 345 —762 -870 163 982 514 —@28~ 947 —G25 930 347-847 
098 598 333 —778 -85i 212 992 449 —69@. =o1g., Ose oo 348 848 
099 599 321 —794 -831 261 998 380 —754 —s64. 200. 999 349 849 
100 600 309 —809 -—809 309 1000 309 -—809 —809 309 1000 350 850 
101 601 297 —824 -786 356 998 23% —859.—me@) apan oe 351, 83% 
102 602 285. —838 —762 403 999 {6% —$99. eng. Spe. oa9 352 852 
108 603 273-851 —738 448 982 088 —934 —598 608 930 353 853 
104 604 261. —864 =1i2 493 969 019 —96%-— Sta Go cae 354 854 
105 605 249. 816. —685 536 95% -063° —982 —49@ aa. one 355 855 
106 606 237. —888 -—657- 578 930 ~[38 —995 =39m. s36. 99 356 856 
107 607 224 -899 -628 618 905 -—212 —-1000 —237 894 637 357-857 
108 608 212. —910. ~598.. 657 876 —285 99m —13g) o90% 536 358 858 
109 609 200 -—920 —567 694 844 —356 —987 —038 972 426 359 859 
110 610 187). —930> —536 -729 809) —426 —960) Gye. 90m 300 360 860 
ih, 611 175 ~939 504 762 77#E —493 -—943 Tess. 1000) pee 361s 86H 
We eA 163. ~947. -49- 794 729 —557 91  DeIe. 9051. oes 362) 862 
its: 2688 150). —955:. 437 824. 685, —61g) —890h “Z5q) Game come 363 863 
114 614 138 —962. —403- $51 63% —G7S —8e4t 44g) Gaga. 1ea 364 864 
1S) GS 125 —969  —368 876 588 —729 —7qMe 936 ogee ape 365 865 
16 66 113, —975)- —333,. 899) 536: —778 —7IR 61S) 851%. 406 366 kee 
We 67 100; —980' —297. 920». 489) 994) —64gh 60am Jee8. 530 367 867 
118 618 O88: —985 —26% 930°. 426.-~—864) —s7e5 geome Tae ee 368 868 
119 619 075 -—989 —224 955 368 —899 —S04 824 628 —729 369 869 
120 620 063 -992 -187 969 309 —930 —426 876 536 —g09 370 870 
121. 21 050 -995 -150 980 249 -—955 -—345 920 437 —876 37, 8a 
122) 620 038° —997 —113 .980.. 18% —O95e —260h O55m geuk oan 372) 3m 
123: 623 025° —999 —075 995 [954980 —1758 gun  2o4e ana 373 892 
124 624 013; ~1000" —038 999. 063%. —997 088 905 1925 oop 374 874 
125 625 000 —1000 000 i000 000 —1000 0CO 1000 000 —1000 375 875 
126 626, —013—1000); 038 999 —063) —99m%. Osse cost ance L002 376 896 
127 627 =O025) 999 O75) 995" —195,.—oggm [osm (osan ogee coce 397) Sa 
128 628)  -038) -—997) 113) 9892 —187%- 9750. eum Gash —aeqm ace 378 878 
129 629 —050 —995 150) 980. —249) 955) 345) 9908 gq) —oqe 379 879 
130 630 -063 -992 187 969 -—309 -—930 426 876 —536 —809 380 880 
131. 631 -O75 989 224 955° —368 —R90m SO4% 904 —gogn 996 381 881 
132 632 —O88 -985 261 939 —426 —864 578 762. —712 —6a7 382 882 
133, 633. -100% —9805. 297° 920° —4908 824m. G47 aad meee. ae 383 883 
134, 634 —113 —975% 333) 809% —S96) 778m Ghee. Glee eeen 384 884 


TABLE 8.5D (continued) 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 
x 1202 . 9A 26 28 30 32 34 36 38 4g Sign as oe for h=4n 
i 
090 590 Pape eso -446) 09) 300 729 930 063 ~876 —s09 340 840 
091 591 We 0s 2666 965 2105-85) 3 831 «==163 -965 —637 341 841 
092 592 Core eor -a7s —868 G63 939-694 —330 -—1000° —426 342 842 
093 593 Pio 3870 794 «249-089-505 578 977-187 343 843 
094 594 O10) Css 029 675 426 999 333 =746 -—899 063 344 844 
095 595 Ririeicm 08> «3596 «= 588 «969 «5-876 «2-771 ~— 309 345 845 
096 596 fia 1 -365-—1000  =380 729- 899 -=08% —962 598 536 346 846 
097 597 Soo SATE 900- 912 844- “704 997 -999 ~—301 729 347 847 
098 598 ee 55 20281 -030=> .657— 403 3085 -—163- 876 348 848 
099 599 ao? =a 2804 138 982 - 493 =666 -—920 075 969 349 849 
100 600 309 -809 -809 309 1000 309 —809 —s809 309 1000 350 850 
101 601 Poe aes 703 «47 CORDS 915 657 0 525-S«969 351 851 
102 602 (oo 3s «(GTS 930 =088'- =980 -—471 712 876 352 852 
103 603 Pe 085437 «7746S 844 S2085-— 1000-261 858 729 353. 853 
104 604 Sn 1000 = 265 - 85) 729 —471 —975 —038 955 536 354 854 
105 605 Psat 60) -—105- 930 (588 637! —905 187 998 309 355 855 
106 606 =453) —962- 038 - 980 426 —778- =794 . 403 985 063 356 856 
107. 607 —608 -—910 200 1000 249 —888 -—647 598 915 —187 S57 CaS 
108 608 ai? 08) 1356-989 «6063 «2962 - 471 762794 — 426 358 858 
109 609 ooe 746 504 947 =195 907 =273 888 628 —637 359 859 
110 610 $76 —=637. (637 876 =309 —992--—063 969 426 —809 360 860 
111 611 Be sh 54 0778 482 —947'- 150 1000 200 - —930 361 861 
He 612 2g 480s SS 657. «637 4-864 - 9356’ 980’ —038 —992 362 862 
113 613 Sour (O05 0514. =77h =746 <546'- 910° =273 —992 363 863 
114 614 ooo ee) «6975 «356 876 «= 508) «712 - 79k —493  —930 364 864 
115 615 Oe 6s 09S) 87 =O51 =496- §844- 637 =685 —809 365 865 
116 616 Bog eo) 3995. 03! -=992 237 939 448 —838  —637 366 866 
iq 617 Sy 56 «3965 2163 -=998' —038 990 237 943-426 367 867 
118 618 Se io 8O10 333 -—969 163 997- 013° —995°- -187 368 868 
119 619 ya ncis’ . Sol - =493. =905 356 959 -=212' —990- 063 369 869 
120 620 Senet? 8709) 637 - 2809" 536 «876 =426' -930- 309 370 870 
122 621 B55 604 6608 =762-—685 694 +754 618) -—816 536 BA eal 
122° 622 a encog! tah 964 536) 824 508-778 -657 729 a7) 872 
$28 <623 Pe aos) G2 930. =368' 920 414- =—899' —460 (876 373-873 
124 624 ieee eed) ios. 985) =187 980. 212 =975 =237 969 374 874 
125 625 000 1000 000 —1000 000 1000 000 1000 000 1000 375 875 
126 626 ieee eos) 2165) =985- 187  <980. =212: --975! 237 969 376 876 
127. 627 Wis 6965) 2321) —939'- 368° 920 —414 —899' 460 876 VM Wel 
128 628 Hpac) ATL «= 8640 536) 6824 -=598 - —778 657 729 378 878 
129 629 Rae G08 —162)- 685 1694) 754 —618 «816 536 379 879 
130 630 aeadeo. «729. =637 809 +536’ =876'- =426 930 309 380 880 
131 -631 oe ahi 8a «493 905 356 =—959' =—212' 990 063 381 881 
132 4632 G- a407 39010 —333'. 969 163 -—997. 013° 995 —187 50 882 
133 633 S04)- 356 —965 —163- 998 -—038 -—990 237 943 —426 383 883 
134 634 fie s9m) 995 013 992 —237 -—939'- 448 838 —637 384 884 


TABLE 8.5D (continued) 


cos 2nhx (Aheven) (x fractional. Decimal points omitted throughout) § 
Sign as given. Change sign for h=4n+2 | 
x iA 6 s 20 2 4 We c8 geoRtt ee 
135 3635 —125 —969 368 876 —588 —729 ATM 536 -—905 —309 385 885 
136 “636 —138  —962 403 851 -—637  —675 824 448 -—947 —187 386 886 
137 463% —150  —955 437 824 -—685 —618 870 356 -—977 —063 387 = 887 
138 ©6638 —163 —947 471 794. —729 —S557 910 261 —995 063 388 888 
139 639 —175 —939 504 762 —771 —493 943 163 —1000 187 389 889 
140 640 —187 —930 536 729 -—809 —426 969 063 —992 309 390 = 890 
141 641 —200 —920 567 694 -—844 —356 987 -—038 —972 426 391 = 891 
142 642 —212 —910 598 657 -—876 —285 997 —138 —939 536 392 892 
143 643 —224 —899 628 618 -—905 —212 1000 —237 —894 637 393 = 893 
144 644 —237 —888 657 578 -—930  —138 995 -—333 —838 729 394 894 
145 645 —249 -—876 685 536 —951 —063 982 —426 —771 809 395. 3895 
146 646 —261 —864 712, 493 —969 013 962 —514 —694 876 396 =. 896 
147 647 —273 —851 737 448 —982 088 934 -—598 —608 930 397 897 } 
148 = 648 —285 —838 762 403 —992 163 899 —675 —S14 969 398 = 898 . 
149 649 —297 —824 786 356 —998 237, 858 —746 —414 992 399 899 
150 = 650 —309 —809 809 309 —1000 309 809 -—809 -—309 1000 400 900 
[S51 “6d —321 —794 831] 261 —998 380 754 —864 —200 992 401 901 
Ip2  f652 —333 —778 851 212 —992 448 694 -—910 —088 969 402 902 
[53° E6Ss —345 —762 870 163 —982 514 628 —947 025 930 403 903 
154 654 —356 —746 888 113 —969 578 557. —975 138 876 404 904 
los: M655 —368 —729 905 063 —951 637 482 -—992 249 809 40S 905 
156 £656 —380 —712 920 013 —930 694 403 —1000 356 729 406 906 
LS G57 —391 —694 934 —038 -—905 746 321 —997 460 637 407 907 
188 658 —403 —675 947 -—O088 —876 794 237 —985 S57 536 408 908 
159 659 —414 —657 959 —138 —844 838 150 —962 647 426 409 909 
160 660 —426 —637 969 —187 —809 876 063 —930 729 309 410 910 
lol 661 —437 -618 977 —237 —771 910 -—025 -—888 802 187 411 911 
162 662 —448 —598 985 —285 —729 939 -—113 —838 864 063 412 9 
163 663 —460 —578 990 —333 -—685 962 —200 —778 915 —063 413 913 
164 664 —47] —557 995 -—380 —637 980 -—285 —712 95>) Leh 414 914 
l65 665 —482 —536 998 -—426 —588 992 -—368 —637 982 —309 415 915 
166 666 —493 -—514 1000 —471 —536 999 -—448 —557 997 —426 416 916 
167 667 —304 —493. 1000 -—SIl4 —482 1000 —525 —471 999 —536 417 917 
168 = 668 —514 —47] 999 -—557 —426 995 -—598 —380 989 —637 418 918 
169 669 —525 —448 996 -—598 —368 985 -—666 —285 965 —729 419 919 
[70 670 —536 —426 992 -637 —309 969 -—729 —187 930 —809 420 920 
171 = 671 —546  —403 987 --675 —249 947 -—786 —0O88 882 —876 421 92% 
[72  a692 —557 —380 980 —712 —187 920 —838 013 824 —930 422 922 
7a t678 —567  —356 972 —746 —125 888 —882 113 754 —969 423 923 
174 674 —578 —333 962 -—778 —063 851 —920 212 675 —992 424 924 
Ws 695 —588 —309 951 -—809 000 809 —951 309 588 —1000 425 925 
176 676 —598 —285 939 —838 063 762 —975 403 493 —992 426 926 
lege. “Git —608 —261 925 —864 125 712 —990 493 391 —969 427 927 
178 678 —618 —237 910 —888 187 657 —999 578 285 —930 428 
179 679 —628 —212 894. —910 249 598 —999 657 175 —876 429 929 


424 


TABLE 8.5D (continued) 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 
x ee ees 2 G3) * 4g Sen aS BNeD TOR bean 
135 635 982 063 —998 187 951 -—426 -844 637 685 —809 385 885 
136 636 Goo 088) 975! 356) «876 ~—598' -712 794 493 . 930 386 886 
137 637 Soe 2am 9958 S14 TT 746) —546» 910) +273 —-992 387 887 
138 638 Gite —ce0n 851m G57e. 637 864) —356' 980. 038 —992 388 888 
139 639 Se Ie TS4e TBE «4820 -947 -150: 1000 200 -930 389 889 
140 640 876 —637 -—637 876 309 —992 063 969 —426 -809 390 890 
141 641 meee 50 947P 105) 99%) -273r 888) —628. —637 391 89] 
142 642 Tipbe—883y5 356) 989! 063° -962 471 762 «~—— 794 —426 392 892 
143 643 pee oN 200" 1000). 240-888 6470) 598. 915 —187 393 893 
144 644 Aeh 9508 088) 98D) =426' 778 794 403, 985. 063 394 894 
145 645 368) 992) 125) 930) —588) —637) 905 187, -998 309 395 895 
146 646 Se = 1000N) 2858 «-851h-— 729 47 975-038: -955. 536 396 896 
147 647 100 -985 437 746 -844 -285 1000 -261 -858 729 397 897 
Oe ee 038) —947 «578 «618 ~ 930-088 980 —471 -712 876 398 898 
eee ie) 858) 0s? 982: 113 915 657-525 969 399 899 
150 650  —309 809 809 309 —1000 309 309 -809 -309 1000 400 900 
ioe coh «4377 —712)- 894 138) -982 493 666 -920 -075 969 401 901 
eee” 57 598) 955-038) 930. 657 493 -985 163 876 402 902 
6m) 47 (990 212) 844794 297-999 391729 403 903 
154 654 —762 333 1000 —380 -729 899 088 -962 598 $36 404 904 
ie 655 «844 187 © 982 536-588 969-125-876 771 309 405 905 
156 656 910 —038 939 -675 -—426 999 -333 -746 899 063 406 906 
ie Gh 8 -959' 113° 870 —794 -249 989 -525 -578 977 -187 407 907 
158 658  —989 261 778 -888 -—063 939 -694 -380 1000 -426 408 908 
159 659 1000 403 666 -955 125 851 -83i -163 965 -637 409 909 
160 660 -992 536 536 -992 309 729 -930 063 876 -809 410 910 
161 661 —965 657 391 -999 482 578 —987 285 738 -930 41 911 
fee) 9 «= oP 237 975 37S 403-999 493) 557-992 412 912 
eee he 85h 075-920 771 212-965 675. 345. 992 413 913 
164 664 -778 920 -088 -838 876 O13 888 824 113 -930 414 914 
ie Ges (= 685 (Gs «249 «729 «951-187-771 930-125-809 415 915 
166 666 —578 995 -403 -598 992 -380 -618 989 -356 —637 416 916 
167 667 460 999 546 -448 998 -557 -437 997 -567 —426 417917 
eee see ea G75 «285 969-712. 237-955-746 — 187 418 918 
169 669  —200 939 —786 -113 905 -838 -—025 864 -882 063 419 919 
170 670 -063 876 -876 063 809 -930 187 729 —969 309 420 920 
171 671 Pee 940. 237 «SRS 985 391-557-1000 536 421 921 
172) 672 Pieced 985-403 536-1000 578. 356 --975 729 422 922 
173 673 Te si 1000-557 368-975 737 «188 «894 = 876 423 923 
174 674 471 448 —989 694 187 -910 864 -O88 -762 969 424 924 
he 6 588 309 —951 809 000 809 951 309 —S88 1000 425 925 
176 676 bite io See «899 187-675 «995-514 380 = 969 426 926 
177 677 qe 013) —802 962 368 —514 994 -694 -150 876 427 927 
178 678 $64 138 -—694 995 -536 -333 947 838 088 729 428 928 
179 679 B95) 285 567 997 -—685 -138 858 -939 321 536 429 929 


Sign as given. 


180 680 
181 681 
182 682 
183 683 
184. 684 
185 685 
186 686 
187 687 
188 688 
189 689 
190 690 
iT. “Go 
192 692 
193 693 
194 694 
t9> 09> 
196 696 
197 ‘697 
198 698 
199 "699 
200 700 
201 701 
202, 5702 
203 “703 
204 704 
205 705 
206 706 
207 107 
208 708 
209° “S109 
210 “710 
2A. it 
Zid) ne 
213. WAS 
214 714 
215. “AS 
216 ~— 116 
AT eT 
218° “718 
219 HAD 
220 ~ 720 
224 Gat 
222 ~ foo 
Zoo aS 
224 = =724 


TABLE 8.5D (continued) 
cos 2mzhx (heven) (x fractional. Decimal points omitted throughout) 


10 


2 


16 


18 


x 


Change sign for h=4n+2 
20 Sign as given for h=4n 


ee 


TABLE 8.5D (continued) 


cos 2thx (heven) (x fractional. Decimal points omitted throughout 


Sign as given. Change sign for h=4n+2 
x ee ee es Ot 32) 4 3G) 38S 4 Sim aS given for h=4n 
x 
180 680 969 426 —426 969 -809 063 729 992 536 309 430 930 
181 681 994 —557) —273' 910° —905. 261 567 -~995 720 063 431 93] 
182 682 1000-675 -113 824 -969 448 380 -947 864 —187 432 932 
183 683 CCE =778) 050! 712i —9980- 618) 175. —851) 959» —426 433 933 
184 684 Seome eo 2128 578 —992 762 038) —712° 999" —637 434 934 
185 685 905 -930 368 426 —951 876 -249 —536 982 —809 435 935 
186 686 $33) 975. S514) (261) 876 955 448-333 910 —930 436 936 
187 687 Poa 9978 GAT, 088) —771- ~995: —628) —113 786 —992 437 937 
188 688 Senor 762) 0881-—=637- 995. 778) 113). 618 =992 438 938 
189 689 Syme o7on) S550 = 261) 482 955: 894, 333) 414 —930 439 939 
190 690 426 930 930 426 -309 876 -969 536 187 —809 440 940 
191 691 ore 977) 578-105) 7628-999" 712° —050 —637 441 941 
192 692 fete 999, = 72> 063) 618" —985" 851) —285 —426 442 942 
193 693 Wee Gin, 994 =8246 249) 448 925: 947-504" —187 443 943 
eee tier = 557-962) —910- 426. 261 —824 995. —694 063 444 944 
Ios 68> 240 426) 905. —969 588 063 «685 «992-844 «= 309 445 945 
eG 380) —285.- 824) =997'- 729 -138' —514 939 947 536 446 946 
ee 50 18884 720) —995°- 844 =333) -321 838 996 729 447 947 
feoys 618) «(0181 — 598-962) 930) —514 -113 694. -989 876 448 948 
199 699  -720 163 460 -899 982 -675 100 514 925 969 449 949 
200 700 -809 309 309 -809 1000 -809 309 309 809 1000 450 950 
201 701 —-882 448 150 —694 982 -910 504 088 -647 969 451 951 
me 70) «939/578 013) -557 930’ -975.. 675-138 -448 876 452 952 
203 703 ##—-977 694 -175 -403 844 -1000 816 -356 -224 729 453 953 
poe Oa 907) 794) 333-237-729 985 920° ~—557. 013 536 454 954 
ea 705 «== 99891-8769 —482)| —063)'- 588. —930 982) -729 249 309 455 955 
206 706  —980 939 -618 113 426 -838 1000 -864 471 063 456 956 
207 707 # —943 980 —738 285 249 -712 972 -955 666 —187 457 957 
208 708 + #$—888 999 -838 448 063 -557 899 -997 824 -426 458 958 
209 709 -816 995 -915 598 -125 -380 786 -989 934 -637 459 959 
210 710 #—729 969 -969 729 -309 -187 637 -930 992 -809 460 960 
211 711 —628 920 -996 838 -482 013 460 -824 994 -930 461 961 
eee itl 997 «920 «=637:«=Ss «212261 «675 = (939 992 462 962 
Pe ioe 91762 972 9975 —771 403° 050 —493 831 -992 463 963 
ie cl 657-920 «999-876 «= 578 «163 285 «=675 —930 464 964 
215 715 125 536 —844 992 -951 729 -368 -063 482 -809 465 965 
216 716 013 403 -746 955 -992 851 -557 163 261 —637 466 966 
217.717 150 261 628 888 -998 939 -720 380 025 —426 467 967 
218 718 285 113 -493 794 -969 989 -851 578 -212 -187 468 968 
219 719 414 —038 -345 675 -905 999 -943 746 -437 063 469 969 
220 720 536 —187 —187 536 —809 969 -992 876 -637 309 470 970 
20 eso 647 —333 —025 380 -—685 899 -996 962 -802 536 471 971 
2 722 emai ies (212 «536 (794 ==955 999-9200 729 472 972 
30723 831 —598 297 038 -368 657 -870 985 -987 876 473 973 
224 «724 po eats 138 «187 «493. = 746. 920 «997 «= :969 474 974 


TABLE 8.5D (continued) 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 


x h=2 4 6 8 10 12 14 16 18 20 Sign as ae for h=4n 
295 725 951 809° —S588%- 309° 000% =309)- S5ege —S09n- 95th =1000 475 975 
526 726  —O552 824° —618?. 356° —06Gk =287e- See —Tane ee Hongn o— occ 416 976 
237 «727, «= s«= 29391 — 839% —6472. 4088 —105> 1630 467m — Gosport 477 977 
998 723 =962h— 8512 —6758 448i —197 —O96b-) 356) seen leone 478 978 
229 729 965-864 —703° 4039-2407 —O1B4. 373e 504m Socumeeeons 479 979 
930-730 «ss —9600- 876) —720% 5865 -— 300" "0638 ism 40 eee 480 980 
2h - Wi 972) 888° —754°. 578-3688 1680-100) =3888 446m 2700 481 981 
732 732 975) 800° —I78l-.618e—4068 210k Oia = are ee 482 982 
233 «733 «=| -9772~ 910% —802 i657i-—4e0R 2858 07ee = teen ae ae 483 983 
34 734 —980)-— 920. —824° 604° 536) 356 —163e- 038)  aagee wee 484 984 
935. 735  —982%- 930) —844i 7000-—5egh 406n~—240m Gage Gipsen see 485 985 
236 «736 4«=—-—-9852~ 930)0—864F  7620-—6390 4037 3638 1qgR colenea= ice 486 986 
937 137- . —987>— 9470-8822 7O4e-—685) 5570 —414h0 oamm tor 0s 487 987 
238 738 —980%- 955: —800% S740 720) 68h 4038 35q9 = 21am Om 488 988 
339 739 —990) 962)-—915) 8518-771, ~675h “{507e— <44ee = 37 ies 489 989 
740 740 «2S 9028 «=: O6OH-- 9307 {876)-——309% FOr —ea7e- “S56R 24peke 00 490 990 
241 741 994 995% -—943? 890: 844 798) 7088 GIR Sesh 406 491 991 
943 742 995° 9809-~—955%  920'-—976F- S248 —7O2R— 6O4P =Gutte s06 492 992 
243 743 996 9850-965) 930-905) 8648 —S168. 760, —7Ga8) Gag 493 993 
24 744 ~—907' 980°-—975 955: —930) 899% —S642~ 824: 7781 720 494 994 
245 745 —998 992 -—982 969 -—951 930 -—905 876 —844 809 495 995 
246 746 —999 995 -—989 980 -—969 955 —939 920 -—899 876 496 996 
247 747 = ==999 907 —994!-~ 980) —982"- 975) —9G5 “9555-0438 920 497 997 
248 748  —1000 999 -—997 995 -—992 989 —985 980 -—975 969 498 998 
249 749 —1000 1000 —999 999 -—998 997 -—996 995 -—994 992 499 999 
250 750 1000 1000 —1000 1000 —1000 1000 —1000 1000 —1000 1000 500 1000 
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TABLE 8.5D (continued) 


cos 27hx (heven) (x fractional. Decimal points omitted throughout) 


Sign as given. Change sign for h=4n+2 
x ccs 26 28 30 > 34 36 38 4g Sign as a for A=4n 
Ds 125 951 —809 588 -—309 000 309 —588 809 —951 1000 475 975 
D6. 16 eee eee crs) is fi ugs?) 57 "gsr 969 416 976 
ee aT Doon d47 7 asic 618 368 088" 200 | 471 1-703 876 417977 
202) 708 Cos) ) 2095 BUNROO) 2746 = 5361..-985 HOIBedUR6l 514° 729 478 978 
229-729 O77) 1000 SOSo)) 2851, 685) 471 ears 12297 536 479 979 
230 °720 Opn men) Mone | tsO30) NN R00n 2637-100. 496" 2187 94063" 309 480 980 
mie 1Gl B7OMee Gd) | 080 ons) 778. | 608-4403 175... .063 481 981 
Om 722 Woe Ofer 1000 geoGe = 888 762.598. 403....—-187 482 982 
yy 73 gees en 4 P0809 06) ae SEOs n-16? de 608. . 426 483. 983 
034, 734 Sere Gu teaes fd)” yo 907” Gao. 888 | 778 637 484 984 
235 735 Ai a ber oem boom 990.0996" . 969 11. .905+ .809 485 985 
Ba 136 256 a SIMANMOST 1778 BPSiGm 947 9894-1000 | 980)=930 486 986 
Be 737 ee mn) 657 ee 2864) | 1934-2080 | 999: --992 487 987 
238 738 Ge, an | daa 9746 83804-9102 6 962 10-2992 488 988 
239 739 ays Ouemennmees 356 54820 598  7032.—794 | 870..—930 489 989 
240 740 Beste a 0509 (oals7 ae 300d (= 426 a8 5360 (637 729° 809 490 990 
Dau 741 Me een | 013 Wiese! —937. gas eaas | 54600 2637 491 991 
DAR 742 Bag) een REeG | miss BE0638 | 2038. HA 18885-2237. MO 333))22426 492 992 
DART 743 eye 4onmeeeia | 303 2400) 163 . 07512013. | .100:922187 493 993 
244-744 Bek) aC oe | 0rd03 Ge | 1356 14285600 212 )-2 138001063 494 994 
245 745 Se Fo 685 G3 7r 88a | woa6 en 4824 4426 4b 368, | 309 495 995 
246" “746 Ries in Pas 04s | 1162 IO | 9694. 16ST GOL8. 155780 536 496 996 
DATA 747 Poss aco mene) | 364 eae 1894 28008 0778 1/2754 8 720 497 997 
248 748 BO 0d 05 O47. | 939 F20300 | 990... — 910 1.899) 4.888) |) |.876 498 998 
249 749 PO00s Le O8F ae OeTs | 8851529829 980 1. 97P*! 1975 ©2972 ¢! 969 499 999 
250 750 —1000 1000 —1000 1000 —1000 1000 —1000 1000 —1000 1000 500 1000 
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8.6. Conversions of Deyrees to Radians, etc. 


TABLE 8.6 


Conversion of Degrees, Minutes and Seconds to Radians; and of Minutes and Seconds to Decimals of a Degree; 
and vice versa 


ae Degrees in Minutes in Minutes in peers in Seconds in 
ri ee Pdiang decimals of Aions decimals of fadians No. 
degree degree x 10° 
or seconds 

| 0:01745 0-01667 0-00029 0-00028 5 1 
2 0-03491 0-03333 0:00058 0-00056 10 2 
3 0-05236 0-05000 0-00087 0-00083 14 . 
4 0-0698 1 0-06667 0-00116 0-00111 19 4 
5 0:08727 0-08333 0-00145 0-00139 24 5 
6 0-10472 0-10000 0:00175 0-00167 29 6 
; 0-12217 0-11667 0:00204 0-001 94 34 7 
8 0:13963 0-13333 0-00233 0-00222 39 8 
9 0-15708 0-15000 0-00262 0-00250 44 9 
10 0:17453 0- 16667 0-00291 0-00278 48 10 
11 0-19199 0-18333 0-00320 0-00306 a 11 
2 0:20944 0-20000 0:00349 0-00333 58 12 
13 0:22689 0:21667 0-00378 0-00361 63 13 
14 0:24435 0-23333 0-00407 0-00389 68 14 
15 0:26180 0-25000 0-00436 0-00417 73 15 

16 0:27925 0:26667 0-00465 0:00444 78 1 
17 0:29671 0-28333 0-00495 0:00472 82 17 
18 0:31416 0-30000 0-00524 0-00500 87 18 
19 0-33161 0:31667 7 0-00553 0:00528 92 19 
20 0-34907 0:33333 0-00582 0-00556 97 20 
pa 0-36652 0-35000 0-0061 1 0-00583 102 21 
> 0-38397 0:36667 0-00640 0-0061 1 107 22 
23 0-40143 0:38333 0-00669 0-00639 112 23 
24 0:41888 0-40000 0-00698 0:00667 116 24 
25 0:43633 0-41667 0-00727 0-00694 pe | 25 
26 0-45379 0:43333 0:00756 9:00722 126 26 
og | 0-47124 0-45000 0-00785 0-00750 131 Pa) 
28 0-48869 0:46667 0-008 14 0-00778 136 28 
29 0-50615 0-48333 0-00844 0-00806 141 29 
30 0-52360 0-50000 0-00873 0-00833 145 30 
31 0-54105 0:51667 0-00902 0-00861 150 31 
653 0:5585] 0-53333 0-00931 0:00889 155 32 
33 0-57596 0-55000 0:00960 0:00917 160 33 
34 0-5934] 0:56667 0-00989 : 0-00944 165 34 
35 0-61087 0:58333 0-:01018 0:00972 170 35 
36 0:62832 0-60000 0-01047 0:01000 Lis 36 
37 0:64577 0:61667 0-01076 0-01028 179 <8) 
38 0-66323 0-63333 0-01105 0-01056 184 38 
39 0-68068 0-65000 0-01134 0-01083 189 39 
40 0-69813 0:66667 0:01164 0-01111 194 40 
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degrees, 
minutes 

or seconds 


Degrees 


8.6. CONVERSIONS OF DEGREES TO RADIANS, ETC. 


Degrees in 
radians 


0-71558 
0-73304 
0-75049 
0:76794 
0-78540 


0-80285 
0-82030 
0-83776 
0-85521 
0-87266 


0-89012 
0-90757 
0-92502 
0:94248 
0-95993 


0-97738 
0:99484 
1-01229 
1-02974 
1-04720 


Radians 


1-06465 
1-08210 
1-09956 
Us TAN 
1-13446 


f-15192 
1-16937 
1-18682 
1-20428 
1-22173 


1-23918 
1-25664 
1-27409 
1-29154 
1-30900 


1-32645 
1-34390 
1-36136 
1:37881 
1-39626 


TABLE 8.6 (continued) 


Minutes in : ‘ Seconds in Seconds in 
decimals of ES o decimals of radians No. 
radians 
degree degree 108 
0-68333 0-01193 0-01139 199 4] 
0-70000 0:01222 0-01167 204 42 
0:71667 0-01251 0-01194 208 43 
0:73333 0-01280 0:01222 213 44 
Q-75000 0-01309 0:01250 218 45 
0-76667 0:01338 0-01278 223 46 
0:78333 0-01367 0-01306- 228 47 
0-80000 0-01396 0-01333 233 48 
0:81667 0:01425 0-01361 238 49 
0:83333 0-01454 0-01389 242 50 
0-85000 0-01484 0:01417 247 51 
0-86667 0-01513 0:01444 252 Sy 
0:88333 0-01542 0-01472 Dey! 53 
0-90000 0-01571 0-01500 262 54 
0:91667 0-01600 0:01528 267 25) 
0-93333 0:01629 0-01556 Dbe 56 
0-95000 0-:01658 0:01583 276 Sif 
0-96667 0-01687 0-01611 281 58 
0:98333 0:01716 0-01639 286 59 
1-00000 0-01745 0-01667 291 60 
Degrees Radians Degrees Radians Degrees Radians 
81 1-41372 200 3-49066 180 a 3:14159 
82 1-43117 300° 5:23599 270 1-52 4:71239 
83 1-44862 400 6:98132 360 27 6:28319 
84 1-46608 500 8-72665 450 25a 7:85398 
85 1-48353 600 10-47198 540 32 9-42478 
86 1-50098 700 12-21730 630 3-5 10:99557 
87 1-51844 800 13-96263 720 4z 12-56637 
88 1-53589 900 15-70796 810 4:57 14-13717 
89 1-55334 1000 17-45329 900 Sm 15-70796 
90 1-57080 1100 19-19862 990 5-5n 17:27876 
91 1-58825 1200 20-94395 1080 677 18:84956 
92 1-60570 1300 22:68928 1170 6:57 20:42035 
93 1-62316 1400 24-4346] 1260 Ta 21-99115 
94 1-64061 1500 26°17994 1350 7:5a 23-56194 
95 1-65806 1600 27:92526 1440 87 25:13274 
96 1-67552 1700 29-67059 1530 8-52 26°70354 
97 1-69297 1800 31-41593 1620 On 28-27433 
98 1-71042 1900 33-16126 1710 9:S7 29-84512 
99 1-:72788 2000 34:90659 1800 107 31-41593 
100 1:74533 
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8.6. CONVERSIONS OF DEGREES TO RADIANS, ETC. 


TABLE 8.6 (continued) 


Degrees Degrees Degrees 
Radians Radians Radians 
0-001745 0-000174 0-000017 
0:003491 0-000349 0-000035 
0-005236 0-000524 0-000052 
0:00698 1 0-000698 0-000070 
0-008727 0-000873 0-000087 
0-010472 0-001047 0-000105 
0-012217 0-001222 0-000122 
0:013963 0-001396 0-000140 
0-015708 0-001571 0-000157 


Rad. Deg. Rad. Deg. Rad. Deg. Rad. Deg. Rad. Deg. 
] 57-2958 0-1 5-7296 0-01 0-5730 0-001 0-0573 0-0001 0-0057 
2B 114-5916 0-2 11-4592 0-02 1-1459 0-002 0-1146 0-0002 0-0115 
3 171-8873 0-3 17-1887 0-03 17189 0-003 O-1719 0-0003 0-0172 
4 229°1831 0-4 22°9183 0-04 22918 0-004 0-2292 0-0004 0-0229 
3 286-4789 ()-5 28-6479 0-05 2:8648 0-005 0-2865 0-0005 0-0286 
6 343-7747 0-6 34-3775 0:06 | 3-4378 0-006 0-3438 0-0006 0-0344 
yi 401-0705 0-7 40-1070 0-07 4-0107 0-007 0-4011 0-0007 0-0401 
8 458-3662 0-8 45-8366 0-08 4°5837 0-008 0-4584 0-0008 0-0458 
2 515-6620 0-9 51-5662 0-09 5-1566 0-009 Urey 7 0-0009 0-0516 
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DICTIONARY OF CRYSTALLOGRAPHIC 
TERMS FOR VOLUME II 


In English, French, German, Russian and Spanish, 


together with the Greek and Russian Alphabets 


GREEK ALPHABET.. 


RUSSIAN ALPHABET 


DICTIONARY OF CRYSTALLOGRAPHIC TERMS IN ENGLISH, FRENCH, GERMAN, RUSSIAN 
AND SPANISH (J. L. Amoros, V. Balashov, M. L. Canut, G. Donnay, J. D. H. Donnay, P. P. Ewald, 
N. F. M. Henry, F. Laves, A. L. Mackay, A. V. Rzhanov, A. V. Shubnikov, A. V. Spitsin and others) 


9.3.1. List of terms in English which are similar (or easily recognizable) in all the five languages .. 


9.3.2. List of terms which are similar (or easily recognizable) in English, French, German and 
Spanish (English and Russian equivalents only are given) 


9.3.3. List of other English terms used in Volume II, with equivalents in French, German, Russian 
and Spanish 
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9.1. Greek Alphabet 


A a« alpha Ie ‘iota Ep. rho 
BRB beta K « kappa So sigma 
I y gamma AX lambda Tacae tau 
4 8 delta Mw mu Y v_ upsilon 
E « epsilon Ney nu ® ¢ phi 
ZC zeta ef Xt A. y. chi 
Fin. eta O o omicron Yea DSL 
© 6 theta a pi Qw omega 
9.2. Russian Alphabet 
Sound as in Sound as in 
A a arc (stressed) II nu peak 
hexagon (unstressed) Pp _ ratio (strongly rolled) 
BalO eecbase iaycib sign, cell 
BB _ vector ‘Tiileer) tensor 
T r* goniometer Y sy group 
Xa. dyad D film 
E e_ yellow X x loch 
E é yon Il ws nets, quartz 
YK 9K measure YU a chart 
So 3 Zone Ul wi shape 
YW u_— machine Il uy mesh chain 
M uw vray b &  (or’) silent; denotes hard consonant 
K x _ key; cone preceding 
JI x iIine bl pr pyramid 
M M~ minus b silent; denotes soft consonant preceding 
H 4 _ node sn es 
O o__ odd (stressed) IO 1o unit 
error (unstressed) A a_ yard 


* The letter Dr is often used where H h would occur in the English equivalent. There is no aspirate in the 
Russian alphabet. 
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9.3. Dictionary of Crystallographic Terms in English, French, German, 


Russian and Spanish 


9.3.1. List of Terms in English which are similar (or easily recognizable) in all the Five Languages 


Abelian group 
aberration 

absolute configuration 
abstract group 
algebra 

analogue (optical) 
analysis 

analytical geometry 
anisotropic 
anomalous dispersion 
antisymmetric 
argument 

arithmetic 

aspect 

associative (rule) 
azimuth 


Bessel function 
bibliography 
binomial theorem 
bivariate 


Canonical form 
Cartesian 
central moment 
centrosymmetry 
characteristic 
class 

coefficient 
collimator 
collinear 
column 
commutative 
complex 
concrete 

cone 
configuration 
congruent 
contour 
contravariance 
convention 
coplanar 
co-ordinates 
co-ordination 
correlation 
cosecant 


cosine 

cotangent 
covalent 
covariance 
criterion 
cubo-octahedron 
cycle; cyclic 
cylinder 


Delta function 
delta, Kronecker 
determinant 
diagonal form 
diagonalization 
differentiation 
diffraction 
duality 

dyad 


Eccentricity 
element 

ellipse; ellipsoid 
enantiomorphous 
equatorial 
extinction 
Euclidean 
extrapolation 


Formal (solution) 
function 


Geometric 


gnomonic (net or projection) 


goniometer 
group 


Harmonic 


Hermite function; Hermitian 


hexagon; hexagonal 
homogeneous 
homometric 

hyperbola; hyperboloid 
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Icosahedron 
identical 
identification 
index; indices 
integral (calculus) 
integration 
intensity 
interference 
interpolation 
invariant 

inverse; inversion 
irrational 
isomorphous 
isotropic 
iteration 


Linear 

logarithm 

Lorentz factor 
Lorentz-polarization factor 


Machine 

mantissa 

massive (specimen) 
matrix 

maximum 

median 

meridian 

Miller indices 
minimum 

minor (of determinant) 
minus 

mnemonic 

mode 

modulo 

modulus 
molecular transform 
moment 
monochromatic 
monoclinic 
morphology 
mosaic 


Napier’s rules 

natural (number, logarithm) 
normal 

normalize 

null 
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Octahedron 

octant 

operation 

optical isomers 

order (of determinant or spectrum) 
orientation 

orthohexagonal 

orthorhombic 


Parabola; paraboloid 

parallel 

parallelogram 

parallelepiped 

parameter 

peak (maximum) 

period; periodic 

phase 

photosommateur (G. v. Eller) 
polar (co-ordinates, direction) 
polarization 

polarized (beam) 

pole 

polyhedron 

polynomial 

precession (camera, method) 
prefactor 

primitive (cell, translation, triplet) 
programme (of computer) 


progression 
projection 
proportionality 


Quadrant 
quadratic 
quantum mechanics 


Radian 
rational indices 
rhombohedral; rhombohedron 


Scalar 

secant 

sine 

singular (matrix) 
sinusoidal 

special (case, position, vector) 
sphere 

statistical; statistics 
steradian 
stereogram 
structure factor 
summation 
synthesis 

system; systematic 
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Tangent 

temperature factor 
tensor 

tetragonal 

tetrahedral; tetrahedron 
texture 

transcendental (equations) 
transform 

transpose 

triclinic (anorthic) 
trigonal 

trigonometry 

trinomial 

triplet 

trivial (solution) 


Unitary structure amplitude 


Vector; vectorial 


Wulff net 


Zone 


9.3.2. List of terms which are similar (or easily recognizable) in English, French, German and Spanish (English 


9.3. DICTIONARY OF CRYSTALLOGRAPHIC TERMS 


and Russian equivalents only are given) 


ENGLISH 


Absorption 

adjoint 

approximations, 
successive 


Concave 
conjugate 


conjunction 
convergent; 

convergence 
convex 


Decimal 

density, electron 
difference synthesis 
differential calculus 


dimensions 
direct (lattice, vector) 


direction cosine 
discontinuity 

discrete values 
divergent-beam method 


divide: division 


Elastic constants 
eliminate 
explicit 


Festoon (Weissenberg) 
frequency 


Idemfactor 
imaginary 
intermediate 


RUSSIAN 


NMOrs1oujeHHe 

COMpAXKeCHHbIA 

NIpHOIIMWKeHHA, 
MOCII€OBaTeJIbHbIe 


BOrHYTbIM 
COMpsArats ; 
CONpAYKeCHHBIA 
coeqvHeHHe 
CXOJALIMHCA 5 
CXOJHMOCTB 
BbINYKJIbIN 


T@CATHUHbIA 

QJIEKTPOHHAA TJIOTHOCTh 

Pa3HOCTHbIM CHHTe3 

nuddepeninasibHoe 
HCUuHCJIeHHe 

pa3Mepbl 

pellieTKa, BEKTOp B 
peaJIbBHOM MIpocTpaHCTBe 

HallpaBJIAIOUJWH KOCHHYC 

IIpepbIBHOCTB 

MCKpeTHBIe BeJIMUMHBI 

MeTO], pacxoAAueroca 
myuka 

TeHTb; eseHHe 


KOHCT&HTbI yapyrocTu 
MCKJIEOUaTh 
TOUHDbIN (ONpeyesIeHHbIM) 


rHpJIAH a 
uacTota 


€QHHHUHaA MaTpHa 
MHHMbIM 
MpOMe@?+KYTOUHBIA 


ENGLISH 


Multiplicity 


Negative (—) 
numerical 


Parity 

particle 
permutation 
positive (+) 
primary (extinction) 


Quotient 


Reciprocal 
rectangular 
reduced cell 
reference 


Secondary (extinction) 


simultaneous 
substitution 
subtraction 


Transformation 


Vertical divergence 
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RUSSIAN 


MHOTOKPaTHOCTb 


OTPHLaTesIbHbIM 
UHCJICHHbI 


UeTHOCTh 

uacTula 

llepecTaHoBka 
NMOJIOPKUTCJIBHbIN 
Il€pBHYHAA (9KCTHHKIMA) 


uaCTHOe 


o6paTHbiit 
IIPAMOYTOJIBHbIM 
NIpHBeyeHHanA AueHKAa 
CCbIIKa 


BTOpHuHad (9KCTHHKUMA) 
OWHOBPeMeHHBI 
3aMeLeHHe, MOACTAHOBKa 
BbIUHTaHHe 


mpeoOpa30BaHne 


BePpTHKAaJIBHOe 
paCxOoK TeCHHe 
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9.3.3. List of other English terms used, with equivalents in French, German, Russian and Spanish 


ENGLISH 


Abbreviation 
absence 


absolute value 
accuracy 
adding machine 


addition 
adjacent 


angle 

anomalous scattering 
antecedent 
anti-equi-inclination 


approximate 
arbitrary 

arc 
auto-convolution 


average 
axis; axes 


Basic operation 
binary computer 


binomial theorem 
body diagonal 


bond angles 

bond lengths 
bound, lower 
bound, upper 
bounded projection 


breadth, line 
breadth, half-value 


Calculation; 
computation 

calculating (computing) 
machine 

calculus, differential 


calculus, integral 
calibration 

cell 

centre of gravity 
chart 

chemical composition 
circumference 


cleavage 
close-packing 


close-packing, cubic 


FRENCH 


abréviation 
absence 


valeur absolue 
exactitude; véracité 
machine a additionner 


addition 
contigu 


angle 

diffusion anomale 
antécédent 
anti-équi-inclinaison 


approximatif 
arbitraire 

arc 
autocorrelation 


moyenne 
axe; axes 


opération fondamentale 


calculateur binaire; 
calculateur a base deux 
bindme de Newton 
diagonale du cube, 
du solide 
angles des liaisons 
longueurs de liaison 
borne inférieure 
borne supérieure 
projection limitée 


largeur de la raie 
largeur a mi-hauteur 


calcul 

machine a calculer 

calcul différentiel 

calcul intégral 

étalonnage 

maille 

centre de gravité 

abaque 

composition chimique 

circonférence 

clivage 

empilement compact; 
assemblage compact 


assemblage compact 
cubique 


close-packing, hexagonal assemblage compact 


sénaire 


GERMAN 


Abkurzung 
Abwesenheit; 
Ausl6schung 
absoluter Wert 
Genauigkeit 
Addiermaschine; 
Additionsmaschine 
Addition 
anliegend; benachbart 


Winkel 

anomale Streuung 

vorhergehend 

entgegengesetzte gleiche 
Neigung 

annahernd 

willkurlich 

Bogen 

Selbstfaltung 


Durchschnitt; Mittelwert 
Achse; Achsen 


Grundoperation; 
_Fundamentaloperation 
binadre Rechenmaschine 


binomischer Lehrsatz 
Raumdiagonale; 
Korperdiagonale 
Bindungswinkel 
Bindungslangen 
untere Schranke 
obere Schranke 
begrenzte Projektion; 
Schichtprojektion 
Linienbreite 
Halbwertsbreite 


Berechnung; Rechnung 
Rechenmaschine 
Differentialrechnung 
Integralrechnung 


Kalibrierung; Eichung 

Zelle; Elementarzelle 

Schwerpunkt 

Tafel; Diagramm; 
Nomogramm 

chemische Zusammen- 
setzung 

Kreisumfang; Umfang 


Spaltbarkeit; Spaltung 
dichteste Packung 


dichteste Packung, 
kubische 


dichteste Packung, 
hexagonale 
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RUSSIAN 


cokpalleHue 
OTCyTCTBHe (moracaHHe) 


aOconHOTHaA BeIMUNHA 
TOUHOCTB 
CYMMMpyroulaxH MallinHa 


CIOxKEHHE 

CM@>KHBIH 5 
npuslerawouun 

yrou 

aHOMaJIbHOe paccesAHHe 

npeabIayuui 

aHTHpaBHoe HakKJIOHeHHe 


npHOIMwKeHHbIM 

NpOHSBOJIBHbIN 

nyra 

caMOcBepTKa 
(CaMOCBepTbIBaHHe) 

cpeqHee 

OCb; OCH 


OCHOBHaxn Onepauun 


WBOMUHaA BbIUMCIIH- 
TeJIbHaA MalliMHa 
OHHOMMasIbHad Teopema 
MpoctTpaHcTBeHHaA 
OMaroHasib 
yIIbI MEK TY CBASAMM 
IMHbI CBA3eH 
rpaHula, HWYKHAA 
rpaHula, BepxXHAA 
NOACHaA MpoekKIuA 


IWMpHHa, JIMHMM 
nosyuiMpuna 


BbIUNCIJICHHE 
cueTHaXH MaulnHa 


McuncyIeHHe , 
nuddepenyMasbHoe 

MCUMCIIeHHe , 
MHTerpasIbHoe 

KaJIHNOpoBKa 

auehka 

WeHTp TAKECTU 

Marpamma; TaOsHua ; 
HOMOrpaMMa 

XHMMUeCKHH COCTaB 


OKPY?KHOCTB 
(OKpy>KeHHe) 

cnaHHOCTb 

MIOTHaA yNakKOBKa 


IWIOTHaA yakKOBKa, 
KyOnueCcKaAn 


TJIOTHaA YWaKOBKa, 
reKcaroHaJIbHavA 


SPANISH 


abreviacion 
extinciOn; ausencia 


valor absoluto 
exactitud 
maquina sumadora 


suma 
adyacente 


angulo 

difraccién anomala 
antecedente 
anti-equi-inclinaci6n 


aproximado 
arbitrario 

arco 
autoconvolucion 


promedio 
eje; ejes 


operacion fundamental 
calculadora binaria 


teorema del binomio 
diagonal espacial 


angulos de enlace 
distancias de enlace 
limite inferior 
limite superior 
proyeccion limitada 


anchura de la raya 
anchura media 


calculo 

maquina de calcular 
calculo diferencial 
calculo integral 
calibrado 

celda 

centro de gravedad 
carta; canevas; falsilla 
composicioén quimica 
circunferencia 


exfoliacién 
empaquetado denso 


empaquetado denso 
cubico; empaquetado 
cubico 

empaquetado hexagonal 


ENGLISH 
column matrix 


commute 
component 


condition 
conic section 
consequence 
consequent 


constant 
constituent 


continued fraction 
continuous function 


convolution 
co-prime 


counter 
cross-section 
cubic equation 
cursor 


Definite integral 


degeneracy 
degenerate 

degree 

degree of freedom 
denominator 
derivative 


desk machine 
determination, over- 
determination, under- 
deviation, minimum 
deviation, standard 
digit 

displacement 


distribution function 


divisor, greatest common 
(g.c.d.) 


Equality 
equation 
equidistant 


equi-inclination 
equivalent position 


error function 
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FRENCH 
matrice forme colonne 


commuter 
composante 


condition 
section conique 
conséquence 
conséquent 


constant 
constituant 


fraction continue 
fonction continue 


produit de composition 
premiers entre eux 


compteur 

section 

équation du 3° degré 
curseur 


intégrale définie 


dégénérescence 
dégénéré 

degré 

degré de liberté 
dénominateur 
dérivée 


machine de bureau 


surdétermination; cas 
d’équations surabon- 
dantes 

sous-détermination 

déviation minimum 


écart normal 

chiffre 

déplacement 

fonction de répartition 


diviseur, plus grand 
commun (p.g.c.d.) 


égalité 
équation 
équidistant 


€qui-inclinaison 
site homologue 


fonction erreur 


GERMAN 


einspaltige Matrix; 
Kolonnenmatrix 

vertauschen 

Bestandteil; Komponente 


Bedingung 

Kegelschnitt 

Folge 

folgend; sich aus etwas 
ergebend 

unveranderlich; 
Konstante 

Bestandteil 


Kettenbruch 

stetige Funktion; kon- 
tinuierliche Funktion 

Faltung 

relativ prim 


Zahler; Zahlrohr 
Schnitt; Querschnitt 
Gleichung drittes Grades 
Laufer 


bestimmtes Integral 


Entartung 

entartet 

Grad 

Freiheitsgrad 

Nenner 

Ableitung; Differential- 
quotient 

Tisch- (Rechen-) 
-Maschine 

Uberbestimmung 


Unterbestimmung 
minimale Ablenkung; 

Minimalabweichung 
Streuung 


Ziffer 
Verschiebung 
Verteilungsfunktion 


Teiler, grésster gemein- 
samer 


Gleichheit 

Gleichung 

gleich entfernt (in 
gleichen Abstanden 
befindlich) 

gleiche Neigung 

gleichwertige Punktlage 


Fehlerverteilungsgesetz, 
-funktion 
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RUSSIAN 
croOuaTaa MaTpyya 


MepecTaHOBJIATb 

KOMIOHEHTA 
(cocTaBIAIoUsasA) 

ycuIoBHe 

KOHMUeCKOe CeUeHHe 

cmleyqCTBHe 

cre qywounn 


MOCTOAHHaA 


COCTaBJIAIOIUNU 
(cocTaBJIAOllasA) 

HeMpepbIBHad WpoOp 

HelipepbiBHad dyHKUMA 


cBepTKa 

B3aHMHO MpocTpie 
(aucaia) 

cueTUHK 

monepeuHoe ceueHne 

KyOMUeCKOe ypaBHeHHe 

NOJI3yHOK 


onpeeueHHbIM 
MHTerpas 
BbIPOKTeHVe 
BbIPO)KTCHHbIM 
cTenMeHb 
cTeneHb CBOOOLbI 
3HaMeHaTeJIb 
mpousBoyqHaA 


apudmometTp 


CBepxXOlIpe esJICHHOCTh 


Heoompe eseHHOCTh 

OTKJIOHEHHE 
MMHMMaJIbBHOe 

OTKJIOHEHHe 
cTaHapTHoe 

uudpa 

cMelyeHHe 

yHKUMA 
pacnpeaenenuaz 

TeIMTeJIb, 
HanvOouILWInK OOWIMK 


paBeHCTBO 
ypaBHeHne 
paBHOOTCTOAMIMH 


paBHoe HakjIOHeHHe 

IKBUBANIeHTHOe 
moylo*KeHHe 

KDPHBaA OumM6oK 


SPANISH 
matriz de una columna 


commutar 
componente 


condicion 
seccion cénica 
consecuencia 
consecuente 


constante 


constitutivo; 
constituyente 

cociente continuo 

funcion continua 


convolucioén 
primos entre si 


contador 
seccion recta 
ecuacion cubica 
cursor 


integral definida 


degeneracion 
degenerado 
grado 

grado de libertad 
denominador 
derivada 


calculadora 
superdeterminacién 
subdeterminaci6n 
desviacién minima 
desviacién standard 
digito 
desplazamiento 


funcién de distribucién 


maximo comun divisor 
(m.c.d.) 


igualdad 
ecuacién 
equidistante 


equi-inclinacién 
posicion equivalente 


funcién error 


ENGLISH 


error, probable 
errors, random 


estimation 
estimate, over- 
estimate, under- 
Eulerian cradle 


evaluate 

evaluation 

even 

example 

expand; expansion 
(series) 

expected value 


extinction (absent reflec- 


tion) 


Family (of planes) 
fibre; fibrous 


film 

film pack 

film shrinkage 
fingerprint method 


finite series 
flat-cone method 


fly’s-eye ; 
fractional co-ordinates 


Gear ratio 
grain size 


greater than (>) 
group multiplication 


Hand (right, left) 
helical array 


helix 
hindered rotator 
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FRENCH 


erreur probable 
erreurs accidentelles 
ou aléatoires 
évaluation 
surestimation 
sousestimation 
berceau eulérien 


évaluer 

évaluation 

pair 

exemple 

développer; développe- 
ment en série 

valeur probable 


extinction 


famille (de plans) 
fibre; fibreux 


pellicule; film 

films superposés 

contraction de la 
pellicule ou retrait 

« fingerprint method » 


série finie 
méthode cone plat 


« ceil de mouche » 
coordonnées fraction- 
naires 


rapport des vitesses 
(engrenages) 

granulation; taille des 
grains 

supérieur a 

multiplication sym- 
bolique du groupe 


sens (dextro, laevo) 
arrangement hélicoidal 


hélice 
rotateur géné 


GERMAN 


Fehler, warscheinlicher 

Fehler, zufallige, oder 
unsystematische 

Abschatzung 

Uberschatzung 

Unterschatzung 

Eulersche Aufhangung, 
(Krippe) 

auswerten 

Auswertung 

gerade 

Beispiel 


entwickeln; Entwicklung 


(Reihen) 
Erwartungswert 


Ausldschung 


Ebenenschar 
Faser; faserig 


Film 
Filmpack 
Schrumpfung des Films 


Fingerabdruckmethode 


endliche Reihe 
Flachkegelmethode 


, Fliegenauge*‘ 
relative Koordinaten 


Ubersetzungverhiltnis ; 
Getriebetibersetzung 

Korngrosse; Kristallit- 
grosse 

grosser als 

Gruppenmultiplikation 


Orientierungssinn 
(rechts, links) 
schraubenformige 
Anordnung 
Helix; Schraube 
gehinderter Rotator 
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RUSSIAN 


oum6Ka, BepoATHaA 
OUIMOKH, Cy ualiHbie 


olueHKa 

nmepeoueHkKa 

HeOoleHKa 

«« JIHOIbKa ») (MOABeCKa) 
Ounepa 

OL|CHHBaTb 

OlWeHKa 

ueTHbIN 

mpHMep 

pacxoUTBCcA, 


pacxoaMmocts (pAqOB) 
oR aemad (BeEpOATHAaA) 


BeJIMUMHAa 
moralieHue (moracaHHe) 


ceMelicTBO (MyIocKocTei) 
BOJIOKHO; BOJIOKHKCTbIM 


‘(duOpwwIApHbIM) 
myieHKa 
cTonka IIJIeHOoK 
ycanka mieHKH 


MeTOA OTNeUaTKOB 
Masia 

KOHCUHbIM PAD 

MeTOX KOHYca C TYNbIM 
yryIoM pacTBopa 

« MYLUMHbIK ras » 

KOOPHHAaTbI B DOAX 
nepnoya 


MepegaTouHoe YHCIIO 
pa3mep 3epeH 


Oonmbuie 4emM 
IrpylnoBoe yMHoOrKeHHe 


pyka (mpaBaa, seBas) 


BHHTOBOE pacrioJIOxHKeHHe 


cnMpasip 
OrpaHHueHHbIM poTaTop 


SPANISH 


error probable 
errores accidentales 


estima 
superestimado 
subestimado 
criba de Euler 


evaluar 

evaluacion 

par 

ejemplo 

desarrollar, desarrollo 
en serie 

valor esperado o 
previsto 

extincién 


familia (de planos) 
fibra; fibroso 


pelicula 
paquete de peliculas 
contraccion de la pelicula 


método de huellas 
dactilares 

serie finita 

método del cono plano 


ojo de mosca 


coordenadas 
fraccionarias 


reduccién (engranajes) 
tamafio de grano 


mayor que 
producto de grupos 


mano (derecha, 
izquierda) 
distribucién helicoidal 


hélice : 
rotator con giro limitado 


ENGLISH 
Identity element 


image 
improper fraction 


incompatible equations 
indefinite integral 


independence 
index, repeated 


inequality 
infinite 
infinitesimal 
initial value 


integer ; 
integrated reflection 


interaction 
intercepts 
interchange (of rows, 
columns) 
interfacial angle 
interplanar distance 


intersect 
intersection 


interstice 


Kernel 
key result 


knife-edge (reference) 


Lattice 


layer line 
least squares 


left-handed system 


less than (<) 
location; situation 


Magnitude 
matrix multiplication 


matrix notation 
mean 


mesh 

multinomial 

multiple 

multiple-exposure 
technique 
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FRENCH 


GERMAN 


élément unitaire; identité Einheitselement 


image 


expression fractionnaire; 


fraction impropre 
équations incompatibles 


intégrale indéfinie 


indépendance 
indice répété 


inégalité 
infini 
infinitésimal 
valeur initiale 


nombre entier 
réflexion intégrée 


interaction 
coordonnées a ]’origine 
intervertir (rangées, 

sa prare 
angle des faces 
distance interréticulaire 


se rencontrer; se couper 
point de rencontre; 


intersection 
interstice 


noyau 
résultat de base 


ombre repére (de forme 
triangulaire) 


réseau (réseau-période) 


strate 
moindres carrés 


triédre sinistrorsum; 


triédre orienté a gauche 


inférieur a 
repérage; emplacement 


grandeur 


multiplication matricielle 


notation matricielle 
moyenne 


maille plane 

polynome; polynomial 

multiple 

procédé des poses 
multiples 


Bild 
uneigentlicher Bruch 


unvereinbare 
Gleichungen 
unbestimmtes Integral 


Unabhangigkeit 
Index, wiederholter 


Ungleichung 
unendlich 
unendlich klein 
Anfangswert 


ganze Zahl 
integrales Reflexions- 
vermOgen; integrierte 
Reflexion 
Wechselwirkung 
Achsenabschnitte 
Vertauschung (von 
Zeilen, Spalten) 
Flachenwinkel 
Netzebenenabstand 


(sich) schneiden 
Schnitt 


Lucke; Zwischenraum 


Kern 
aufschlussreiches Ergeb- 
nis; Hauptresultat 


Messerschneide; Bezugs- 


marke 


Translationsgitter 
(Gitter) 

Schichtlinie 

kleinste Quadrate 


Linkssystem 


kleiner als 
Ort; Lage 


Grosse; 
Grossenordnung _ 
Matrizenmultiplikation 


Matrizenschreibweise 

Mittel; Mittelwert; 
Durchschnitt 

Masche 

polynomisch 

vielfach 

Verfahren der mehr- 
fachen Belichtung 
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RUSSIAN 


eQMHuUHAA (TOM DecT- 
BeHHaA) ONepalua 

u300parKeHHe 

HempaBusibHad DpoOs 


HeECOBMECTHbIe 
ypaBHeHuA 
HeonpeesIeHHbIM 
wHTerpas 
He€3aBUCHMOCTB 
MHeKC, 
NOBTOPALOWIMUCA 
HepaBeHCTBO 
OeCKOHeEUHbIM 
Oe€CKOHEYUHO MaJIbIi 
mepBoOHauasIbHaA 
BesIMUunMHAa 
wes10e UNcIIO 
MHTerpasibHoe 
oTpaoKeHHe 


B3aMMOyenNcTBHeE 
OceBble €MHHIIbI 
mepecTaHoBka 
(CTpoK, CTOIOIOB) 
yroul MeKTY rpaHamu 
M€?KIIJIOCKOCTHOE 
paccTrosHHe 
TlepeceKaTbca 
TOUKa MepeceyeHuA 


TIDOMC)KYTOK 


Apo 
BayKHeHLUIMM pesysIbTaT 


JIe3Bve HOMKa (Kak 
HauayIO OTCUeTA) 


peuieTKa 


cmloeBad JIMHHA 

HaMMeHbIUMe KBal{paTbl 
(ances) 

jlepaA cucTema 
KOOp]{HHaT 

MeHBbIIe 4eM 

ompeemeHue 


TIOJIOHKCHHA 5 WOKAWUWA 


BeJINUNHAa 


MaTPHU4HOeC YMHO?KEHHE 


MaTPHU4HOe oOo3HaueHHe 


MaTeMaTHYeCKOoe 
ooKM anne 

MeLII 

NOJIMHOMHAJIBHbIN 

MHOrOKpaTHbiit 

Te€XHHKa MHOFOKpaTHbIx 
SKCNOSHUMH 


SPANISH 
elemento de identidad 


imagen 
fraccién impropia 


ecuaciones incompatibles 
integral indefinida 


independencia 
indice repetido 


desigualdad 
infinito 

infinitesimal 
valor inicial 


entero 
reflexion integrada 


interaccion 

segmentos interceptados 

intercambio (de filas, 
columnas) 

angulo interfacial 

distancia interplanar; 
espaciado 

cortar 

interseccién 


intersticio 


nucleo 
resultado fundamental 


cufia (de referencia) 


red; reticulo 


nivel 
minimos cuadrados 


sistema izquierdo 


menor que 
localizacion; situacién 


magnitud 


producto matricial o de 
matrices 

notacion matricial 

valor medio 


trama 

multindmico 

multiple 

técnica de exposicién 
multiple 


ENGLISH 


Neglect 

net (2-dimensional lattice) 
net (chart) 

node (lattice, wave) 


number 
numerator 


Obliquity 


odd 
oscillation 


Parenthesis 
penultimate 

perfect crystal 
permitted operation 
pitch (of helix) 
plane 

plug-board 


plus 

point 

port, entrance 
port, exit 
position 
power 
precision 
prime (’) 
prime number 
principal axis 
probability 
probable error 
proper fraction 
punched cards 


pure number 


Random error 
random position 


ratio 

real part 

refinement (of atomic 
co-ordinates) 

reflection; reflexion 

refraction 

refractive index 


relatively prime 
repeat distance 
representation 
result 

right-hand rule 
rigorous solution 
root mean square 
rotation 

row line 


rule 
ruler 
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FRENCH 


négliger 
réseau plan 
canevas 
noeud 


nombre 
numérateur 


obliquité 


impair 
oscillation 


parenthése 
pénultieme 

cristal parfait 
opération permise 
pas (de l’hélice) 
plan 

panneau a fiches 


plus 

point 

fenétre d’entrée 
fenétre de sortie 
position 
puissance 
précision 

prime 

nombre premier 
axe principal 
probabilité 
erreur probable 
fraction proprement dite 
cartes perforées 


nombre pur (ou abstrait) 


erreur accidentelle (ou 
aléatoire) 
position prise au hasard; 


position quelconque 
rapport 
partie réelle 
ameélioration 


réflexion 
réfraction 
indice de réfraction 


premiers entre eux 
parametre de la rangée 


représentation 
résultat 
régle de la main droite 


solution rigoureuse 
racine du carré moyen 
rotation 

rangée réticulaire 


loi 
régle 


GERMAN 


vernachlassigen 

Translationsnetz 

Netz; Diagramm 

Gitterpunkt; Schwin- 
gungsknoten 

Zahl; Anzahl 

Zahler 


Winkelabweichung 
(Zwilling); Schiefe 

ungerade 

Schwingung; Schwen- 
kung 


(runde) Klammer 
vorletzt 
Idealkristall 
erlaubte Operation 
Ganghohe 

Ebene 

Schaltbrett 


plus 

Punkt 
Eintrittsoffnung 
Austrittsoffnung 
Punktlage; Platz 
Potenz 
Genauigkeit 

Strich 

Primzahl 
Hauptachse 
Wahrscheinlichkeit 
wahrscheinlicher Fehler 
echter Bruch 
Lochkarten 


reine Zahl 


zufalliger (unsystemati- 
scher) Fehler 

zufallige (statistische) 
Lage 

Verhaltnis 

reeller Teil; Realteil 

Verfeinerung; 
Verbesserung 

Reflexion; Spiegelung 

Brechung 

Brechungsindex 


relativ prim 


Identitatsabstand; 
Periode 
Darstellung 
Ergebnis 
Rechte-Hand-Regel; 
Schraubenregel 
strenge Losung 


quadratischer Mittel- 
wert* 

Drehung 

Gittergerade 

Regel; Gesetz 

Lineal 


RUSSIAN 


mmpeweOperats 
ceTKa 

ceTKa 

y3en 


UHCIIO 
UMCIIATCJIb 


OTKJIOHCHHE 


HeueTHbIM 
KosleOaHHe 


cKOOKa 

npemnmocneqHui 

COBeplIIeHHbIM KpHCcTa 

paspellleHHad onepauMa 

war (BHHTAa) 

MJIOCKOCTb 

pacnpedesuTesibHaAn 
mocka 

TIJIEOC 

TOUKA 

BXxO, (OTBepcTHe) 

BbIXOJ{ (OTBepcTHe) 

NoOxKeHHe, NOSHUMA 

cTemeHb (Mar.) 

TOUHOCTh 

mpum 

mmpoctoe uucso 

rylaBHad OCb 

BePOATHOCTb 

BepOATHaA OlmMoKa 

paBHsIbHaA Dpoob 

nepdopupoBaHHble 
KapTbI 

lIpocToe unico 


ciyualHaad oummoKa 
cmyuahHoe MosloxKeHne 


OTHOWIeHHe 
TeUCTBUTeIbHaA UacTb 
yTouHeHHe 


oTpankeHue 

mpeylomaeHue 

MOKasarTesib 
lIpesIOMIeHHA 

B3aMMHO MIpocrTple 
(ancsa) 

nMepHoy, NOBTOpAemMocTH 


npeyctapBsieHHe 
pe3ysIbTaT 
paBwio mpaBoH pyKu 


crporoe (TouHOe) 
peleHue 
cpeaHe KBagpaTHuHbili* 


MOBOpOT; BpalijeHue 
pA peureTKu 

3aKOH 

JIMHevKa 


* The German and Russian expressions include no translation of the word ‘‘root.”’ 
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SPANISH 


despreciar 
red 
falsilla 
nudo 


numero 
numerador 


inclinacion 


impar 
oscilacién 


paréntesis 
penultimo 

cristal perfecto 
operacion permitida 
paso (de una hélice) 
plano 

tablero de mando 


mas 

punto 

puerta de entrada 
puerta de salida 
posicién 
potencia 
precision 

primo 

numero primo 
eje principal 
probabilidad 
error probable 
fracciOn propia 
cartas perforadas 


numero puro 


error estadistico 
posicion aleatoria 


razon 

parte real 

refinamiento; refino; 
refinado 

reflexion 

refraccion 

indice de refraccion 


primos entre si 

distancia de repeticion 
representacion 

resultado 

regla de la mano derecha 
solucion rigurosa 

raiz cuadratica media 
rotacion 

fila 


ley; regla 
regla 


ENGLISH 
Sample; sampling 


scale, arbitrary 
scale factor 


scattering 

screw axis 

sign 

simple continued fraction 
(s.c.f.) 

sinuous 


site 
slide-rule 


slit system 

slope 

solid angle 

solution (of equation) 
sorting device 


space group 


spheroid, oblate 
spheroid, prolate 
square 

stacking 

stage (of calculation) 
stencil 

step function 

strips 

superlattice 


Term 

termination (of series) 
trace 

trial 

trial and error 


triangle; triangular 


twin 


Uncertainty 
unique 


unknown 
upper layer 


Variable 
vertex 
void 


Weight (of observation) 


Zero 
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FRENCH 


échantillon; 
échantillonnage 

échelle arbitraire. 

facteur d’échelle 


diffusion 

axe hélicoidal 

signe 

fraction continue simple 


sinueux 


site 
régle a calcul 


systéme de fentes 
inclinaison 

angle solide 
solution 

dispositif de triage 


groupe spatial 


sphéroide aplati 
sphéeroide allongé 
carré 

empilement 

stade (d’un calcul) 
pochoir; masque 
fonction en escalier 
bandelettes 

réseau multiple 


terme 

limitation (de la série) 
trace 

essai 

essais et retouches 


triangle; triangulaire 


macle 


incertitude 
unique 


inconnu 
strate supérieure 


variable 
sommet 
trou; vide; lacune 


poids 


zéro 


GERMAN 
Probe; Probenahme 


willkurlicher Masstab 
Konversionsfaktor; 
Angleichungsfaktor 
Streuung 
Schraubenachse 
Zeichen; Vorzeichen 
einfacher Kettenbruch 


wellenformig; gewunden; 
sinusartig 

Punktlage; Platz 

Rechenschieber 


Spaltsystem 
Neigung 
Raumwinkel 
Losung 
Sortiermaschine; 
Sortierverfahren 
Raumgruppe 


abgeplattetes Spharoid 
verlangertes Spharoid 
quadratisch 
Schichtung; Packung 
Stand (einer Rechnung) 
Schablone 
Treppenfunktion 
Streifen 

Ubergitter 


Glied 

Abbruch (einer Reihe) 

Spur 

Versuch 

, trial and error‘; 
systematisches 
Probieren 

Dreieck; dreieckig 


Zwilling 


Unsicherheit ; 
Unbestimmtheit 

einzig; eindeutig 

unbekannt 

obere Schicht; Ober- 
schicht 


veranderliche Groésse 
Scheitel 
Liicke; leer; nichtig 


Gewicht 


Null 
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RUSSIAN 


o6paser, mpoba; 
onpo6oBaHue 

UWIKayla, IPOM3SBOJIbHaA 

MacuITaOHbI dbakTop 


paccesHue 

BHHTOBaA OCb 

3HaK 

lmpoctaA HempepbIBHaA 
Tpo6h 

M3BUJIMCTbIM 


MooOoKeHHe (TOUKH) 
jlorapHdmMuyeckan 
JIMHeHKa 
CHCTeMa pacKOJIOB 
HaKJIOH 
TeJIECHbIM yroy 
peuleHne 
copTHupoBouHoOe 
YCTpOHcTBO 
lipoctpaHcTBeHHaA 
(deqoposcKan) rpynma 
ccepouy, oxaTbIi 
ccdbepoug, BbITAHYTbIM 
KBay{paTHbIn 
HaJIOKeHHe ; yaKOBKa 
oTan (pacueta) 
Tpadaper 
cTyneHuatad PyHKUHA 
WITpHMcbI 
cBepxpellieTKa 


uJIeH 

OOpbIB (pADOB) 

culex 

nmpooa 

nmpoo u owm6ok (mMeToy) 


TPeCyFOJIBHUK 5 
TPpeyrouIbHbIM 
WBOMHHK 


HeonpeyesIeHHOCTB 
e€NMHCTBeHHbIM 


HeH3BeCTHbIM 
BepXHHH Clow 


MlepeMeHHbIN 
BepllunMHa 
nycTota 


Bec 


HYJIb 


SPANISH 
muestra; muestreo 


escala, arbitraria 
factor de escala 


difraccion 

eje helicoidal 

signo 

fraccién continua simple 


sinuoso 


lugar; posicién 
regla de calculo 


sistema de ranuras 
pendiente 

angulo sdlido 

solucién 

aparato de clasificacién 


grupo espacial 


esferoide oblato 
esferoide prolato 
cuadrada 
apilamiento 
etapa de calculo 
estarcido 
funcién de paso 
tiras 

superred 


término 
terminacién de serie 
traza 

tanteo 

método de tanteo 


tridngulo; triangular 


macla; geminacién 


incertidumbre 

unico 

desconocido 

estrato (nivel) superior 


variable 
vértice 
hueco 


peso 


cero 


